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PUBLISHER’S NOTE TO STUDENTS’ EDITION 


THE publication in soft cover form of this text in the great 
tradition of Scottish mathematical teaching has been made 
practicable by arrangement with the representatives of the 
Author’s estate. It is hoped thus to enable a wider circle of 
students to own their own copy of a work which was the mature 
fruit of a lifetime’s teaching, which sets out elegantly a great 
wealth of argument and example, and which could hardly be 
produced in modern conditions at any price within the indivi- 
dual’s purse. 

It provides all that is required in applications of the Calculus 
to physical problems and undoubtedly owes its long popularity 
to the fact that it has sufficient rigour for the needs of the serious 
student without going too deeply into abstract theory. 

Professor George Gibson wrote the book after his resignation 
from the Chair of Mathematics at Glasgow in 1927; he completed 
it in 1929 but it was still passing through the press at the time 
of his death m April 1930. It is proper here to record what the 
book owes to the late Professor T. M. MacRobert, M.A., D.Sc., 
LI.D., who having helped the Author in many ways during its 
preparation, then assumed the arduous task of reviewing the 
final proofs, in which he was assisted by Dr. Richard A. Robb, 
Mr. George Brown and Dr. James Hyslop. 


PREFACE TO STUDENTS’ EDITION 


Tue first edition of Professor Gibson’s Elementary Treatise on 
the Calculus was published in 1901. Pressure of work made it 
impossible for him to proceed, till after his resignation in 1927, 
with the preparation of a projected treatise dealing with more 
advanced aspects of the subject. The book was completed by 
the summer of 1929, and was passing through the press at the 
time of his death on 1st April, 1930. 

The first eight chapters are devoted mainly to the Differential 
Calculus, and the remaining seven to Riemann’s theory of 
integration. The treatise begins with Dedekind’s theory of 
irrational numbers ; then follow discussions of bounded sets, 
sequences, limits, and differentiation of functions of one vari- 
able and of functions of several variables. Chapter V deals 
with existence theorems for implicit functions and with the 
theory of Jacobians. Three further chapters contain accounts 
of infinite series, complex functions of a real variable, Lagrange’s 
expansion, maxima and minima, infinite products, and Gamma 
Functions. 

The integration of bounded functions forms the subject of 
Chapter IX ; next come expositions of curvilinear integrals, 
multiple integrals, and surface integrals. In Chapter XII 
improper integrals, that is, integrals in which the intergrand 15 
not bounded or the range of integration is not finite, are intro- 
duced ; and the two succeeding chapters are concerned with 
improper double integrals. The book closes with a chapter on 
the applications of the theory to the integration of series and 
to the Gamma Function. Throughout the work numerous 
examples have been provided. 
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CHAPTER I 


REAL NUMBERS. SECTIONS 


1. The Continuous Variable. In §9 of the Hlementary 
Treatise on the Calculus a continuously varying number 72 is 
represented as the abscissa of a point P on an axis, and the 
assumption is made (§ 4) that, when an origin O and a unit 
segment OU have been chosen, there is a one-to-one corre- 
spondence between the numbers x and the points P. In § 148 
the existence of a limit is discussed on the same assumption. 
Now the correspondence between numbers and points obviously 
fails if number is restricted to mean rational number, that is, 
positive or negative integer, or zero, or fraction (the quotient of 
an integer by an integer) ; for example, if OP is equal to the 
diagonal of a square of side OU there is no rational number that 
corresponds to P since the diagonal and the side of a square are 
incommensurable. It is customary to say that the abscissa 
of P is 1:41 or 1.414 or 1°4142, ... approximately ; in other words, 
in order to make the one-to-one correspondence complete, it 
is assumed that there 7s a number corresponding to P, denoted 
by ./2, and called an irrational number, and that 1-41, 1-414, 
1-4142, ... are rational approximations to it. 

The theory of irrational numbers is very much harder than 
that of rational numbers, and in books on elementary algebra 
the definition of an irrational number and the discussion of 
the laws of operation of such numbers are necessarily rather 
sketchy. It is desirable, however, that the advanced student 
should face the difficulties and see that a purely arithmetical 
theory of irrational numbers can be constructed ; it will be 
found that the conception of the continuity of the straight line’ 
can be stated in such a way that the correspondence between 


‘‘ number ”’ and “ point ”’ can be re-established. 
E 
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Definitions of the irrational number have been given by 
Dedekind, Weierstrass, G. Cantor and Méray, and it is on one 
or other of these definitions that the treatment is now usually 
based. Of English textbooks to which the student may be 
referred for a discussion of the modern conception of number 
the most important is Hobson’s Theory of Functions of a Real 
Variable. Good but less elaborate discussions will be found in 
Chrystal’s Algebra, Part II, (2nd Ed.), pp. 97-109, Hardy’s 
Pure Mathematics and Bromwich’s Infinite Series (Appendix 
I). The sketch that follows is intended to call attention 
merely to the more important parts of the theory ; as Chrystal 
remarks ([.6. p. 98), ‘‘ the initial difficulties of the theory lie 
not in framing definitions, but in seeing where new definitions 
and where demonstrations are really necessary.” The dis- 
cussion now to be given is based on Dedekind’s exposition in 
his tract Stetigkeit und Irrationale Zahlen. 

2. Continuity of a Straight Line. Dedekind’s definition of 
the irrational number will probably, at a first approach, seem 
rather strange to the student, and it may be helpful to sketch 
the geometric considerations that suggested his definition. 
The problem before him was that of finding a mathematical 
test of continuity such as would form the basis of mathematical 
deductions, and these geometric considerations may be stated 
briefly in the following way. 

The following relations hold for points on a straight line : 

(1) If A lies to the left of B and B to the left of C, then A 
lies to the left of C and B lies between A and C. 

(2) If A and B are two different points on the line, ΕΝ is 
an unlimited number of points between them. 

(3) If A is a given point on the line it divides all the points 
of the line into two classes—the left or lower class (12 say) and 
the right or upper class (U say). The class L contains all 
points to the left of A and the class U all points to the right 
of A, while the point A itself may be assigned either to L or 
to U. 

This division of the points of the line is called a ‘‘ section,” 
and A is said to generate the section ; the section is considered 
to be the same whether A is assigned to L or to 17. 

Now Dedekind considers that the characteristic property of 
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continuity may be expressed by the converse of (3), and he 
states it in the form: If all the points of a straight line are 
divided into two classes, J and U, so that every point in L lies 
to the left of every point in U then there 1s one and only one 
point that generates the section. 

This statement is to be taken as an Axiom; it seems to be 
consistent with ‘‘common sense’”’ conceptions of the con- 
tinuity of the straight line and, when the irrational number has 
been defined in the purely arithmetical manner proposed by 
Dedekind, the expression x . OU for the length of a segment OP 
in terms of a standard unit segment OU is recovered. 

The definition of the irrational number presupposes the 
knowledge of the rational numbers, and the student is advised 
to make a careful study of the early chapters of Chrystal’s 
Algebra so that he may appreciate the gradual extension of 
the meaning of ““ number” and of the laws of operation on 
numbers. There may, for example, be three things in a group ; 
the ‘“‘ natural’? number 3 which specifies this characteristic of 
the group is not a number in the same sense as the “‘ positive ”’ 
number 3 although the same symbol is used for both and the 
word ‘‘ number ”’ is applied to both. The justification of the 
extension of the word ‘‘ number ”’ to positive, zero, negative 
or fractional numbers lies in the fact that the laws of operation 
on these numbers are consistent with those applicable to natural 
numbers and a similar justification holds in regard to ‘‘ irra- 
tional ᾿᾿ numbers. 

Though no appeal is made to geometry the parallelism 
between the geometrical statements (1), (2) and (3) of this 
article and the corresponding arithmetical statements in the 
next article should be noted. 

3. The Rational Number. In this article the word ‘“ number ”’ 
means ‘‘ rational number,” and it is supposed that the laws 
of operation on such numbers are known; the expression 
‘‘ rational number ”’ will only be employed when it seems to be 
desirable to emphasize the restriction. 

The following relations hold for rational numbers : 

(1) Tf a<b and b<c then a<c and ὦ is said to lie between 
aandc. Further, if a and 6 are two numbers one and only one 
of the following alternatives is true: a>b, ora<b, ora=6, 
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The system of rational numbers is therefore an ordered 
system ; that is, just as a set* of points on a straight line, 
counted say from left to right, has a definite order, and, of any 
pair of different points, one always precedes, or lies to the left of, 
the other so, of any pair of different rational numbers, one 
always precedes, or 1s less than, the other while the numbers 
in any set of rational numbers have inter se a definite order, 
namely the order of magnitude. 

The system of rational numbers will be denoted by R. 

(2) Ifa and ὃ are two different numbers, there is an unlimited 
number of numbers between them ; in other words, if k& is any 
positive integer, no matter how large, there are more than 
k numbers between a and ὁ. 

For if a<b all the numbers 

a ec Fee =o). a 6 10 ἘΠ) =o) ue @ yes NOY) ae) 

n n n n 
where n is any integer greater than (ὦ +1), lie between a and ὦ. 

This property of the system #& of rational numbers is ex- 
pressed by saying that FR is ‘“‘ dense ”’ or “‘ compact.” 

(3) If @ is any number it separates all the numbers in ἢ 
into two classes, a lower class Z and an upper class U; the 
class LZ contains all numbers less than a and the class U all 
numbers greater than a, while a itself may be assigned either 
to L or to U. 

If a is assigned to L it is the greatest number in L, and 
then U has no least number ; if a is assigned to U it is the least 
number in U and then LZ has no greatest number. There 
cannot be both a greatest number a in L and a least number 0 
in U because a and b would be different and all numbers 
between a and 6 would escape classification. 

This separation of the numbers in Ff into two classes is called 
a section of R, and the number a is said to generate the section ; 
a is either the greatest number in L or the least number in U. 

The question at once arises: if all the numbers in Ff are 
separated into two classes L and U so that every number in L 
is less than every number in U, is there always a number in Rk 
that generates the section? Certainly not, as the following 
simple example shows. 

* The word “set’’ means here simply “ finite number. 
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It is easily proved * that there is no positive (rational) 
number whose square is 2, and therefore every positive number 
2 is such that either x?< 2 or z?>2. Now form two classes 
L and U of the numbers in R by assigning to L all the negative 
numbers, zero and the positive numbers whose square is less 
than 2, and to U all the other numbers in R, that is, all the 
positive numbers whose square is greater than 2. It will be 
shown that in this case L contains no greatest number and 
U no least. 

Suppose a positive and a?< 2 so that (2-4?) is positive; a 
greater number, ὦ +h say, can be found whose square is also 
less than 2. ΤῸ see this, choose h so that O0<A<1; then 


(a +h)? < 2 if 2ah +h? << 2-a?, a positive number. 
Ρ 


But 2ah +h? < 2ah +h since 0<A<1 so that (a +h)? will 
be less than 2 if (2a +1)h is less than (2—a?). It is possible 
to choose h so that (2a+1)h will be less than (2-a?); for 
example, (2a+1)h is less than (2 -- αἰ) if h=(2-a?)/(2a +2). 
It now follows that, whatever positive number be taken in L, 
there is always a greater number (in fact, an unlimited number 
of greater numbers) in L whose square is less than 2 so that 
1, contains no greatest number. | 

In a similar way it may be shown that if a is positive and 
a?>2 a positive number h may be found such that α -- ἢ is 
positive and (a —h)?>2; U therefore contains no least number. 

The numbers in Rf have therefore been separated into two 
classes ZL and U such that every number in [ὦ occurs either in 
L or in U, and every number in ZL is less than every number 
in U, but there is in Z no greatest number and in U no least 
so that the section is not generated by a number in R. The 
student will easily construct other examples of sections of R 
that are not generated by numbers in ἢ. (See Exercises 1.) 

When a section is generated by a number in & that number 
may be said to correspond to the section, but when the section 
is not generated by a number in ἢ there is no number 
with which to put the section in correspondence; in the 
geometrical analogue of § 2 there is, on the assumption of 
Dedekind’s Axiom, always one and only one point that 


* See Exercises IJ, 1, 2. 
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generates a section. The arithmetical problem is now to 
extend the number system so that every section of the number 
system shall be generated by a number in the system; the 
extension leads to the system of Real Numbers. 


4, Real Numbers. The definition of the real number is as 
follows, it being understood that both of the classes L and U 
exist. 

Derinition. If by any method all the rational numbers 
are separated into two classes L and U such that every number 
in L is less than every number in U, the section so determined is 
said to define a real number. 

The symbol (Z, U) may be used to denote either the real 
number or the section ; this double use of the symbol causes 
no confusion. 

If there is a greatest number i in £ or a least in U then (L, U) 
corresponds to the rational number which generates the section 
and is called a real rational number. If L has no greatest 
number and U no least then (LZ, U) does not correspond to any 
rational number ; in this case (LZ, U) is called a real irrational 
number. 

In regard to the terminology the following remarks of 
Hobson may be quoted (functions of a Real Variable, 1st Ed., 
p. 29): 

** The rational numbers are srediently regarded as identical 
with the real numbers to which they correspond, and are 
denoted by the same symbols. In the development of Analysis, 
this identity leads to no difficulties ; but in the fundamental 
theory of the aggregate of real numbers, a conceptual distinction 
between rational numbers and the real numbers to which they 
correspond must be made, in order to obviate logical difficulties, 
and especially with a view to coordinating Cantor’s theory with 
that of Dedekind. Those real numbers which do not corre- 
spond to rational numbers are called irrational numbers ; and 
those real numbers which correspond to rational numbers are 
usually spoken of as themselves rational numbers.” | 


5. Properties of the Real Number. To save tedious το δ ἐέδ ται 
let the lower classes of sections be denoted by capital letters 
A, B,C,..., and the .corresponding upper classes by the 
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corresponding accented letters A’, B’,C’,.... A typical 
(rational) number of A, B,C... will be denoted by a, b,c, ... 
and a typical number of A’, B’, C’,... by a’, b’, ο΄, .... When 
(A, A’) is rational the generating number may be considered 
to belong either to A or to A’, and the rational number that 
generates the section will be indicated by the suffix 0 attached 
to the typical letter. We adopt the convention that the 
generating number is to be the greatest number in the lower 
class; thusif (A, A’), (B, B’), (C, C’) are rational real numbers 
the generating numbers of the sections are ay, by, cy respectively. 
(See Note, below.) 

The real numbers (A, A’), (B, B’), (C, C’) ... whether rational 
or irrational will often be denoted by the corresponding Greek 
letters a, B, y, .... 

As yet the real number is little more than a name, and 
properties will now be assigned to it by means of definitions, 
the properties of rational numbers being assumed. 


PosttivE NuMBER. NEGATIVE NUMBER. ZERO. 


The number (A, A’) or α is defined to be positive if A contains 
a positive number, negative if A’ contains a negative number. 
If all the numbers in A are negative and all those in A’ positive, 
the section defines the number zero. 

It may be noted that if A contains one positive number, k say, 
it contains an unlimited number of positive numbers; for 
k/2, k/3, ... are positive and being less than & are all in A. 


EQUALITY. 


The number « or (A, A’) is defined to be equal to the number 
B or (B, B’), and B to be equal to a, if the numbers in A are 
the same as those in B or—what amounts to the same thing— 
if the numbers in A’ are the same as those in B’. In symbols: 


oS Pp, Baa: 


Note. When the real number is rational the number that generates 
the section has been chosen to be the greatest number in the lower class, 
but this, of course, is merely a convention. If a, is the greatest number 
in A and δύ the least number in Β΄ the sections (A, A’) and (B, B’) will 
give the same real rational number if a, and bg are equal; the numbers 
defined by the sections must therefore be equal even though the class A 
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contains one number that is not in B (and B’ one that is not in A’). 
To justify the convention it will be sufficient to show that if there is 
only one number in A, say αι, that is not in B, then a, is at once the 
greatest number in A and the least in B’ because when this is the case 
the sections (A, A’) and (B, B’) define the same real number. 

Now since a, is not in B it must be in B’; let a, be denoted by δ᾽ 
when considered as a number in B’. But a, is the only number of A 
that lies in B’ and therefore every other number in A lies in B and so 
is less than δ., that is, less than a,. Hence a, is the greatest number 
in A. 

Again, every number less than δ᾽. is less than a, and, as has been seen, 
lies in B so that δ᾽, is the least number in Β΄. Since a, =6; the sections 
(A, A’) and (B, B’) are generated by the same number and therefore 
define the same real number. 

Thus, when the class B’ contains a least number it may be transferred 
to the class B, which will then have a greatest number ; this transference 
is always supposed to be made. 

If there were two numbers in A that were not in B then there would 
be (§ 3, (2) ) an unlimited number of such numbers and the sections 
(A, A’) and (B, B’) would be quite different. 


INEQUALITY. 


If « and β are not equal « is defined to be greater than β 
and β less than α when A contains all the numbers in B and 
more (see above Note). In symbols: a> fs, B<a. 

It may be observed that if « and β are real rational numbers 
o> B or «<P according as a)> by or a)< by, where a, and by 
are the rational numbers that generate the sections (A, A’) 
and (B, B’). (Compare Ex. 2 below.) 

Further, it follows readily from the definitions that if «> B 
and B>ythena>y. (Compare ὃ 3, (1).) 

Next suppose α > 8. Let a be any rational number that is 
not in B and is therefore in B’. By convention, B’ contains 
no least number and therefore there is an unlimited number of 
numbers in B’ less than a; all these numbers are in A, so that, 
if r is any one of them and g the corresponding real number, 
a>o>f. Hence, between any two different real numbers hes 
an unlimited number of real rational numbers. (Compare § 3, (2).) 

ΤΉΞΟΒΕΜ. Jf ἀρ is any given arbitrarily small positive 
rational number it is always possible to find rational numbers, 
x and x’, in the lower and upper classes respectively of a section 
(A, A’) such that x’ -x< dbp. 
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Consider the arithmetical progression 
ἃ GAA, WV, ἐν, ΞΜ crccsccccevcccosceses (i) 


where a is any number in A and d is a positive rational number 
less than dy. It is possible * to take n so large that nd shall 
be greater than a’-a, where a’ is any number in A’, and 
therefore so that a +nd shall be greater than a’ and therefore 
be in A’. Let a+pd be the last number of the progression (1) 
that isin A; thena+(p+1)d isin A’ so that if s=a+pd and 
z'=a+(p+1)d we have x’ -x=d<d), and the numbers x and 
x’ satisfy the conditions of the theorem. 


Ex. 1. Show that o> 0 if « is positive and 0>« if a is negative. 


Ex. ὃ. If (A, A’) is the real number determined by assigning (as 
in ὃ 3) to the upper class A’ every rational number whose square is 
greater than 2 and to the lower class A all the other rational numbers, 
explain the meaning of the inequalities 

1.4] «(4, A’) <1-42. 

Here 1-41 and 1-42 are real rational numbers, determined by sections 
whose generating numbers are the rational numbers 1:41 and 1-42 
respectively. The class A contains the rational numbers 1-414, 
1-4142, ... and therefore the real number 1-41 is less than the real 
number (A, A’). Similarly the real number (A, A’) is seen to be less 
than the real number 1-42. 

A real number can only be compared, as respects the properties of 
‘“‘oreater’”’ and ““ 1655,᾿ with other real numbers. It may, however, 
be observed that the real rational number corresponds to the rational 
number in such a way that in inequalities like that given above we may 
simply take the rational numbers in the respective classes and re-name 
them, calling them real rational numbers, and then the comparison 
becomes valid. The farther we proceed the more evident it will 
become that the real rational number has no properties that are distinct 
from those of the corresponding rational number (compare the quotation 
from Hobson in § 4). See the Note on Terminology in § 7. 


6. Laws of Operation. There is no question of “ proving the 
laws’; the problem is to prescribe laws of operation that will 
be consistent with those that hold for rational numbers. The 
notation of § 5 is retained. 


* The assumption that, if a and ὃ are any two positive numbers and a less 
than ὃ, an integer n can always be found such that na is greater than 8, is 
usually called the Axiom of Archimedes (sometimes, perhaps more appro- 
priately, the Aziom of Eudoxus, See Heath’s Euclid (2nd Ed.), vol, iti. 
pp. 15, 16.). 
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Addition. Let a,a’ and b, b’ be typical numbers in the 
classes A, A’ and B, B’ respectively, andleta +b=c,a’+b’=c’; 
then c<c’. Now form the classes C and C’ by assigning to C 
and C” all numbers of the type ὁ and c’ respectively. 

If α and £ are both rational a, and by are the greatest numbers 
in A and B respectively ; hence cy, where cy=d,+5,, is the 
greatest number in Οἱ so that (C, C’) is a section generated by 
the rational number cy). But cy is the sum of a, and by and 
therefore, if the real number (C, C’) is defined to be the sum of 
the real numbers (A, A’) and (B, B’), the law of addition will 
be consistent with the corresponding law for rational numbers. 
If then the classes C and C’ define one, and only one, number in 
all cases, the number (C, C’) or y will be defined to be the sum 
of (A, A’) or α and (B, B’) or β. In symbols 


(A, A’) +(B, B’)=(C, C’) ora+B=y 


It will now be proved that the classes C and C’ always 
define one, and only one, real number. In all cases c<c’ and 
there cannot be more than one rational number that does not 
occur either in C or in C’. For if there were two, say x and y 
where x<y, then c’ —c could not be less than y—z. But, by 
the theorem of ὃ 5, the numbers a, a’ and b, b’ can be chosen 
in their respective classes so that a’-—a<dd, b’-b<id, and 
therefore so that c’ —c, which is equal to (a’ —a) +(6’ -- δ), shall 
be less than d where d is arbitrarily small. Now d, and there- 
fore c’—c, may be taken to be less than y—x; hence there 
cannot be more than one rational number that does not occur 
either in C or in C’. If there is none, (C, C’) is a definite 
irrational number; if there is one, assign it to C and then 
(C, 6) is a definite real rational number. 


Subtraction. If — A denotes the class of numbers obtained 
by changing the sign of every number in the class A, the number 
(-- 4’, -- ΑῚ is defined to be the negative of (A, A’); that is, 


(-- 4’, -A)=-(A, A’). 
The operation of subtracting 8 from a is defined by the 
equation | 
a—-B=a +(- 8), 


and is therefore reducible to addition. 
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Absolute Value of a Number. The absolute or numerical 
value of a is « if αἱ is positive, —a if a is negative and zero if 
ois zero. The absolute value is denoted by |« |. 


Ex. 1. Prove that a-a=0. 

Ex.2. Prove that β --α-- —(«—). 

Ex. 3. Prove that Jat β| ΞΞ| «] - [β | but =| lal -|8 | and 
distinguish the cases in which the sign = must be taken. 


Multiplication. Suppose first that a and β are both positive 
and take (A, A’) and (B, B’) to be sections of the positive 
rational numbers ; the conditions that in general determine a 
number will obviously, when all the positive rational numbers 
alone are taken, determine a positive number. 

Let ab=c and a’b’=c’; thenc<c’. Form the classes C and 
C’, as in defining addition ; it is easy to prove as before that 
these classes determine one and only one real number. When 
a and β are rational a, and ὃν are the greatest numbers in A 
and B respectively and a by)=c,) so that the definition of 
multiplication, when « and β are positive, will be 


(A, A’) x(B, B’)=(C, C’) or αβ-:γ. 
To extend the definition to negative numbers assume the 


“ rule of signs ”’ as part of the definition so that we have, α and β 
being positive, 

(-a) x B= -(αχ B)=ax(-8); (-a)x(- β)Ξ τὰ κχ β). 

Division. This operation is reduced to multiplication by 
first defining the reciprocal 1/x of the positive number «. 

Let a be determined by the classes A and A’ of the positive 
rational numbers (zero excluded) and let 1/A and 1/A’ denote 
the classes which contain the reciprocals of all the numbers in 
A and A’ respectively. It is easy to prove that 


(1/A’, 1/A) x (A, A’)=1, 


and the number (1/A’, 1/A) is defined to be the reciprocal! 
of (A, A’), that is, 


(1/A’, 1/A) == when (A, A’)=a>0. 


If a is negative, a= —a’ where α΄ is positive, 1/a is defined 
to be ~1/a’, that is, 1/a= —1/(—a) when α is negative. 
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The division of β by « is now defined to be the multiplication 
of β by the reciprocal of α ; in symbols: 


ἐκ. 


Note. Division by zero is expressly excluded in the above 
definition. 

The fundamental laws of operation have now been stated. 
A full treatment would go on to show that the associative, 
commutative and distributive laws of operation persist when 
the laws are defined as above, but in this sketch there is no 
room for the discussion and reference may be made to Chrystal’s 
Algebra or Hobson’s Theory of Functions. We may take one 
example to indicate the method when the real number is 
defined as in § 4. 

To prove that αὶ +8 = β +a note that the typical number a +6 
in the lower class that defines α - is equal to the typical 
number 6 +a in the lower class that defines B +a, since the 
commutative law holds for rational numbers. The lower 
classes are therefore the same for 8+a as for «+f, and 
similarly the upper classes are also the same. Hence the two 
numbers αἱ +f and β + are equal. 

The student should prove the following cases in the same 
way. 


Ex. 4. aB= Ba. 

Ex. 5. (af) x y=aBy =« x(By). 

Hx. 6. (a+ 8)xy=ayt By=y(a+ B). 
ἔκ. 7. ax0=0xa=0, axl=1xa=a. 


Ex.8 |aBil=|a] x | BI. 


7. Sections of the Real Numbers. The relations (1) and (2) 
stated for rational numbers in § 3 are true also for real numbers 
as follows from the definitions and developments stated in § 5. 
Hence the system of real numbers, which will be called the 
system S to distinguish it from the system R of rational 
numbers, is like # an ordered system. Further, like R, the 
system S is dense since it contains R. On the other hand, 
S possesses a property that is absent from R; namely, while 
there are sections of ὦ that are not generated by a number 
in &, every section of S is generated by anumberin S. Bya 
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section of S is meant a separation of all the numbers in S into. 
two classes, a lower class ἢ and an upper class U, such that 
(i) both classes exist, (ii) every number in S appears either in 
L or in U, and (iii) every number in L is less than every number 
in U. That every section of S is generated by a number in S 
may be proved in the following way. 

Take any section (L, U) of S. Let Ly and Uy contain all the 
rational numbers in R that correspond to real rational numbers 
in L and U respectively ; then (Lo, Uo) is clearly a section of 
the system R and therefore defines a real number, that is, a 
number in 8S. If ais this number it must belong either to the 
class L or to the class U since L and U together contain all the 
numbersin S. Suppose « to belong to U and let # be any other 
number in U. By § 5 there are real rational numbers between 
o and β and, since these numbers correspond to numbers in 
U,, they are all greater than « so that β is greater than α. 
Hence « is the least number in U. 

In the same way it may be shown that if « belongs to L it is 
the greatest number in L. Thus in every section (L, U) of S 
either L has a greatest number or U has a least; it is not 
possible that there should be both a greatest number in L and a 
least in U, because all numbers between them would escape 
classification. | 

Hence every section of S is generated by a number in S; 
this property marks the essential distinction between the 
systems R and S and gives the character of continuity to the 
system of real numbers (see § 9). 

Note on Terminology. Up to this point the distinction ~ 
between the real rational number and the rational number of 
the system R—which may ‘be called for convenience the 
“ ordinary’ rational number—has been preserved. The 
adherence to the distinction in the further development would, 
however, occasion intolerable prolixity and therefore the real 
numbers that correspond to the ordinary rational numbers 
will be called rational numbers, unless there be some special 
reason for emphasizing the distinction. 

Even in the use of the ordinary rational numbers, as remarked 
in § 2, there is this use of the same term to indicate numbers 
that are conceptually distinct. Thus the numbers 2 and 2/1 
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are both said to be equal to “two,” but the fraction 2/1 is 
taken to be equivalent to the integer 2 as a convention or 
definition ; the natural number 2 is not a quotient and would 
not be ΚΕ ΤΉΝΕ, as a quotient except for reasons based on the 
development of the theory of fractions. 

Again, there is no means of distinguishing whether symbols 
such as 1, 2, 1/2, —7,... represent ordinary or real rational 
numbers but the context in which they appear will usually 
enable one to decide. If irrational numbers are associated 
with them the symbols must be interpreted in the sense of real 
rational numbers (see § 5, Ex. 2); if no irrational number is 
associated with them it does not matter which meaning is 
taken. But, as remarked in connection with Ex. 2 of §5, any 
change needed amounts in actual work to a simple re-naming 
of the numbers since the real rational number always corre- 
sponds to an ordinary rational number, and the order of 
magnitude is the same for both, so that no confusion can 
occur. | 

The distinction of terminology between ordinary and real 
rational numbers will therefore, as a rule, be dropped. Further, 
any letter may be used to represent a real number, whether 
rational or irrational; the special use of Greek letters as 
denoting real numbers will therefore not be maintained. 

Hz. 1. Ifthe symbol /2 denotes the number (A, A’) defined in § 5, 
Ex. 2, prove that (4/2), that is, (4/2) (»/2) is equal to 2. 

If a and a’ are typical numbers in A and A’ then the classes of which 


a? and a” are typical numbers determine a number, ὃ say ; ὦ is greater 
than every a’, less than every a” and is therefore equal to 2. 


Hz. 2. If /3 denotes the number (A, A’) when 3 takes the place 
of 2 in ὃ 5, Ex. 2, prove that (+/2)(+/3) = 1/6 where 6 takes the place 
of 2 in § 5, Ex. 2. 

8. Decimal Representation. Let « be a real number gene- 
rating a section (L, U) of the system S of real numbers and, 
for definiteness, suppose « to be positive. 

If a is the greatest integer in ὦ, then a, +1 will be a number 
in U ; a, may be zero. Thus we may write : 

a Sa<a +l. 
Next, form the arithmetical progression, with difference 1/10, 


9 9 
Ay, Ag trys, Aptis, ...»)| Ag Ἐπ» Agtl. 
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Of these eleven numbers one, which may be called a, +a,/10 
where a, is one of the numbers 0, 1, ... , 9, is the greatest in J, 
and then a, +(a, +1)/10 is the isda a in LU. Hence |. 
ἄρ +4,/10 S a<ay+(a,+1)/10. 
~ Similarly, forming an arithmetical progression with a, +a,/10 
as its first term and with 1/102 as common difference, we see that 
A) +4,/10 +a,/10? < a<ay+a,/10 + (a, + 1)/10? 
where a, is one of the numbers 0, 1, ... , 9. 
Proceeding in this way we find, in ~~ that 
ay A, ΕἸ, 
10 ἸΟΣ " 710" 


ἄρ on πα ας ἘΤῚ 


Qe 
+76 tig 5 +79 
1 ! 
Or, Say, On sSa< On T {On ~ On sche δ ewes νυν e ieee ee (1) 


where each of the numbers αι, ὥς, ..., @, has one of the 
values 0, 1, ..., 9, and ρ΄, — 0, =1/10". 

There are two cases to be considered. 

(i) For n> p we may havea,=0. In this case « is a rational 
number τ 
A=Ay . αγᾶς ... A, 
in the usual decimal notation. 

(ii) The set of numbers a,, ἄς, ... may be unlimited, and 
o will, in the usual terminology, be represented by an infinite 
decimal 

OL =Ay . χαρᾶς... — raevnccceccereenee (2) 

If the decimal “ repeats ” or “ circulates’ « will be rational ; 
otherwise « is irrational. (See Chrystal’s Algebra, Part 1], 
2nd Ed., Chap. 25, § 33.) 


Cor. In the same way it may be proved that, if ὃ is any 
positive integer not less than 2 | 
6,5 a<6,+1/b"=a, 


C Cc 


and c, is an integer (or zero) while each of the numbers 
Cy, Cy, «+» , Cn has one of the values 0, 1,..., (6-1). 


Approximations. The numbers oe, and ρ΄, may, if a> o,, be 
called rational approximations, in defect and in excess 
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respectively, to the number a, the absolute error in each 
approximation being less than 1/10". . 

Between 0, and αἱ there is, if a> o,, an unlimited number 
of real numbers, as also between a and g,; if x is any real 
number between 0, and a, and x’ any real number between 


a and o,, then 


x’ —-#< 0,'—0,, that is, 2’ -«ατς. 
Since Ὁ, may be taken so large that 1/10” is less than ε, where 
€is any arbitrarily small positive number, the following theorem 


is proved : 


THEOREM. It is always possible to find real numbers x and x’ 
an the lower and upper classes respectively that define the real 
number a so that x'—-x<«, where ε is any arbitrarily small 
positive number. 


9. Correspondence of Number and Point. Suppose that, as 
in Analytical Geometry, O is the origin and OV the positive 
unit segment on an axis X’OX. 

Let the points O and V correspond to the numbers 0 and 1 
respectively. 

If x is a positive rational number, say x =m/n where m and n 
are positive integers, take a point P on the same side of O as V 
such that the segment OP is m times the nth part of OV ; let 
the point P correspond to x. If x is negative (= —m/n), take 
P’ on the opposite side of O from V so that the segment OP’ 
is of the same length as OP ; let the point P’ correspond to z. 
In the usual language of Analytical Geometry ἃ is the abscissa 
of P. In this way the rational numbers are put into corre- 
spondence with points on the axis X’OX ; for convenience let 
points which correspond to rational numbers be called “‘ rational 
points.”’ 

If z is an irrational number, suppose it to be determined by 
a section (LZ, σὴ of the rational numbers and let A and A’ be 
typical rational points corresponding to the typical numbers 
a anda’ in L and U respectively. Now form a section of the 
points on the axis X’OX by assigning to the lower (or left) 
class L, all points that correspond to rational points A or that 
lie to the left of any point A, and tothe upper (or right) class U, 
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all points that correspond to rational points A’ or that lie to 
the right of any point A’. 

In the class ZL, there is no point that lies furthest to the right 
since the class i contains no greatest number, and, similarly, 
since the class U contains no least number, there is no point 
in the class U, that lies furthest to the left. We now assume 
Dedekind’s Axiom (§ 2) that there is one (and only one) 
point P on the axis X’OX that generates the section (L,, U,) 
and we make P to correspond to x, so that xz is the abscissa 
of P. 

The correspondence between numbers and points on a line, 
assumed in ὃ 4 of the EHlementary Treatise, is therefore proved 
in so far as ‘“‘ proof”’ is possible. It is perhaps better simply 
to say that the system S of the real numbers forms a continuwm 
or a continuous system of numbers, because every section of S 
is generated by a number in S, and that the continuity of the 
straight line is represented by the correspondence between the 
numbers in S and the points of the line: to rational numbers 
correspond rational points and to irrational numbers correspond 
irrational points. 

The following definitions of terms that constantly occur may 
be given here. | 


Continuous Variable. The number 2 is said to vary con- 
tinuously as it changes from the value a to the value 6 if, as it 
increases from a to ὃ when a<6 or as it decreases from a to ὃ 
when a>), it takes every real value between a and ὁ. 


Interval. Thesystem of numbers x such that a<x<b is said 
to form a closed interval (a, δ) ; the system of numbers x such 
that a<a<b is said to form an open interval (a, δ). The 
interval (a, δ) is said to be “‘ open at b” if a<x< 6b and “ open 
ata” ifa<axx<b. 

The number é is said to be “‘ within the interval (a, b)”’ or 
‘‘ interior to the interval (a, δ) if there are numbers x’, x” such 
that a<2’<é<2"< 5b. 


10. Roots. Indices. An important theorem will now be 
proved. | 


THEOREM. If ais any positive real number and n a positive 
integer the equation x" =a has one, and only one, positive root. 
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That there cannot be more than one positive root follows 

from the fact that if x and y are positive 

x" — y= (x —y)(z"* +a" Py Ὁ... tay? ty"), 
and the product on the right cannot be zero unless x=y, since 
all the terms 2"-1, x"-*y, ... are positive. Thus απ and y” 
cannot both be equal to a if x and y are two different positive 
numbers. 

To prove that there is one root form a section of the positive 
rational numbers. (In the terminology the distinction between 
real rational number and “ ordinary” rational number is 
dropped ; see Note in §7.) To the lower class L assign the 
rational number c if c*<a, and to the upper class U assign the 
rational number d if d*>a. All the rational numbers are 
therefore classified and every number in the lower class is less 
than every number in the upper. The section therefore 
defines a real positive number, ὦ say. 

That 6" =a follows at once from the definition of multiplica- 
tion. The typical numbers in the lower and upper classes that 
define the product δ᾽ are c” and da”, and it is merely a repetition 
of the process in § 6 to show that the section determined by 
the classes of which οἵ and d” are typical numbers defines a 
real number. 6" is the one number which is less than every 
number d” and greater than or equal to any number c” so that 
b" and a are the same number. 

This positive number ὦ is the unique mth root of a and is 
denoted by the symbol %/a. 


Cor. 1. If n is even, there is a second root but it is negative, 
namely —b. 


Cor. 2. If n is odd and a negative, say a= —a’ where a’ is 
positive, there is one negative root, namely, —%/a’. 

In textbooks of algebra it is shown that when a is a positive 
real number the root %/a may be denoted by the symbol a!/”, 
and this index notation is then extended so that the symbol a* 
has a definite meaning when z is any rational number. The 
complete symbol a? is called a power; a is the base and x the 
index or exponent of the power. It has to be specially noted 
that the base a and the power a* are both positive so that a* 
is single-valued. For example, 4* means +2 and not -2 
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even though the square of -- 2 is 4. Although a root such as 
/(-8) is a real number the notation ( -- 8)} will not be used 
to indicate the root until the theory of the complex number is 
considered. With the conventions stated the power a* is well 
defined when x is any rational number. 

When the Theorem of this article has been proved the various 
laws of operation with rational indices, as developed for example 
in Chrystal’s Algebra, are readily established, and it will be 
assumed that the student is familiar with them. 


11. Inequalities. Some inequalities are frequently needed 
at later stages, and it seems to be desirable to state them here 
for reference.* They are based on the identity, n being a 
positive integer, 

χ" — y= (a -- y) (ar + arty + 0 tary Ft y™). 20... (A) 

It follows at once from (A) that if z and y are positive and n 
a positive integer 


2a" > =< y" according as > = <Y. .......seeeee (1) 
Next, the identity (A) shows that if x >y> 0, 
n(x —y)art > a —y® > n(e — yy". occ cece eee (2) 


The inequalities (2) are very important ; when 7 is not a 
positive integer the set requires a double statement which takes 
the following form : 


If x>y>0 and ma rational number 


= m—1 γι a;m = m—1. ™ > 1 
m(x— ψ) πη >a" —-y™>m(x-y)y Nes NT ec (3) 
m (x -- yx < a™ —y™< m(x-y)y™!, O< m<l....... (4) 


The proof of (3) and (4) is a little tedious. In (2) let y=1,x>1, and 
the first of the inequalities gives a” -- 1< n(x — 1)z"—1 and this inequality 
may be put in the forms 

(n -- 1)(ω 5 —1)>n(a"1-1), (5 —1)/n>(x"-i -1)/(n -- 1). 

In the second form put n -- 1,” —2, ..., p +1 successively in place of n; 

it follows that, p being a positive integer, 


(2" —1)/n > (a? -—1)/p, ἢ > DZ. ««νννννννννννννννννννν (1) 

Now in (i) let z?=a>1, n/p=m>1; this gives 
am -- 1: ηι(α -- 1), @> 1, MDL. oo. ccc εν σννο νον (ii) 

while if x* =a >1, p/n=m<1, we find from (i) that 
a™-l<m(a-1), a>1, O< m<l. ««νὐννννννννον basen’ (iii) 


*On the subject of this article the student should consult Chrystal’s 
Algebra, Part II (2nd Ed.), Chapter XXIV. 
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Next, in the second of the inequalities (2) let x =1 so that O<y<l. 
The inequality 1 —-y">n(1 —y)y”! may be put in the form 
(1-y")/n<(1 -y"*)/(n -- 1), 
and therefore, n, p being positive integers, 


(1 —y™) [rn <1 —y?)/9, 7 > DELL, .....cccceccscscceses (iv) 
Now let y? =b<1, n/p =m > 1, and (iv) gives 
1-b"%< m(1—-b), «1, Mold, «ονννννννεννννενννννόνον (v) 

while if γῆ =b<1, p/n =m< 1, formula (iv) gives 
1-b"%>m(1—-b), O6<1, O< m<l. on... (vi) 


Put x/y for a in (ii) and y/x for ὃ in (v); these substitutions give the 
inequalities (3) for the case m>1 while the same substitutions in (Iii) 
and (vi) give the inequalities (4). 

Finally, if m>0 put a for x, 1 for y and m+1 for m in formula (3) 
which has been established for these values; then 

a™ti—_l<(m+l1)(a-l)a™ gives a~™-1> -m(a-1) 
a™+1_1>(m+1)(a-1) gives αὖ -1< —-m(a-l)a-™, 
so that if z/y is now put for a the formula (3) for the case m<0 is 
established. 


From (3) another formula may be deduced. Suppose a> 0, 
b>0, m= —-p(u>0) and r a positive integer. In the first of 
the inequalities (3) let x=a+rb, y=a+(r—1)b, and in the 
second x=a+(r+1)b, y=a+rb; then 

1 ol ~ pb 
[a+(r—1)b} (a+rb)*~ (a+rb)**? 
τι 
(a+rb)* [a+(r+1)b} 

If a>b>0 the formula (5) holds when r=0. 

The following particular cases of the formulae (3) and (4) 
may be noted: Ifa>l, 


ΠΤ (5) 


| a™>1 or a™< 1 according as m>0 orm< 0. ........ (6) 
Further, since a’ —-a*=a*(a¥-* — 1), it follows that if a>1, 
αν.» a* or αν «-Ξ αὐ according as y> 2 OF Y< WH... eee. (7) 


Hence when 2 increases, taking rational values alone, the 
function a* steadily increases ; or, as 2 varies through rational 
values from -- N to - 7, where N is a large positive number, a* 
steadily increases from the small number a-” (or 1/a”) to the 
large number a’, 
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Again, the following simple particular cases of (3) and (4) 
may be stated. 
If h>0, (L+h)™">14+mh when m>1; (1+h)"<1+mh 
WNECHC OK Fi Ls Sesnenssevuscsstesnaeesdses (8) 


and if O0<h<1 and 0<mh<l 
(l1—-h)™>1—mh>0 when m>1; (1-h)™<1-—mh 
whet 02 ἡ πε Pe tacch thats aeons (9) 
The following inequalities are important in connection with 
the exponential function. 
In (3) let x=1 +1/n, y=1, x-y=1/n, m=n/p, where n and p 
are positive rational numbers and n>p; then 


and (1 +2) >(1 +3) Sp SO. dices vessesee(10) 


Next, in (3) let x=1, y=1-1/n, x -y=1/n, where m, n, p are 
as before except that p>1; then 


n 


a>i-(1-3) or {13 ξῈ - | 


and therefore (ι Ὁ "<(1 ΠΝ WPS 1  φρκυκυς οῦνΝ (11) 
= op? ere 


From (10) it follows that (1+ 1/z)? steadily increases as z 
increases through positive rational values, and from (11) that 
(1 —1/z)-* steadily decreases as z increases through positive 
rational values. 


Again, in (11) let p=2 and for n put ἡ +1; then 


( ee Aah th Me edeteantincess (11a) 
] —(n+1) os ie ( ᾿ 
1\" ; 
so that (1 +=) SAAN 1h Live sectas tevutiseese .....(10α) 
᾿ J \7@+D 2)" =2( ) 4. 
and (1--—-,) -(145) =2 (145) <3 ifm>1. ...(12) 
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EXERCISES I. 


1. If d is a positive integer but not the square of an integer show 
that d is not the square of a rational fraction. 

[The following solution is given by Dedekind (Stetigkeit u.s.w., 
pp. 13, 14). 

If possible suppose ὦ to be the square of a rational fraction ¢/u in its 
lowest terms (all numbers positive) ; then 2?-—du?=0. There is always 
an integer λ such that Au<t<(A+1)u and therefore ὁ -- Au( =u’ say) 
is a positive integer less than u. Let t’=du-— λέ; then ἐΐ is also a 
positive integer (du? -- jtu=t? — jtu=tu’). Now 

~—du’* =( 2? —d)(# —du?) =0, 
and therefore d=(t’/u’)?. But ε΄ «ὦ so that ¢/u is not in its lowest 
terms ; the hypothesis made is thus untenable.] 


2. If dis defined as in Ex. 1 let y =ax(x? + 3d)/(3z2+d), where x is a 
positive rational number and show that 
22(d — x?) 2. ᾳ-. (55 -αὴ - α)δ 

93 κα ’ (353 +d)? 

Deduce that the section of the (positive) rational numbers, determined 
by assigning to the upper class all rational numbers whose square is 
greater than d and to the lower class all the other rational numbers, 
is not generated by a rational number. 


3. Show that the formula for the nth root of d, corresponding to that 
of Ex. 2 for the square root, is 
αἰ -- - 1)" - (σι -- 1)α) 
“(5 -- 1)γαπ (οι -- 1) "ἢ 
Apply the formula to calculate approximations to “V/d. 
[Prove that z"—d has the same siga as x-y and that the product 
(a” —d)(y™ —d) is positive. ] 


4. If y=(Av+d)/(x + A) where x, A, d are positive rational numbers 
(d not a perfect square), prove that 


ad —x? 


capes 2 ,. (λδ -d)(x? - 
Ea ye 9 sc 


(1 + A)? 

Hence show that if a/b is a rational approximation to 4/d, and A the 
integer next greater than νἀ, a better approximation is given by 
(Aa +bd)/(a + Ab), and the two approximations are either both greater or 
both less than vd. 

5. Let a and d be two positive integers, the second not being a perfect 
square, and let (a+./d)"=A, + ἌΝ where A, and B, are posuve 
integers ; show that 

Ani =@4,+dB,, Byi,=aB,+Angs 
An 2 ~dB,? =(a -d)". 
By taking A, =a, B, =1, show that the fractions A,/B, for n =2, 3,. 
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give approximations to νά of increasing accuracy. The value (As ΙΒ, 
is that given by Εχ. 2. (a=2, A,/B;=y.) 


6. Let a be a rational approximation to ./d and let 


d d d 
a, =4(a +5), a,=3(a, +=), ΓΗ a, --ξ(α, +5%) : 


prove that a,, a,, ... are approximations to νὰ of increasing accuracy, 
the approximations being in excess. Show that 

a,—-Nd _ (2 -- ες 

a,tyvd λα, τ νὰ ; 


7. Prove that, if c is an approximation to ‘4/a in excess, c, where 


6; =A (n —Il1)c +2, |, 


is a closer approximation, also in excess. 
Show that a still closer approximation, also in excess, is c, where 


n—-I 
ὁ απ δ (ὁ —¢,)?. 


[Let a τεοῦ —k, where k is positive and small, 0 « k<c"; then 


1 
a= (ὁ —k) τε οί] -- kle)n. 


Expand by the Binomial Theorem. To find c, reject all powers οὗ k 
above the first and put (c*—a) in place of k. To find c, reject all 
powers of k above the second, and so on for closer approximations. 

In calculating %/a by this method we may begin by taking c to be 
the integer next greater than "/a. As a rule c, gives a sufficiently 
close approximation for ordinary needs, but of course the process can 
be repeated. ] 


8. If αι, ας» ..., a, and b,, by, ..., 6, are two sets of m numbers which 
may be either positive or negative, prove that 
2a,yb,)? = (Za,?)(2b,”) — Σ(α,ὃ, — asb,)*, 


where r and s take the values 1, 2, ..., n. 


Deduce that 
(Xa,b,)?=(Xa,?) (2b,"). 


The equation is usually referred to as Lagrange’s Identity and the 
inequality as Schwarz’s Inequality. 


9. From the inequality on p. 173 of the Elementary Treatise, 
xP ea πον 
meee y FY 
where p, g are any positive rational numbers, deduce the inequalities 
(10) and (11) of § 11. 
[52 ΞΞ1 1}, y=1 gives (10) and x=1, y=1 -- 1/q(¢ > 1) gives (11).] 
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10. Prove from the inequality in Ex. 9 that, if p and 4 are any positive 
rational numbers (ς > 1), 


p 
(145)'< (1-3) 
Pp q 
[Let a=1+1/p and y=1-1/g. This result gives the additional 


information that every value of (1+1/p)? is less than every value of 
(1 -1/¢)~%, q being greater than unity so that 1 -- 1 4 may be positive.] 
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CHAPTER II 


SETS. SEQUENCES. LIMITING POINTS. LIMITS 


12. Sets. Sequences. In §9 it has been shown that there 
is such a correspondence between the real numbers and the 
points on a directed line or axis that to each number corresponds 
a point and to each point corresponds a number—in other 
words, the correspondence is ““ one-to-one.’”” This corre- 
spondence frequently enables us to simplify theorems by using 
the language of geometry, and the words ‘“‘ number” and 
“point ”’ are often used as interchangeable; care must, 
however, be taken against the surreptitious substitution of 
geometrical for arithmetical conceptions in any demonstration. 

A part of the system of real numbers or of points on a line 
is often called a set or aggregate of numbers or of points, and 
the numbers or points are spoken of as the “‘ elements ”’ of the 
set or aggregate. The set is said to be infinite if the number of 
elements in it is not limited, and finite if that number is finite. 
As finite sets are of little importance for our purposes, the 
word ‘‘ set ’’ will be understood to mean “‘ infinite set ’’ unless 
distinctly specified to be a “ finite βού. 

A sequence is a particular case of a set. If to the integers 
1, 2,..., m,... there correspond definite numbers 4a, ας, ..., 
Qy,+--, the set a, 5, ...,@,,... is called a sequence; the 
element a,, corresponding to 0, is frequently taken as the first 
element of the sequence. Thus in a sequence the elements are 
arranged in a definite order while in a set the order of the 
elements is indifferent. 

To indicate a set or aggregate one may use a letter, S say, 
and specify the nature of the elements: for example, “ the 
set S of all rational numbers ”’ or “ the set S of all rational 


numbers in the interval (0, 1).” 
25 


2 
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The sequence 4a, ds, ...,@,,... may be, and indeed is 
usually, denoted by enclosing the general element a, in a 
parenthesis, thus (a,); it is to be gathered from the context 
or from an explicit statement whether the first element of 
the sequence is a, or a, or some other element. 

A set of numbers is said to be bounded above if there is a 
number K greater than every number of the set, bounded 
below if there is a number & less than every number of the set 
and simply bounded if both K and ὦ exist. 

The special numbers called ‘“‘ the upper bound” and ““ the 
lower bound ”’ of a set are defined in the next article. 


13. The Upper and Lower Bounds. In the rest of our work 
there will be frequent use of ‘‘ an arbitrarily small positive 
number ’’; the letter ες will be reserved to indicate such a 
number so that it will be freely used in this meaning without 
further explanation, though of course occasions will arise 
when it may seem proper to state the meaning explicitly. 
When the symbol is used in any other sense an explicit state- 
ment of the meaning will be given if that meaning is not clear 
from the context. 

Note 1. It may be noted in passing that if a and 6 are 
constants such that [α --ὃ  -Φε we must have a=b; the proof 
of this assertion is ‘‘ obvious.”’ 

Two theorems of fundamental importance will now be 
proved. 


THEoREM 1. If a set S is bounded above there is a number H 
which has the following properties: (i) no number of the set ts 
greater than H, and (ii) at least one number of the set 1s greater 
than H -- ε. 

This number H is called the upper bound of the set δ. 

Since the set S is bounded above there is a number K greater 
than every number of the set. Two cases are possible. 

(1) The set may contain one number, a say, that is greater 
than all the other numbers of the set. In this case a=4H, 
because no number in Sis greater than a, while a itself is greater 
than α -- ε. 

(2) No number of the set is greater than all the rest. In this 
case a section of the real numbers may be formed as follows: 
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Let x be any real number. If there is a number in S which is 
equal to or greater than x assign x to the lower class L, but 
if x is greater than every number in S assign z to the upper 
class U. Obviously both classes exist, since K and every 
number greater than K belongs to U while the numbers in 9 
belong to L; further, every number in Z is less than every 
number in U, and every real number occurs either in LZ or in U. 
Therefore the section (LZ, U) determines a number and this 
number is H, as may be shown in the following way. 

By the construction of the section every number greater 
than H is in U and is also greater than every number in 
S, so that no number in 8 is greater than H. On the other 
hand, there is always a number in ὦ, and therefore in S, 
which is greater than ἢ —«, because every number in L is 
equal to or less than some number in VN. 


Note 2. When the set S has no greatest number there is not 
only one but an unlimited number of the numbers of S between 
H —« and H because, if there were only a finite number, one 
of them would be the greatest of the set—contrary to the 
hypothesis that S contains no greatest number. 

In the same way the following theorem is proved. 


THEOREM II. If a set S is bounded below there is a number ἢ 
which has the following properties: (i) no number of the set is 
less than h and (ii) at least one number of the set is less than 
h +e. 


This number ἢ is called the lower bound of the set 5. If 8 
contains no least number there is an unlimited number of the 
aumbers in S between ἢ and h +e. 

If the set S is bounded (that is, bounded both above and 
below) both numbers H and h exist. 

If a set S is not bounded above there is a number in the set 
greater than K, no matter how large the positive number K 
may be; in this case (by a stretch of language) the set is 
said to have +o as its upper bound. In the same way if 
a set is not bounded below there is a number in the set less 
than —K, no matter how large the positive number K may 
be, and in this case the set is said to have — o as its lower 
bound. 
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14. Limits. Notation. In the Hlementary Treatise, ὃ 41, 
two definitions of a limit are given, and the distinction between 
“limit ’? and “ value” is pointed out; there seems to be no 
necessity for repeating the definitions here, but the student 
would do well to read the more important articles in Chapters 
IV and V and the earlier pages of Chapter XVII of the 
Treatise, as a knowledge of the working rules of limits is now 
assumed. 

We shall now, however, use the symbol — to indicate that 
a variable tends to a limit; the symbol is due to the late 
Dr. Leathem, and is a very valuable improvement in notation. 
Thus, for example, we now write 

je) instead of | en 
a—>0 me x=0 % 


sin x sin xz 


or lim —1] instead of lim 
-»0 t=) 


Again, when it is said that ‘ the sequence (a,) tends to the 
limit 1,” what is meant is that ‘‘ the variable a, tends to the 
limit 1 when n tends to infinity ” ; in symbols 


Ξε], 


a,—~l when n>, or, Loyal. 
N- TD 
The sequence is understood to be an infinite sequence so 
that the explicit statement that n tends to infinity is hardly 
necessary ; compare the corresponding expressions for series. 


Null Sequence. When the sequence (a,) tends to zero the 
sequence is frequently called a Null Sequence. 

Finally, when it is said that a variable tends to a limit it is 
always to be understood that the limit is a finite number unless 
it is expressly stated or clearly implied that the variable tends 
to+o orto --οὐ. See #.T.* § 40, 41. 


15. Monotonic Functions. If f(x) is a single-valued function 
of x such that f(x.) =f(x,) when x, > x, the function f(x) is said 
to be (8.1. p. 451) a monotonic increasing function of x, while 
if f(x,)<f(z,) when 59} αι the function f(x) is said to be a 
monotonic decreasing function of x. When the sign = is 


*The letters “1.1.᾽" indicate that the reference is to the Hlementary 
Treatise. 
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excluded f(x) may be called “a strictly increasing”’ or “8 
strictly decreasing’ function of x. (It is merely a con- 
vention, but a convenient one, to use the words “ increasing ”’ 
and ‘‘ decreasing ᾿᾿ instead of the more accurate descriptions 
“ποῦ decreasing’ and ‘‘ not increasing ’”’ respectively.) <A 
sequence (a,) is an increasing sequence if a,,,;2a,, and a 
decreasing if a,,,,<a,. | 

The two following theorems, which are expressed in terms 
of sequences (a,), apply to monotonic functions f(x), it being 
understood that f(z) is defined for an infinite set of values of 
x and that x tends to infinity ; the reasoning is the same in 
both cases. 


THEOREM I. A monotonic, increasing sequence (a,) tends to 
+0 af the sequence is not bounded, but if the sequence 1s bounded 
above, say a,<k for every value of n, the sequence tends to a 
limit l, and tsk. 

If the sequence is not bounded above then, however large 
the positive number K may be, it is always possible to find an 
integer m such that a, > Καὶ if n> (or a value x, of x such 
that f(x) > K if χα αι). This is the condition that a, tend to 
+o when n->o (or that f(x) ++ when x>+0), 

Suppose now that (a,) is bounded above, and let H be the 
upper bound of the sequence (or of the set of values of f(x)). 
By the properties of the upper bound (ὃ 13) a,<A for every 
value of » (f(z)<H for every value of x) and, given ε, there is 
a value, m) say, such that a,,>H-e (a value x, such that 
f(%)>H-«). Hence, since a,2a,, if n>ny (f(z) 2f(x) if 
x > 2), we have 


H-e<a,sH if n> No (Η —-e<f(xz)SH if x2 > Xp), 


and this is the condition that a, >H (or that f(z) —H). Further, 
H cannot exceed k so that l= H < k. 


Cor. If f(x) is monotonic and increases as x tends to a 
monotonically, f(x) either tends to οο or tends to a limit 

Let x =a+(1/y) or a —(1/y) according as x tends to a through 
values greater than a or through values less than a; then 
x->a when yo. 

In the same way the next theorem is proved. 
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THEOREM II. <A monotonic, decreasing sequence (a,) tends to 
—o if the sequence is not bounded but, if the sequence is bounded 
below, say a,>k for every value a n, the sequence tends to a 
lumit l, and l= k. 


Cor. If f(x) is monotonic and decreases as x tends to ὦ 
monotonically, f(x) either tends to — or tends to a limit. 
_1 1 1 
τ 8 3° 10" 


Here we may take k =1/3 and obviously a,->1/3. (There is no value 
of n for which a, = 1/3.) 


Ex. 1. 


] ] ] ] 
Ex. 2. an tl Ἐπ nee on 


ee eer 
n+l n+l 
may take k=1. Further, 


Bi πον 1 Ἢ 1 τς οὐ εν 
nt ~9n “On 41" In+2 n+l (255 (ὅπ. 9) ”’ 


so that (a,,) is an increasing sequence. The sequence therefore has a 
limit which is a positive number not greater than 1. 


n 
.. to n terms or a,< —-—< 1, so that we 


Here a,< ΣΤ 


Ex. 8. If pis ἃ fixed (positive) integer and a, equal to the sum 
] Sz 1 τ 1 ae 1 
nm+1lon+2 n4+3 °°  n+opn’ 
show that the sequence (a,,) tends to a limit. 


m -᾿" 
Ex. 4. Ἰΐα,, =(1 +3) and ὃ, =(1 -) show that the sequences 


(a,,) and (b,,) tend each to a limit and that the limit is the same for both. 

From the inequalities (10) and (11) of § 11 the sequences (a,,) and (6,,) 
are respectively increasing and decreasing ; by the inequality (10a), 
Am < 480 that (a,,) tends to a limit, s say. Further 


] 
ὃ, =Ay1 (1 toy), 

so that b,, tends to the same limit asa,,. It is better, however, to apply 
the result of Exercises I, 10, from which it appears that b,, >a, so that 
the sequence (δ,,) is bounded below and therefore tends to a limit. The 
inequality (12) of § 11 then shows the two limits to be the same; or 
use #.7. p. 95 (iii). 

Ex. 5. Suppose a>b>0 and let a,=}(a+6) and 6,=,/(ab). If 
a,, and b,, are determined by the equations 

α, =3(n_1 +by_1)> b, = V(Gyn-19n-1), 1 =2, 3, 4, ... 

show that (i) (a,) is a decreasing sequence, (ii) (5,) is an increasing 
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sequence, (111) each sequence tends to a limit and (iv) the limit is the 
same for each. 

Here Any ~ An =$(An_y -ὃ,...], δ, — bp_1 =( Van. τιν δ,..-)ν On and 
the results (i) and (ii) are easily proved by induction. 

Again a, —b, =4(V7an_1 - Vbg_1)?>0 so that a,>b,. Now (b,) 
is an mcreasing sequence and therefore a, >b; the sequence (a,) 
therefore tends to a limit «. Similarly ὃ, Ξ α and the sequence (b,) 
tends to a limit 8. The equation a, =}(a,_,+6,_,) shows that a=. 

The common limit « is called by Gauss the Arithmetico-geometric 
Mean of the numbers a and ὃ, and is frequently denoted by M (a, δ). 


Ex. 6. If a>b>0, a,=}3(a+b), 6,=2ab/(a+b) and a,,b, are 
determined by the equations 
an = 3(Qn_1 +6,_1); δ. Ξε2α,. ὃ,.- χα, Ἐδ,,...})» n =2, 3, 4, gs 
show that the sequences (a,,) and (b,,) have a common limit—called the 


Arithmetico-harmonic Mean of a and ὃ. 
Show that this mean is equal to /(ab). 


16. Sequence of Intervals. A useful method of determining 
a number depends on the construction of two monotonic 
sequences, one (a,,) an increasing and the other (b,,) a decreasing 
sequence; when a, and 6b, are represented as points on a 
directed line, say the z-axis of Coordinate Geometry, the seg- 
ment J,, of the line which represents the interval (a,, ὃ,,) may, 
subject to certain conditions, be made to contract as n tends 
to infinity so as to determine a point. 

The sequence (a,, ὃ,) of intervals defines a number when 
the following conditions are satisfied : 


(i) (a,) is an increasing and (b,) a decreasing sequence of 
real numbers ; 


(ii) a, <b, for every value of n ; 


(111) given an arbitrarily small positive number ε, there is 
an integer m such that 6,,-—a,<e« ifn =m. 


That these conditions define a number is clear ; for by (i) and 
(ii) the sequences (a,) and (δ,) have limits, a and ὃ say, while 
b-a={(6, —a,)=0, by (iii), so that b=a. This number a is 
the number defined by the sequence (a,, ὃ,). 

In the geometrical interpretation every point a, is to the left 
of every point b,; the point a is either inside each of the 
intervals J, or else, after a certain stage, at one end of 


each interval J,, and, as n tends to infinity, the interval J, 
G.A.C, Cc 
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contracts, the end-points a, and ὃ, tending from opposite 
sides to a. 

It may happen that a, =a if n> p, or again that ὃ, =a ifn >q; in 
these cases a is an end-point of each interval J, when n is greater than 
p or q respectively. 

The number a will be said to be common to each interval 
(a,, b,), it being understood that each interval is closed. 

For purposes of reference this method of determining a 
number may, for want of a better name, be called the method 
of the decreasing interval. 


17. Limiting Points or Points of Condensation. Let S be an 
_ infinite set of numbers, or of points corresponding to them on 
a directed line. 


Derinirion. If there is a point & such that the interval 
(ξ -- ε, £+¢) contains an infinite number of points of the set, ἐ 
is called a limiting point, or a point of condensation, of the set. 
As a number, é is a limiting number of the set. 

δ may be but is not necessarily a point of the set as the 
following examples show. 


Ex.1. S consists of all the rational numbers x such that 0=z=l. 

Every irrational number in the interval (0, 1) corresponds to a 
limiting point—or, as it may be stated, every irrational point in (0, 1) 
is a limiting point ; but S contains no irrational points. 


Ex. 2. S consists of all the points in the open interval (0, 1). 
The points 0 and 1 are limiting points but do not belong to S. 


Ex. 3. S consists of all the points in the closed interval (0, 1). 
Every point of the interval is a limiting point. 


Ex. 4. S consists of all the positive or negative integers. 
There are in this case no limiting numbers; it is, however, sometimes 
said that +o and -- οὐ are limiting numbers of this set. 


THeorEM I. Every infinite bounded set has at least one limit- 
ing point. (The Bolzano-Weierstrass Theorem.) 


Apply the method of the decreasing interval. Since the set 
is bounded there is a number a less than every number in the 
set and a number 6 greater than every number in the set ; let 
all the numbers be represented on an axis. 

Bisect the interval (a, 6). In one or, it may be, in both of 
the half-intervals there will be an infinite number of points of 
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the set ; if there be an infinite number in both select the half- 
interval on the right, that is, the interval [4(a +b), 6]. Denote 
the ends of the half-interval selected by a, and ὃ, where a, < 6). 
if the right half-interval has been selected a,=4(a +b) and 
b, =b, but if the left half-interval has been chosen a,—a and 
,=3(a +b). In both cases aXa,, ὃ Ξ ὃ,, 6-4, =4(b-a). 

Next bisect the interval (a,, δι) and proceed exactly as in 
the preceding case. One at least of the new half-intervals 
contains an infinite number of points of the set, but if both 
half-intervals contain an infinite number select the half-interval 
on the right and call it (ας, b,). We now have 


ASa,Sa, b62b,25,; by — d= 4(b, -- αὐ =5a(0 -- α). 


Proceeding in this way we find an increasing sequence (an) 
and a decreasing sequence (b,) where a, < bn, (bn — α,) Ξε (ὃ —a)/2" 
and each interval (α,, δ,) contains an infinite number of points 
of the set. Further, since (Ὁ —a)/2" may be made arbitrarily 
small the sequence of intervals determines a point ¢. 

Hence within the interval (ξ -- ε, ξ -- ε), where ¢ has the usual 
meaning, there lies an infinite number of points of the set, and 
therefore é is a limiting point of the set. 

Thus the set has at least one limiting point ; but there may 
be more because, each time an interval is bisected, it is possible 
that both halves may contain an infinite number of points of 
the set. When an interval occurs which contains an infinite 
number of points of the set, that interval, by the theorem 
just proved, has at least one limiting point of the set. 

The point ἃ determined by the construction first given is, 
if there be more limiting points than one, that which lies furthest 
to the right ; & is the greatest of the limiting numbers of the set 
and will be denoted by 6. The characteristic property of G, 
as appears from the method by which it is determined, is that 
the interval (@ -- «, G +) contains an infinite number of points 
of the set but that only a finite number (and there may be none) 
of the points of the set lies to the right of G +e. 

The number @ is called the greatest of the limiting numbers 
of the set or, simply, the greatest of the limits of the set. 

When there are more limiting points than one of the set it 
may be seen that, if in the construction the left half-interval is 
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always selected instead of the right half, there is a limiting 
point g such that the interval (g — ε, g +«) contains an infinite 
number of points of the set, but that only a finite number (and 
there may be none) of the points lies to the left of g-e. The 
number g is the least of the limits of the set. 


TuHeorem IT. If the set is bounded and has no greatest number 
the upper bound H is a limiting number of the set and H=G, 
while if the set has no least number the lower bound h is a limiting 
number of the set, and h=g. 

If the set has no greatest number then the interval (H — «, H) 
contains an infinite number of elements of the set so that H is 
a limiting number. Again no number in the set is greater than 
H so that H=G. Similarly for the lower bound. 

The greatest and the least of the limits are often called the 
Maximum Limit and the Minimum Limit respectively of the 
set. Other names are limes superior (or upper limit) and limes 
anferior (or lower limit). 

When the set is denoted by S the following notations are 
used : 

G=lim § or G=lim. sup. S; g=lim S or g=lim. inf. 8. ἡ 

When 8 is a sequence (α,) the notations are 

6 =lim a,, =lim an; g=lim a, =lim Gn; 
n~->D n> 
the indication ‘“‘n—>o ” being omitted when no ambiguity 
arises. 

The notation lim is sometimes used when it is a matter of 
indifference whether the maximum or the minimum limit is 
taken. For example, the inequalities 

a<lim a,< 6, 
imply thata<g and @G<b. 

Note on Sequences selected from Sets. If c is a limiting point of a 
set S that lies in an interval (a, c), where a<c, a monotonic, increasing 
sequence (z,,) can be selected from S such that (z,) tends toc. This 
statement seems to be “‘ obvious,” but a formal proof may be given. 

If x,, where x, >a, is any point of the set and a, =(2, +c)/2, infinitely 
many points of S lie in (a,, 6) and, if ἂς is any one of these points, 
X_>x, and c~—2,<(c-a)/2. Again, if a, =(x, +c)/2, let x, be one of the 
infinitely many points of S in (ας, c); then 2,>2, and ὁ -- ἃς «(ὁ —a)/2?. 
Next, let a, =(x,+c)/2 and a point x, may be chosen from the points 
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of S in (ας, 6) such that x,>2, and ὁ —a,<(c —a)/2*. In this way a 
monotonic, increasing sequence (z,) is obtained and (z,)->c, since 
C~X,<(c —a)/2"-1. Clearly the sequence may be chosen in infinitely 
many ways. 

Similarly, if c is a limiting point of a set S’ that lies in (c, 6), where 
c<b, a monotonic, decreasing sequence (x,,) can be selected (in infinitely 
many ways) from S’ such that (χα) tends to c. 

If c is a limiting point for both of the sets S and S’ let 2,_,=2, 
and 2, =2,; then the sequence (Xn) tends to c, so that from the set S”’, 
consisting of the sets S and S’ and lying in the interval (a, δ), a sequence 
(2,,)—of course, not monotonic—has been selected which tends to c, 
where a<c<b and ὁ is a limiting point of S”. 


18. Limits of Indetermination. The maximum limit G and 
the minimum limit g of a bounded sequence (a,) are sometimes 
called respectively the wpper limit of indetermination and the 
lower limit of indetermination of the function a, for n tending 
to a. 

Every element a,, of the sequence (a,,) lies between H and ἢ, 
the upper and lower bounds of the sequence but, when the 
question of a limit for a, arises, the only values of a,, that are of 
importance are those corresponding to large values of n, and 
it is on these large values that the limit depends. Now, when 
8 is given, there is only a finite number of values a, that are 
greater than G + « while there is an infinite number greater than 
G—e; so also there is only a finite number of values of a, less 
than g—e but an infinite number less than g+e. By 817, 
Theorem II, G=H provided (a,,) has no greatest number, and 
g =h provided (a,,) has no least. 

Next let f(x) be a bounded, single-valued function of z, 
defined for an infinite set of values (not necessarily all values) 
of x in an interval (ξ -- ε, +e), ξ being a limiting point of the 
set of values x. Since f(x) is bounded the set of values of f(z) 
is a bounded set and has therefore a maximum limit G and a 
minimum limit g. | | | 
_ Now let ε tend to zero. It is easy to prove, if it be not 
considered to be obvious, that as « tends to zero G cannot 
increase and g cannot decrease, so that G and g are bounded 
monotonic functions of ε, say G(e) and g(e). It follows there- 
fore from ὃ 15 that G(e) and g(«) tend to limits, G, and σὺ say, 
when « tends to zero. 
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These two numbers G, and g, are called respectively the 
upper and the lower limit of indetermination of f(x) for x tending 
to &. 

If the interval for which f(x) is defined is (ξ, € +) then x can 
only tend to & through values greater than £ or—in the usual 
notation—z tends to +0. As before G and g tend to limits, 
Θ΄ and g, say, when z—>£+0; Οὐ and g, are called the right- 
hand upper and lower limits of indetermination of f(x) for x 
tending to § +0. 

Similarly if the interval is (ξ -- ε, ξ), so that x tends to é 
through values less than é (x->¢ — 0), there are left-hand upper 
and lower limits of indetermination of f(x) for x tending to 
——0; these may be denoted by G and σὺ respectively. 

In all these cases it must be remembered (i) that there is no 
sense in speaking of a limit for x tending to & unless ¢ is a 
limiting point of the values of x for which the function is 
defined, and (ii) that the limits Gj and σὺ depend on values of 
f(x) for values of x such that 0< | -x|<6 where ὃ is positive 
and arbitrarily small. 

Again the difference G—g is never negative; when e—0, 
then G—>G, 9--- 90» and therefore 


OSG) -- 0:3 6 -. 


The conditions that (a,,) should tend to a limit when n->« 
and that f(x) should tend to a limit when x—>é may be readily 
derived from the above statements about the limits of in- 
determination. 'The conditions in these cases are, however, 
of so fundamental a character that they will be considered in 
detail in §§ 19 and 21. 


19. Existence of a Limit. Sequence. We shall now prove 
Cauchy’s Test for the existence of a limit of the sequence (a,) 
(H.T. p. 378, Th. III); the general case for the limit of a 
function of x is considered in § 21. 


ΤΉΞΟΒΕΜ. The necessary and sufficient condition that the 
sequence (d,) tend to a limit, 1 say, is that, given an arbitrarily 
small positive number e, there shall be an integer m such that 
\Gnap~On|\<eifn=m, whatever value the integer p may take. 


(i) The condition is necessary. For if a,->/ there is, by the 
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definition of a limit, an integer m such that [1--α| |< $e if 
n=m. But 

| σιν — Oy [=| (Any — ἢ +(l --α,) [Ξ| b-Ani» | + | l—a, | 
and therefore 

| Onsp --ας |< fete, that is, | a,,,-a, |<eifnam, 
so that the condition is necessary. 


(ii) The condition is sufficient. For, if the condition is 

satisfied there is an integer m such that if n= m 
᾿ς ἀρ, —An | ἐξ, OF, Gp -E<Anyy<a, +e, p=l, 2, 3, ... 
and therefore the sequence (a,), where yu take the values, m +1, 
m +2, m +3, ..., is bounded and has a maximum limit G and a 
minimum limit g. In other words, if n2™m, 
α, -- ΞΟΞ ΟΞ α, +e, 

so that 0SG-gS2e. 
Hence, since ε is arbitrarily small, G=g, and there is only one 
limiting point in the sequence. The sequence (a,) therefore 
tends to a limit ; the limit is 1, where 1=G =g. 

The student should prove that the other method, specified in 
the enunciation of Theorem III (#.7. p. 378), of stating the 
condition is equivalent to the above. 


20. Examples. The following examples contain some inter- 
esting theorems in limits ; others will be found in the Exercises 
at the end of the chapter. In some cases a knowledge of the 
chief theorems in the convergence of series is assumed. 

Ex.1. Ifa, and ὃ, tend to zero when n-> and if further (6,) is a 


monotonic decreasing sequence so that b,>b,4,>0 (at least for suffi- 
ciently large values of n), then 


ἂς 7 Un — Fn, 
δι δη > Ons 
ποῦ RO 


provided that the second limit exists, whether that limit is a finite 
number ἢ or infinite. 

(i) Suppose that (a, -@,4;)/(6, —b,4,) tends to a finite limit 7. In 
this case there is an integer m such that ifn=m 

an ~ Ans δ An ~ Oni 
ἶ -- ee τς “εἰ. or l-e< a Ae <I+e, 
or, since δ, — b,,,; is positive, (m may be taken large enough to make each 
b, positive) 
(Z -- €)(B,, — bn41) «ας — Aggy <(U +€)(Oy — Ongy),  cceeeere serene (a) 
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In (a) put n+1, n+2, ...,2+p-—1 in turn for n and add; then for 
every integer p 
(ἰ -- ε) (ὃ, oS On+n) < An — An+p <(l+ €)(5n - n+p)» n=m. 
Now let p tend to οὐ ; thena,,,->0, b,,5->0, and therefore 
(l~e)b, =a, = (l+e)b,, nm, 
or, dividing by the positive number ὃ,» 
a Ϊ. α 
ἰ --ςΞΞ ®<l+e, or [1---3 
δ; - By 
Hence a,,/b, > 1 when n>. 


(ii) Suppose that (a, -—@,,1)/(6, -- ὃ...) tends to o. In this case 
there is an integer m such that, given any positive number K, if n=m, 
(Ay ~Gn41)/(Oy —On41) > K, or, Gy - ρα > K(b, -- δ,...)» 
since (b, —6,,,) is positive. Proceeding as in case (i) we find that 
An τα πε > K(b, ἴω Ontn)s a, = Kb, n=m 
and therefore a,/b,=K if n=m. Hence a,/b,>~0o when n> since 

K is any positive number. 


ΞΞε, n=>m. 


Hz. 2. lf b,,, >6, and if b,--0 when no, then 
An _ L Anti πῃ 
b,, Ona1 iat ὃ, 
no n—>O 
provided that the second limit exists, whether that limit is a finite 
number / or infinite. 


(i) Suppose the limit of (α,...1 —@,)/(6,41 — 5,) to be the finite number l. 
As in the proof of Ex. 1 we find, since b,,,,>6,, that 
(Ll -- ε)(δ,...» — On) < α;..» - αᾳ < (Ϊ -Ὁ ε)(δ,...» —5,) if n=m, 
or, writing a,,, 6,, in place of α,...»» θ,..»» and a, 6, in place of a,, 6,, 
(2 -- ε)(δ,, -- bm) < ας, -- Ay < (L+e)(b, -- δι) if n Ὁ ἢν. 
Now divide by the positive number ὃ,, and then add a,,/b,, to each 
member of these inequalities ; this gives, if n >m, 


(2 -«)(1 -32) +9 <5< (2 +e) (1 —3) +B 
Let the numbers a, 6,, be kept fixed and let n, which is greater than 
m, tend to infinity ; since ὃ, tends to infinity with n it is therefore 
possible to choose N so that 
. ἰ —2e< a,,/6,, <1+2e if n=N, 
and therefore a,,/b,, tends to ἢ when n-+>o. Ὁ 


(ii) Suppose that (a,,; —@,)/(b,,1 —6,) tends to οο ; then, as before, 
we can find m so that, whatever positive number K may be, if n >m, 


: a, —Aam > K(b, ~ bi») or 555» -ζπ) ἐξα. 


bn/ On 


Keeping a,, and b,, fixed, we can choose N so that a,/b, shall be 
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greater than K~«eifn>WN. Hence a,/b,-0 when n->o since K is 
any positive number. 

Compare H.7. p. 420, paragraphs I and II, with the theorems of 
Ex. 1 and Ex. 2. 


Ex. 3. Prove the following theorems, usually called Cauchy’s 
First and Second Theorems. 

First Theorem. If a,+a,+...+@,=8,, and if a,>l when n> 
so does 8,/n, where 8,/n is the Arithmetic Mean of the numbers 
1» Ag, «06 By. 

Second Theorem. If αι, ας ... @, are all positive and if a,/a,_, tends 
to a limit, r say, when n >, then Va, also tends to r when n>. 

The First Theorem is a particular case of Ex. 2; in that example 
let a,, =8,, 6, =n, and we get the First Theorem. 

Next write a,, in the form 


log (a4/1) +log (ag/a,) +... +108 (αρία,,..). 


therefore log (2/a,,) = τ 


Now α,|α,...-Ὁ } and therefore, since logx is a continuous function 
of x, log (a,,/a,_;)> logr. By the First Theorem the fraction to which 
log (%/a,,) is equal tends to log r so that */a,, tends to r. 

It should be observed that s,/n may tend to a limit though 8, does not. 
For example, let a, =(-—1)""1; 8, does not tend to a limit but the mean 
S,/n tends to zero. 


Ex. 4. If the sequences (a,) and (6,) tend to a and 6 respectively 
then the sequence (c,,), where 


Cn 27 (a,b, +- Agbdy1 + Asdn_2 +..0+ a,,0;) 
tends to ab. 
Let a, =a+d,; then 


Cy πα. A (Dy τὸ, «1... +O) Ὁ} (yb +d gaan + +--+ dnb). 
By Cauchy’s First Theorem (b,,+6,_,+...+0,)/n tends to ὃ. Next 


each of the numbers ὃ, is finite, say |b, | <B, while d,->0; therefore 


] 
᾿ (db, +debyiy +... Ἐα,δ4)} « fi 


and, again by the First Theorem, this expression tends to zero so that 
(c,,) tends to ab. : 


21. Existence of a Limit. Function of x. We now take the 
general case of Cauchy’s Test for the Existence of a Limit ; the 
theorem of § 19 is limited to the case of a sequence. 

Let f(z) be a bounded, single-valued function of x, defined 
for an infinite set of values of x in an interval (a, δ) ; it is to be 
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understood that in the following discussion the values assigned 
to x are those values in (a, 6)—admissible values they may be 
called—for which f(x) is defined. Since these admissible values 
form an infinite set there is at least one limiting point & of the 
set. ‘The theorem to be proved is as follows : 


THEOREM. The necessary and sufficient condition that f(z) 
tend to a limit, | say, when x tends to ὃ is that, given an 
arbitrarily small positive number ε, there shall be a positive 
number ἡ such that | f(x’) —f(x") -Ξ ε, when x’ and x” are any 
two values of x, such that 0 «- |.χ’ -- ξ[ «- η and 0<|2"-éE|<n. 

It should be noted that & itself is not an admissible value of zx. 

(i) The condition is necessary. For if f(z)-l when x-—>& it 
is possible to choose 7 so that |1—f(x’)|<4e and |1—f(x")|<te 
when 0<|a’-&|<yn and 0<|2"-é|<yn. Now 
LF(@) — Fe") =F") -D τ! -f(2")} | S [EF (2) +10 -F(@") | 
and therefore | 

| f(z’) —f(2") |<e if O<|a’-é|<yn and 0<|2"-é|<n, 
so that the condition is necessary. 


(11) The condition is sufficient. For, if the condition is 

satisfied there is a number 7 such that 
| f(x’) - f(z") |<e, or, [(5 - ε- [(5 «(5 +e 
when O0< | &-2' |<n and 0< | é-2"|<n. 

Thus the set of values of f(x) obtained by assigning to ὦ all 
the admissible values of x in (ξ -- ἢ, +7) is a bounded infinite 
set and has therefore a maximum limit G and a minimum 
limit g. Hence 

fla")-e<g SS f(a") +e 
so that ΟΟΞΟ6- 33 2. 


But, as 7 tends to zero, G and g (see ὃ 18) tend respectively to 
G, and gy, where Gy <= G and g,= 9; therefore 
ΟΞ Go -- 50 Ss 2e. 


As ¢ is arbitrarily small it follows that G,=g, and therefore, 
when x->é&, the set of admissible values of f(x) has only one 
limiting number G or 00 and l=G,=q). 

If € is a limiting point for values of x greater than &, similar - 
reasoning shows that f(x) will tend to a limit when z—>£ +0 
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if, and only if, there is a number 7 such that | f(x’) —f(%") |<e 
when 0< | &-2'| <7 and 0< | &-2" | <n (#’ >, 2" > δ). 
If é is a limiting point for values of x less than é then f(x) will 
tend to a limit when x—>é — 0 if, and only if, there is a number ἢ 
such that | f(z’) —f(z”)|<« when0<|&-2'| <7, 0<|€-2"|<n 
(χ' «-- &, x” < ὃ). 

Again to find the condition that f(x) should tend to a limit 
when r-> +0 let x=1/y and f(z)=F(y). When x>+ the 
new variable y tends to zero and the condition 

| F(y’) - Fly’)|< «if 0<y’<n and 0<y’<y 
becomes 
| f(z’) -f(x")| <e if “'ΞΝ and 2’ >N, 
where N=1/n, and therefore N is an arbitrarily large positive 


number. 
Similarly if s->-— © the condition for a limit of f(x) 1s 


| f(z’) —f(x")| <eif σ΄ <-—WN and χ' «--- Ν, 
where JN is an arbitrarily large positive number. 


Continuity of f(x). Τί f(x) is defined for all values of x in the 
interval (ξ --ἡ, & +n) the condition that f(z) should be con- 
tinuous at é is (H.T. p. 87) that f(x) should tend to f{(é) when x 
tends to £; in other words that the limit of f(x) for x tending 
to ἔ should be equal to the value of f(x) for x equal toé. This 
condition may now be stated in another form. 

Let (x,) be any sequence that tends to ᾧ ; if the sequence 


F(%1), f(%2), f(s), «+ 


tends to f(€) whatever particular sequence (z,,) be chosen, then 
f(x) will be continuous at &. 


That the two forms of the condition are equivalent may be proved 
as follows. 


(a) If (x,,)—>&, then m may be chosen so that | é -z, |<7 when n=™; 
hence if | f(&) —f(x) |<e when [ξ — x | <7, we shall have |/(é) —/(#,) |<e 
when n= ™, so that f(x,)+>/(£) when (a,)->€. Thus, when the first form 
of the condition is satisfied, so is the second. 

(ὃ) When the second form is satisfied, so is the first. For, if f(z) does 
not tend to f(£) when x tends to &, it will be possible to choose ε so that 
[..(ξ) -f(x)| Ze for infinitely many values of x (for a set S, say) in the 
interval (-n, +m); because, if there were only a finite number of 
such values of x, one of them (x’, say) would differ from & by less than 
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any of the others and then |/(&) —f(x)| would be less than ε when 
[8 --αὐ [΄ “η΄, where n’=|&-—2’|, so that f(x) would tend to f(&) when 
x tended to &. 

Now from the set S in the interval (ξ —~7, +n) a sequence (z,,) can be 
selected which tends to & (δ 17, Note) ; hence | /(£) —f(z,) | =e for every 
value of n, so that f(z,) does not tend to f(&) when (z,) tends to &. 
This conclusion contradicts the condition that every sequence f (x,,) tends 
to f(€) when (x,,)->é ; it is therefore possible, when the second condition 
is satisfied, to choose ἡ so that | Κ(ξ) ~ f(x) |<e when |é-2z|<n. Thus, 
when the second form is satisfied, so is the first. 

The student may, as an exercise, deduce the conditions in 


§ 21 from those in § 19. 


22. Exponential Functions. The exponential function a” 
is, up to this stage, defined for rational values of the variable x 
alone. The definition will now be extended to irrational 
values of x by showing that if (x,) is any sequence of rational 
numbers that has x as its limit the sequence (a*») also has a 
limit and this limit is defined to be the value of a*. ‘The 
discussion is rather long but it is not difficult ; the inequalities 
of ὃ 11 are required. It has to be remembered that the base a 
iS positive. 

(1) a*—>1 when z tends to zero through rational values. 

Suppose a > 1 and let a!”=1 +a, where a, is positive and n 
a positive integer ; then (§ 11, (8)) 

a=(1+a,)">1+na,, a,<(a—1)/n 
and therefore a,,—> 0 and a!/"-+1 when n>. 

Further, a—-1/" =1/a1/" and therefore a—/"+1 when n> . 

Next, let (z,) be any sequence of rational numbers that tends 
to zero and let N be an arbitrarily large positive integer. It 
is possible to choose m so that x, will lie between — 1/N and 1/N 
if n>m, and therefore also so that a* lies between αἱ and 
av’ ifn>m. But, given « as usual, N may by the preceding 
part of the proof be taken so large that both a-1" and a" lie 
within the interval (1 --δ,1 +e); 80 therefore does a® if n> mM, 
and therefore a**—>1 when x, —>0. 

Suppose next that α΄“. Then b=1 las ] and a=] [be 
so that a*»->1 since b%—1 if n> ow. | 


(2) Next let (z,) be a sequence of rational numbers that 
tends to x. We may suppose that zx, lies between two fixed 
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rational numbers uw and v for all values of πὶ so that a™ lies 
between a” and a’ and is therefore bounded, say a*<k for 
every value of n. 
The sequence (a*-) tends to a limit, a say ; because 
| Qitnt+p — gen | 1 Qtr (Q2n+p—%n = 1) | <k | Qin+p—fn — ] | 
and | a*+2-*._1|—+0 if n+ since the sequence (z,) is 
convergent and therefore 2,,,—%,—> 0 if n>. 

Again if (y,) is any other sequence of rational numbers that 
tends to x the sequence (a”) tends, by the above proof, to a 
limit, B say, but B=a, as may be seen thus. The integer m 
may be chosen so large that x, and y, differ from x and from 
each other by less than ε ifm >m ; further, 

| αν» — ae | =| at (ayn —1) |< k | ave — 1 | 
and |a-*—1|->0 when n> because y,—2,->0 when 
no. Hence f=c. 

The limit « is therefore the same whatever be the sequence 
(a) when (z,,) is a sequence of rational numbers that tends to z. 
a is defined to be the value of the function a” for all real values 
of x, and it will be noticed that a” cannot be negative. 

(3) If a>1 and c any rational number in the upper class of 
the section that defines x, when z is irrational, then a*< a’. 
Hence a* > or < a” according as x > or < y, while if 
a<l, αὖ > or < a” according as x < or > y. These con- 
clusions follow readily from §11 and the definition of 
inequality (§ 5). | 

Again, it is easy to prove that the index laws 

αὐ xav¥=att¥, a-*=1/a*, (a*)¥=a* 
are valid when x and y are any real numbers. Thus, for 
example, let x and y be defined by the sequences (7,) and (y,,) of 
rational numbers ; then, by the fundamental theorems of limits, 


L (a Χ avn) =[ (a+), that 15, αἴ χαν —gqxty 
since all the limits exist. 


(4) αὖ is a continuous function of z. 
Suppose a>1, It is always possible to choose rational 
numbers y and z such that, whether x is rational or irrational, 


y<u<z and z-y=1/n. 
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Now, let x’ be any real number such that y< z'<z; then, 
by (3), a¥<a” <a’. When y and z both tend to x so does 
x’; but in this case, by (2), both a” and a’ tend to a*® and 
therefore a” also tends to a’. | 

A similar proof holds if a<1. Hence, whether x’ tends to 
x through rational or irrational values of 2, a”’ tends to a” and 
therefore αὖ is a continuous function of z. 

(5) It follows now that, if a>1, the function a* is a 
monotonic, strictly increasing, continuous function of z; 
a*—> +o when z>+0 and αὖ-» 0 when x>-o. It may 
further be noted that a*—-1 when x0. 

If a< 1 let a=1/b where b> 1 80 that a*=1/b* and it follows 
that αὖ is a monotonic, strictly decreasing function of x. 

The student should note specially the following inequality, 
which is required in § 24, and is generally useful. 

If b>a>1 then 6*>a* when x>0, but b*< αὐ when x< 0, 
where x is a real number. 


23. Logarithms. In this article a theorem will be assumed 
which is more conveniently discussed in the next chapter (§ 32), 
namely : If f(x) is a monotonic, strictly increasing, continuous 
function of x for a given range of x the equation f(z) —y defines 
x as a monotonic, strictly increasing, continuous function of y 
for the corresponding range of y. The two functions are said 
to be ‘‘ inverse ”’ to each other (}.17'. p. 18). 

In the preceding article it has been proved that a’ is, ifa> 1, 
a monotonic, strictly increasing, continuous function of x that 
increases from 0 to © as x increases from —o to ». The 
inverse function is called a logarithm, and if y>0 and a*=y 
the definition is that ‘‘ x is the logarithm of y to the base a,”’ so 
that, in the usual notation, 


x=log,y if a*=y, where a> 1 and y>0. 


It is obvious that log,y =0 if y=1 and that log,y is positive 
or negative according as y is greater than or less than unity. 
(In practice the base a is usually assumed to be greater than 
unity.) 

There is no need to discuss the well-known rules of operation 
with logarithms, but one property may be stated explicitly, 
namely, that if (y,) is any sequence of real numbers that tends 
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to y the sequence (log y,) tends to log y. This property follows 
from the fact that log y is a continuous function of y (§ 21). 

94. The Base e. Theorems in Limits. It has been proved 
in § 11, (10) and (10a) that, if πὶ is a positive rational number, 
(1 +1/n)" increases as 7 increases but that (1 +1/n)" is less than 
4 for every value of n. Therefore (§ 15, Th. I) (1+1/n)" 
tends to a limit, usually denoted by e, when n>. 

Next, let z be any real number greater than unity and let the 
positive integer n be chosen so that nSz<n + 1; therefore 
when either of the numbers z and n tends to infinity so does the 
other. 

1 i 


1 
Now 1 +—— < 14+-S14-, 
n+l Z nN 


1 n l Ζ a 
and therefore (1 +) μι ( +5) <(1 ὌΠ . 
But 


Qa) τα τ , tea) 
“Ἐπ᾿ =( ta tl / Tn +1)? 
1\"+1 1\" ] 

(πὰς ΞΘ Ὁ} 

n n n 


. l n l n+l 
and therefore both (a +) and (1 +2] tend to e when 


n—->® , since (1 +2) does so for all rational values of n. Hence 


(1 +2) tends to e when z tends to infinity through real 


(positive) values. 
Next letz= —y—lwherey>0; thenz>-—® wheny>+@. 


ἀρ. 1\¥ 1 
and therefore (1 +) tends to e when z>- ©. 
The above result may be stated as a theorem. 


THeoReM I. The expression (1 +) tends to a definite limit, 


denoted by e, when z tends through real values either to + © ΟΥ̓ 
to -- οὐ ; or, (if 1/z is substituted for z) the expression (1 +2)? 
tends to the limit e when z tends to zero through real values which 
may be either positive or negative. 
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This number 6, as the student knows, is taken as the base 
of the logarithm in all theoretical investigations, and the | 
function e? is ““ the exponential function of x.” If a is positive | 
the function a*, which is of course an exponential function of z, 
may be expressed, in what is considered the standard form, as 
erga. Tn accordance with the usual practice, the symbol log a 
is here taken to mean log, a. 


THEOREM IT. fo =loga, h>0 or h<0O. 
h-0 
Suppose a>1. Then αὐ --] ἘΔ; & is positive or negative 
according as h is positive or negative and k-0 when h->0. 
Now hloga=log(1 +k), and therefore 


a*-1__kloga _——iloga 
ΠΝ ~ log (1 --ἰ) log [(1 +k)¥*] 
But (Th. I) (1 +4)'*->e and therefore, since log x is a con- 
tinuous function of x, log [(1 eee 6 when k-0. The 
theorem is therefore proved since log e= 


If 0<a<1, let b=1/a; then 1 that 


Fg ay ὡς Ui Ns Neg ine: 


h-0 h-0 
Cor. Let h=1/n where n is a positive integer ; then n(%/a -- 1) 
tends to log a when n tends to infinity. 


THEOREM III. 7 LC a a 


2 

h-0 
Since z must be positive we suppose x=>c> 0. ee 
SEG Ἐπ Ὲ ΕΣ fe =; log (1+ - == log (a+ a 


Let h/c=k ; ΕΑ k-0O when we since x=>c> a As before 
log [(1+4)!*] tends to loge, that is, to unity when k->0, so 
that the theorem is established. 

Theorems IT and III show at once that the derivatives of ες, 
a* and log x are e*, a*log a and 1/x respectively. 

Derivative of x" when n is irrational. Since χη, when x> 0, 
may be expressed as e”!¢* we find 

t@ - ἀ. ZL doce sa. Hn 008 3) on 2 nae, 
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so that the usual rule for the derivative of x" applies whether 
n is rational or irrational. However, when n is irrational, ὦ 
must be positive. 


Notation. The exponential function 65 is fiennnis ex- 
pressed by the notation exp(x); this notation is specially 
useful when the index is a somewhat lengthy expression such 
as (ax? +bx +c)/(a’x? +b’x +c’) or n log (1 +2/n). 


25. Limits and Inequalities. The examples now to be given 
establish some theorems in limits of logarithmic and exponential 
functions and also some inequalities that are frequently re- 
quired. 


Ex. 1. If the product nk tends to x when || tends to infinity, so 
does the product n log (1 +4). 

The proof depends on the theorem which has been applied so often 
in ὃ 24 that log [(1 +&)1/*] tends to log e, that is, to unity when & tends 
in any way to zero. 

If nk tends to x whether n tends to + or to —o then & tends to 
zero whether x is or is not zero. Now 


n log (1+) =nk log [(1 +&)1/*] 
and therefore 


Ln log (1 +k) = [ (nk). Lvs [(1 ἘΚ) =a. 


[|-ροῦ [3 |--οῦ 
Ex. ὃ. If the product nk tends to x when |n | tends to infinity, then 
(1 +k)" tends to οἷ. 
(1 -- 1)" =e where x, =n log (1 +4). 
By Ex. 1, x,-> x and therefore, by § 22, (4), e%»—> ex, 
Two particular cases of this theorem are important. 


(i) Letk=a/n; then (1+2/n)" tends to e* when n tends either to + 
or to —o. 


(ii) Let nz =m; then, if x is not zero, |m| tends to infinity when |n| 
does so. Therefore 


(ι +2) τᾷ +=)" so that (1 +3)" ex, 
If x =0, (1 + 1/n)"* =1, and therefore the limit is 1 and 1 =e’®. 
In these and similar examples it has to be remembered that n and k 
must be such that (1+) is postteve. 
Ex. 3. Prove the following inequalities : 
(i) e@ >l+avifa>0; (ii) o*>1l-vif0<a2<1; 
(iii) « —$a%?< log (1 -οὴ) τα if O<a<l1; 
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2 
(iv) Ζ « -log (1 -2)< 2+} >— if O0<a<1; 


l+2z 2 
Τ- 2% e+ay— 


For the extreme values 0 and 1 of x it is best to test the value of the 
function. In all cases the inequalities become equalities for 2=0; 
for x =1 the inequalities (ii) and (iii) persist but the logarithms in (iv) 
and (v) tend to infinity when 71. 

These results are proved very simply by the method used in the 
Elementary Treatise, p. 132, examples 24, 33, 34. To illustrate the 
method take the ea (v). Let 


2 καὶ 
f(x)= =log 57% T2223 9 p(x) =log + ** 5. (2 Ὁ Ἐπ 1  χἕ τΞ 


“8 
(v) 25 « log wa ἢ O<e<l. 


xt 


Here f(x 2) =, p(x) = -Ξ (1 — 2) 


— 
and therefore /’(x) is positive and g’(x) negative if 0<xz<1l. But f(z) 
and (x) are both zero when x =0 so that the increasing function f(z) 
is positive and the decreasing function g(x) is negative for the range 
O0<z<l. The inequalities are therefore proved. 
1 
+ 12n(n+1 
Ex.4. Provethat e< (1 +2)" τὰ 6 ΧΘ sli 
where n is any positive number. 
The inequalities (v) of Ex. 3 may be expressed in the form 
a 1 τὰ 1. ge 
<9 log j (oa l+s 3-2 


Now let x =1/(2n +1) where n>0; then 


log Lt% = [ ( “yr ΕΟ emery 
a PET og 5, .}} ee ee, 


"Ἢ 
so that 1<log[(1+3)"* <1 Ἐπ Τ᾽ 


and, therefore, passing from logarithms to numbers, we find the 
inequalities stated in the example. 


0O<a<1l. 


Ex. 5. If w(n) =(cos 6,)7™ and if 6,>0 and f(n)>o when n>, 
discuss the question of a limit for y(n) when n>. 

Let u,, =/(n) log (cos 6,); then gy(n)=e” and the problem reduces 
to that of finding the limit of u,. This problem is, however, indeter- 
minate until a relation between θ,, and f(n) is given. 

Now by Ex. 3, (iv) the limit of [log (1 -—2)]/a when x tends to zero 
is - 1. But log (cos θ,) =4 log (1 —sin? 0,) and 


ty =4/ (n) log (1 -sin® θ,) =4f(n) . 6, [BES 9.7] | (sin Ont 


sin? 6,, 
so that the limit of u,, is the same as the limit of —4/(n)6? since the 
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factors sin 6,/6, and log (1 —sin? 6,)/sin? 6, tend to 1 and —1 respec- 
tively. Hence | 
if f(n) 2 +0, u,>0, y(n)>1; 
if f(n) 02 > αἷ, u,—> -- 4a*, y(n)> 6--ἰαῖ; 
if f(n) 02? +> +0, u,>—o, o(n)>0. 
θλ + 


If p(n) =(sin 0,/0,/ let sin 9,10, -- - π΄, where α -» 0 when 


6,,> 0 (that is, use the first two terms of the series for sin 6,) and then 
proceed as before. Or, note that (H.7. p. 77) sin 6,/0, lies between 1 


and cos 0, when | 6, | < 5: 


Εχ. 6. Ifm>0, (log x)/z™—> 0 when zo. 
Let στοῦ and apply tho method of Examples 8, 9, p. 99 of the 
Elementary Treatise. 


26. Ex‘ension of Range of Definition. The method by which 
the range of definition of the function a* has been extended from 
rational to real values of x is of a general character, and may 
often be applied. The principle of the method may be stated 
in the following way. 

Suppose that a function f(x) has the two properties : 

(1) f(x) is a bounded, single-valued function of x, defined for 
all rational values of x in the range aSxvSb ; . 

(2) if € is any rational value of x in the range, f(x) tends to 
f(€) when x tends through rational values to é. 

Now every point & in the interval (a, δ) is a limiting point 
of the set of rational points in the interval and by Cauchy’s 
Test (§ 21) f(x) tends to a limit, J; say, when x tends through 
rational values to € whether ᾧ is rational or irrational. When 
&is rational J; is the value f(&) of the function; now, if € is 
irrational, let 1; be defined to be the value of f(x) when x=é 
and f(x) will be defined for all values of x in (a, δ), and 
further, f(x) will be continuous for the rangea ΞξΞ 5 b. 

To see that f(z) is continuous, let δ and c be two values of 
x in the range, & being rational or irrational and c rational. 
When «x tends to ξ through rational values, f(x), by the 
extended definition, tends to f(&); it has to be proved that 
f(x) tends to f(é) whether x tends to é through rational or 
through irrational values. 

In the first place, 7 may be chosen so that 


If(c) -f(é)|<de if [6-- ξ| <n ceeccecseseeees (i) 
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Next, let ξ' be any number, rational or irrational, between 
€ and c; there is in the interval (£’, c) a rational number c’ 
such that | f(c’) —f(é’)|<4e. It is possible that c’ may be 
taken to be c; if not, substitute c’ for c in the inequality (i) 
(this substitution is manifestly admissible) and let the one 
symbol c’ be used to cover both cases. We now have 


je’ -- ξ' |< ο΄’ --ξ] «ἡ,  ἐ΄ -ξ] «ἡ 
and If(c')-f(8) |<4e, [76] - 7(671-- ξε, 
so that, if | ξ’ -- ξΙ«η, we find 
IF(E) -F(E) 1 = FC) --(ξ)} - P(E) - FED} | 
<¢e+t+te, or, ε. 
Thus f(x) tends to f(é) when x tends to & through irrational 


as well as through rational values, and therefore f(z) is con- 
tinuous at &. 


EXERCISES II. 


ae eee: eee ee ee eee: ee 
τ /(n? +1) f/(n2 2) /(n? +3) μη +n) 
a,—>1 when n>. 


2. If an 


1. If a, 


nr nr n 


mars re τ poet pay ga te + 


n? +n? 
a,>7/4 when n>. 


ἃ. If a,,,;=43(a,+6,) and 06,4,;=V(an415,), a,>0, 6,>0, the 
sequences (a,,) and (b,,) are monotonic and converge to the same limit. 
O Say. 

If a,=cos 0, 6,=1, then a=sin 6/0; if a,=cosh w, b,=1 then 
o =sinh w/w. (Borchardt.) 


4. If ,42=V(Gn41%,) and a, >0, the sequences (a,,_,) and (@,,) are 
both monotonic, one increasing and the other decreasing ; the sequence 


(a,,) tends to (a,a2)?. 


5. Tf dy,2=4(@n,1+0,) and a, >0, the sequences (dg,_,) and (den) 
behave as in Ex. 4, and the sequence (a,,) tends to 4(a, + 2a,). 


6. If a,,,=V/(a+a,), where each number is positive, the sequence 
(a,,) tends to &, where é is the positive root of the equation x? =z +a. 

[Here a7,,-a@3,.=a, —a,,, so that (each number being positive) 
Ani, > OT< G,,, according as a, >or< a,,,,, that is, (a,,) is monotonic. 
Again, since ?=&+a we have aj—é%=a, —& so that a, >& if a, >€; 
also if a, >€ (the positive root of 2?=z-+a) then a?>a+a,=aj or 
a, >a,. Thus when (a,) is a decreasing sequence each a,, is greater 
than δ, with a similar conclusion if a, <é. Hence, since a, and a,,; 
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tend to the same (positive) limit, ἡ say, we have 7*=a+7 so that 
ἡ =§.] 
7. If a, =a/(1 +a,_,) (each number positive) the sequence (a,,) tends 
to a limit & the positive root of the equation 2* +2 =a. 
8. If u, =H, —logn and v, =H,, —log(n +1) where 
H, =1 +345 Tere τ: 


show that (u,,) and (v,,) tend to the same limit, y say; y 18 a common 
(though not universal) notation for the limit which is always known 
as Euler’s Constant. (y=0-577 215 664 ...). 
[By the inequalities, § 25, Ex. 3, we have 
-} 1 | 
—~ Unit sae eT | — log (1 - 554) >93 


Un 


Vn ~Un41 = +log (1 +4) <0; 


U, — Vv, =log (1 +3) >0, Uy, >Vp- 
Thus (u,,) is decreasing, (v,,) increasing, but u,, >v, and v, << u,. Hence 
(u,,)—> a limit a and v,—> ἃ limit B while (u, —v,)—> 0, so thata =B=y. 
Or, we may proceed as follows : 


23 n4+l_ Ge tte 
πειςξι δι 511. (143) Ἐς δ 1+), 


n 
so that Mn = D545 log (1 Ἐ2}}: 0<u,< ἘΣ). 
r=1 = 


The series }\1/r? converges and therefore v,— a limit; wu, —-v,>0 
and the sequence (u,,) tends to the same limit.] 

Cor. H, =y+logn+6, where 0,>0 when n>. This expression 
for the sum of the first n terms of the harmonic series is often useful. 
] 1 


---.-.------ 


1 
“nel nee n+n’ 


prove that a,-> log 2 when no and deduce a series for log 2. 


9. If a, 


| a, =HA,, ~H,, =(y +log 2n + 6,) - (γ +log n+9;), 


so that a, =log 2 τ (θῇ, — 8%)— log 2 since 6;,,—> 0, 0, 0. 


| 2n l 1 an (-- γι 
Again Han -Hy= >), -3 Ua τε 
γεξὶ rom] Ξεῖ 
Cf + 7)r-2 . 
so that log 2= >>! τ πι-ξεξοζει. A 
r=1 


2n 1 ͵ "ὦ 
10. If α, τε δὶ 5, 7 and bn = δὴ; 
rel r=] 
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prove that L (a, —b,,) =3 log 2, 
n—>00 


and deduce that 


LQ παν. nt) =3 2 
. 2 867 4°  4π-8 ἀππῖ 80, ὃ δ΄" 
ῃ- 
[Here a, -- ὃ, =H,,, -4H., —$H,. The infinite series 
l+$-d3+3+4—-F +... 
is a derangement * of the series in Ex. 9 for log 2, so that this derange- 
ment alters the sum of the series. ] 


11. If p and ῳ are fixed positive integers and if 
» 4 
1 = 1 
= 5 ΞῸΡ +28 --Ἰ᾿ de = 219 Ayg Fae" 


n n 
ay, = > Crs b, = > dy, 
r=] r=1 


show that (i) an = b,, =Hoyn = 4H pn - 4H. gn. 
| ἦν 1 
(1) Ln —b,) =log 2 +o log © 
n—>2d 


State the result as a theorem on the change produced in the value of 
the series for log 2 (Ex. 9) by a derangement * of its terms. 


12. If p is a fixed positive integer and if 


a eae ss ΕΣ ἘΠῚ ΠΡ ἘΞ 
πῃ -1 πὸ n4+3 °°"  n+pn’ 
2 2 2 2 


and δ, + 


πη In+3" In +5 Fee FoF +2pn —1’ 
show that both ας, and b,, tend to log (p +1) when no. 


13. If a, ={4(al/n + b1/n)in, show that a, tends to (ab) when n>. 
[Here a, =(1+k)" where nk=}{n(alin —~1)+n(bl/n—-1)} and (ὃ 24 
Th. II, Cor.) nk— 4 log (ab) when n>o.] 


1? +2? +3? +... +n? 1 


14. AP ΕΝ p+i>o. 

h-> 
1?+2°4+3°?+...+n? mn \_iI 

1s LEAR nN oe 
N-> OD 

16 Lf {Seek nese te FG ener ncP } 
; nP pti 
προ 


=(a+i3c)c? 1, p>0, a=0, 6;»0. 


* On derangement of series, see § 59. 
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17. If fin) =3) esi ae @ >0, show that n-1~af(n)-> 0 when 
n—+>o and on pata 
(i) ΓΕ δε (i cf {= -sim| =. 


i. , γ)ι- f= 1. (Cesar). 


nwo N > 


1+ /2+39/34+444+...4%n 
nr 


19. ΞΕ]. 


ἢ -πΡ 


0. LaVon= LV) < 


nm—>oo nm 


1 
a. f-{(n+1)in +2)... (n+n)\"= 


φ.--»» 00 


1 
22. L: { (k +1)(k +2)...(k +n) a2, (k fixed). 


nw 


23. If a,, =Co%y +€4%, + Coq t+... + Cyn, 0, =Co+Cy +Cg +... +0C,, where 
c,(r=0, I, 2,..., m) is positive (at least for all values of r greater than 
a fixed integer) and b,, +o when n->, prove that if zx, tends to a limit 


An _ f Coly +CyX, +... Ἐσηἥῃ Ξἢ 
ὃ. Co tCy +... +Cy ° 


προ πῃ νοῦ 


Lis not necessarily finite (see § 20, Ex. 2). 
24. If the symbol ©) denotes the binomial coefficient 
n(n —1)(n-2)...(n-r4+1)/r! 


_ show that, when r is a fixed integer, 5 ue -(5)» 0 when n>o. 


l ἤγ 1 nt It nt 
| Here wan) <= 7! . on =i enlone © if NR >D | 


25. If ay = 05 +(T) ay + (3) te +(P) et. + (A) ae show that 


a,,/2"—-» 0 if (%,)—> 0, and that a,,/2"— x if (z,)> ὦ. 


E +(7)+(3) Fives +(7) +... (6) =(1+1)" =2", 


| 1 
so that if r>1, δὴ ee +(,"4)#.. ἡ ih 
Now if (z,,)— 0 we can choose 7 so that |z,|<4e if p>r and then, 


un>r, 
[1 n nm n J 
fees ΜΡ 
| wl tae τί, pa )trat +(8) 0 <9* 
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Choose r and keep it fixed ; the other part of a,/2" contains a finite 
number of terms, namely (7+1), each of which tends to zero when 
n->o, and therefore their sum will be less than $e whenn>WN. Thus 
a,,/2" is less than e if n > N so that a,/2"—> 0 if z,> 0. 


If (x,) tend to x we may write 
_1d/n 7 - n 
ὦ τέξῃ Dy » x, σ᾽) κα), τ), 
r=0 r= 


and b,,/2" -> 0 since (x, —2)— 0 so that a,/2"—> a. | 


1 
26. L, (cos 2)@=e-t and L, (sin ge) sin ® — αὶ 
z—>0 z—>0 


27. If tanaz=/ tan (ka/n), where 0< A= 1 and k is a fixed positive 
integer, prove that 


(1) L, 008 (naz) =cosAkn; (11) L, (cos aE)” =1. 


n> N-—-> 00 


The following Examples 28-30 lead to Stirling’s approximation for n! 


28. If p(n) =n!e%/n"+4 apply Ex. 4 of ὃ 25 to prove that y(n) is a 
‘monotonic, decreasing, positive function of n and therefore tends to a 
limit k when n>. Show that />0. 


p(n +1)_ e 
oa ae nyt <1 ; o(nt+1)< y(n). 
1 
To prove k > 0, let y(n) =e 12π y(n); theny(n+1)>y(n). Since (n) 
has the same limit as y(n) and increases to its limit k, it follows that 


z>0. | 


29. From Wallis’s expression for 2/2 (H.7. p. 307) prove that /(7/2) 
lies between P,,//(2n) and P,,//(2n +1) where 
P,, =(2" . n!)?/(2n)! 
and therefore 


(2" . n!)#/(2n)! =|(%) van +6,), 0< O,<1. 
Deduce that | 


1.3.5...(2n-1)_ ἀρ L 
9.4.6...(an) wn’ where On when n->0o. 


30. Show that [?(™]tv(2n +n) 

p(2n) Jn : 
and therefore that &=./(2m), where k is defined in Ex. 28, so that 
o(n)— /(2%) when n->o. 


-/2, O< 6,<1, 
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aa Ὁ 
[By Ex. 28, y(n) is greater than k and y(n) ore 12” y(n) is less than 


kor ./(2x); that is 
1 


p(n) »» Ν(2Ὡ π) but y(n) </(2m)el2n 
and therefore p(n) =V(2m)es/12n, 0<O<1. 


Thus finally n! = (3) (aan) ener, 0<6<1. 


The factor e9/12" is less than 1 ΠΕΣ (n >1) and tends to unity when 


n->ao. The value 
(nje)™/(22n) 
is known as Stirling’s Approximation to n! when 7 1s large. 
For the form in which Stirling states his theorem see Tweedie’s 
James Stirling: A Sketch of his Life and Works, pp. 43-44.] 


CHAPTER III 


FUNCTIONS OF ONE VARIABLE. DERIVATIVES. 
DIFFERENTIALS 


27. Oscillation of a Function. Some of the general pro- 
perties of a continuous function f(x) that have been either 
explicitly or implicitly assumed in the LHlemeniary Treatise 
(Chapter V) will now be considered. The function, if not 
continuous, will always be assumed, unless the contrary 18 
expressly stated, to be defined for an infinite set of values of 
its argument and the properties of the bounds of the function 
will be often required. 

Let f(z) be a single-valued, bounded function of x, defined 
for an infinite set of values of x such that a<a2<b, or, for an 
infinite set of values in (a, ὃ), including a and ὃ. The set of 
values of f(x) for which f(x) is defined is a bounded set and 
therefore has an upper bound M and a lower bound m (the 
letter A is so often used to denote an increment of x that it 1s 
convenient to use a different symbol for the bound). The 
difference M-m, which cannot be negative, is called the 
Oscillation of f(x) in the interval (a, δ) and is usually denoted 
by O. 

The notations M(a, δ), m(a, δ), and O(a, δ) will be used when 
it is desired to specify the interval, so that 


O(a, b)=M(a, ὃ) -m(a, δ) or ΟΞ UM ~m. 


Ex. If cis any number in (a, 6) prove that 
O(a, δ) =O(a, c)+O(c, δ). 


Turorem. If M is the upper bound of the (single-valued) 
function f(x) of x when x varies from a to δ, (a and ὃ included) 
there is at least one value & such that the upper bound of f(x) 


in the interval (£-—¢, & +e) is also M, where ε 18 an arbiirarily 
56 
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small positive number. If m is the lower bound of f(x) there 
ts at least one value ξ' such that in the interval (&'—«, & +e) 
the lower bound of f(x) 18 also m. 

If & (or é’) is a the interval is (a,a+e) and if &(or ξ΄) is ὃ 
the interval is (ὁ -- «, δ). 

The function need not be defined for all values of x in (a, δ). 

Bisect the interval (a, δ) and let c=4(a+6). In at least one 
of the intervals (a, c) and (c, 6) the upper bound of f(z) is M ; 
for, obviously, if the upper bound of f(x) is different from M 
both in (a, c) and in (c, δ) it could not be M in (a, δ). Tf Mis 
the upper bound in both, select, for definiteness, the interval 
on the right, that is (c, δ); denote the one interval or, if there 
be two, the selected interval in which the upper bound is M 
by (a,, δ.) so that a,<b, and b,-a,=4(b-a). Therefore the 
upper bound of f(z) is Mf in the interval (a,, 6,) where 

asa,<6,<b, (ὃ. -- αι) -Ξ ξ(ὃ -- α). 

Next bisect the interval (a,, 6) and proceed as in the first 
case. Denote the one interval or, if there be two, the interval 
on the right by (ας, 6,); then b,—a,=(b, —4@,)/2=(b -- α) 23. 
Thus the upper bound of f(x) is M in the interval (ας, 6.) where 

a<a,Sa,<b,<b,<6b, (ὃς -- αφ) =(b -- α) 23. 

Proceeding in this way we see that the upper bound of f(z) 

is M in the interval (a,, b,) where 
aSa,Sa,5 ... Sa,<b,5 ... <b,56,56 
and b,, — ας, Ξε (Ὁ —a)/2”. 

The sequence of intervals (a,, ,) satisfies the conditions 
of § 16 and therefore determines a point § which is common to 
each interval. Given «, choose n so that ( -- α) 25 is less 
than « and the interval (a,, 6,) will lie wholly within the 
interval (ξ -- ε, &+e). Hence the upper bound of f(x) in the 
interval (ξ -- ε, & +e) is M. 

The same proof holds for the lower bound m. 

The numbers é and £’ need not be values of x for which f(x) 
is defined. i 

If f(x) is not bounded above in (a, 6)—that is, if there is a 
value of x in (a, δ) such that f(z) > Καὶ, where K is an arbitrarily 
large positive number—the same reasoning shows that there is 
a point é in (a, δ) such that in the interval (ξ -- ε, ξ +) the 
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function f(x) is not bounded above. Similarly, if f(x) is not 
bounded below in (a, δ), there is a point é’ in (a, δ) such that 
in the interval (ξ' -- ε, &’+¢) the function f(x) is not bounded 
below. 


Note. <A function f(x) may be finite for every given value 
of x in the closed’range (a, ὃ) and yet not bounded in (a, δ). 
For example, let f(x) be defined as the limit when n -> © of 
na/(1+nzxz?); then f(z)=0 if x=0, but f(z)=1/2 if x is not 
zero. Thus f(x) is finite for every given value of x but, in 
any interval which contains the value 0 of x, the function 
f(x) is not bounded since, if K is any arbitrarily large positive 
number, | f(x)| > K when 0 « [2 [--.Ἠ 1{Κ. 


28. Theorems on Continuous Functions. Throughout this 
article the function f(x) is supposed to be single-valued and 
continuous for a range a<x<b, or in the closed interval (a, δ); 
in the interval x varies continuously—that is, x may take any 
value between a and ὦ, including a and ὁ. 

The phrase ‘‘ neighbourhood of €”’ will be used occasionally, 
and by a neighbourhood is meant the sct of values of x in the 
interval (¢—6, €+6), excluding £, where 6 is an arbitrarily 
small positive number. If =c the interval is (a, a +6) and 
if §=b the interval is (Ὁ — ὃ, δ). 


THEorEM I. If f(x) 1s continuous at c and tf f(c) 18 not zero, 
then f(x) has the same sign as f(c) for all values of x in the 
neighbourhood of c. 

By the definition of continuity | f(z) —f(c) | <eif|xr—-c|<h 
so that f(c)-e<f(x)<f(c) +e if O0< |z-c| <A. When fic) 
is not zero e may be chosen so that both f(c) — ε and f(c) +¢ have 
the same sign as f(c), and therefore f(x) has the same sign as 
J(c) when 0< [ἡ --ο [«ἢὮ. 

THrorem II. If f(x) 18 continuous for the range aSxSb 
and uf f(a) and f(b) have opposite signs, f(x) will be zero for at 
least one value of x between a and b; further, if f(a)=A and 
f(6)=B, f(x) will take once at least every value between A and B 
when. x varies continuously from a to ὃ. 

The second part of the theorem is a simple corollary of the 
first part. For,if 4<C< Bor A>C>B, let 9(x)=f(x)-C; 
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then g(x) is continuous for aSzXb, p(a)=A-C, p(6)=B-C 
so that y(a) and ¢(b) have opposite signs. Therefore, by the 
first part, there is at least one value ¢, where a<&<6, such 
that »(¢)=0 and therefore f(&)=C. 

To prove the first part of the theorem suppose, for definiteness, 
that f(a) is negative and f(b) positive, and apply the method 
of the decreasing interval. 

First let c=4(a +b). If f(c)=0 the theorem is proved, but 
if f(c) is not zero, let a=a, and c=b, when f(c) is positive, but 
let c=a, and b=b, when f(c) is negative. Thus f(a,) is negative, 
f(6,) is positive and f(x) is continuous for a, 2<b, where ὃ; -a, 
is equal to $(b — a). 

Now repeat this process. If c,=4(a,+0,) either f(c,)=0, 
in which case the theorem is proved, or else f(c,) is not zero, 
and then we take a,=a,, c,=b, when f(c,) is positive, but 
C,; =a,, b,=b, when f(c,) is negative. Hence f(a,) is negative, 
f(b.) positive and f(x) is continuous for a,S7<b,, while 


] 
by — ας -- ὁ (δ. -- αι) = ε(ῦ - a). 


Proceeding in this way we find οὐδοῦ a number, c, say, for 
which f(c,)=0, in which case the theorem is proved, or else a 
sequence (a,, ὃ,) of intervals which determines a number é, 
common to every interval, and f(a,) is negative, f(6,) positive 
for every value of n. 

The continuity of f(x) now comes into play. If f(¢) is not 
zero f(x) has the same sign as f(&) in the neighbourhood of &. 
But however small the positive number h may be, n may be 
chosen so that the interval (a,, 6,) lies wholly within the 
interval (ξ -- ἃ, +h) and therefore, since f(a,) and f(6,) have 
opposite signs, f(x) has not always the same sign as f(é) when 
x lies in (€-h, +h). Hence f(&) must be zero and the 
theorem is proved. 


Ex. If n is a positive integer and k a positive (real) number the 
equation z" =k has one and only one positive (real) root. 

Take bsothatb>kandalsob>1. Then2z"=0if#=Oanda*=b">k 
ifx=6. Therefore as x varies from 0 to ὃ the continuous function x” 
must, for at least one value of x, be equal to k. Further, if x >0 and 
y > 0, x" and y” are unequal if x and y are unequal, so that there is only 
one positive value of z that makes x2" =k. 
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THeorEM ΠῚ. Jf f(x) ts continuous for the range aXx<b 
and if ε is any given arbitrarily small positive number there is 
a positive number h such that | f(x’) —f(x") | < ε, where x’ and x" 
are any two values of x in the range such that | x’ -- αὐ |<h. 

Several proofs of this important theorem have been given ; 
the following is by Peano. 

First, choose a,>a so that | f(x)-f(a) | « $e if a<aSa,; 
this choice is possible because of the continuity of f(x). Next 
choose a, >a, so that | f(x) —f(a,) | < $e if ayS uaz, and let 
this process be continued. It has to be proved that a finzte 
number of values, say @1, Gs, As, .-. , @,, can be found such that 
in each of the (7 +1) intervals 


(A, αι), (Ay, 4) ..., (Any, An)» (Any δ) ..εοννεενοννοος (1) 
| f(z) -f(a,) | <4e if a,Se@Sa,,,, ἄρξεα, Any =O. 
If a set a,, ds, ... , a, is not finite the method of determining 


these numbers gives a sequence (a,) which tends to a limit ὁ 
where cb, because each element of the scquence is less 
than b and the sequence is monotonic and increasing. It 
will now be shown that the supposed sequence has no limit- 
ing point and that, in fact, c may be taken to be one of the 
numbers a,,. 

The function f(x) is continuous at c and therefore there is a 
number c, such that | f(x) —f(c)|<j<ifcjSaSc. Again since, 
by hypothesis, ὁ is a limiting point of the sequence (a,,) there is 
an element, a,, say, of the sequence such that c,<a,,<c and 
therefore, by the last inequality, | f(@m)—f(c)|<¢e. Hence 
if a,,52%Sc 


| f(x) —f(@m) | S |F(@) -F() | + 1[{0) -F(@m) 1 < ἐε, 
so that c may be taken to be the element a,,,,. The 
supposition therefore that the point ὁ cannot be reached in a 
finite number of steps is untenable. 

The interval (a, δ) must be closed ; if ὃ were only a limiting 
point of the set of values of z and not itself a value of x the above 
reasoning would fail. | 

Suppose now that h is the least of the intervals (1), that is, 
that ἃ is the least of the differences (a, — a), (ας ~@,)..., (ὃ -@,); 


= fw’) fe") |<e if |a’-2"|<h. 
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For, either x’ and x” lie in the same interval, (a,, a,,,) say, 
and then 
| f(z) ~f(a,) | <3, |f(@") -f(a,) |< te, 
so that 


| f(x’) -f(@") | S | F(@’) -f(a,) | + Ife") -f(@,) «ἕε « ε; 
or else, x’ and x” lie in adjacent intervals (a,_,, a,) and (a,, a@,,,). 
In this case, x’ being in (a,_,, a,) and x” in (a,, a,,,), 
, » ξ 
ΧΩ - fara) |< 3 17(α,..) - Κα.) «ξ, [7(4 -f@)I «3, 
and therefore | f(x’) —f(@") |< e. 

Thus | f(x’) —f(z2") |<e if |x’ -2"|<h. 

Uniform Continuity. This theorem expresses the property 
of uniform continuity. In virtue of the continuity of f(x) it is 
possible to choose h, so that | f(x) —f(c,)| « ¢ 11 -- οα <A,, and 
also to choose h, so that | f(x) —f(c.) |< ε if [ἃ --ος} «- ἧς; but 
it is quite possible that h, would have to be less than h,. The 
theorem however proves that, no matter what point c in (a, δ) is 
taken, there is always one value of h such that | f(x) —f(c)|<e 
1 |z—-c|<h. The uniformity of the continuity lies in the fact 
that the same value of h secures the inequality | f(x) —f(c) |<e 


when |2-c|<h whatever point in the interval (a, 6) the 
point c may be. 


THEOREM IV. If f(x) ts continuous for the range aSxxb tt 
1s bounded for that range. 

Let a, a1, ἄς, ..., a,, ὃ be an increasing set of numbers that 
divide the interval (a, 6) into (n +1) sub-intervals such that 
Qy43—- A, <A and 

| f(x) —f(a,) |<eif|2—a,|<h,r=0, 1,..., 2, ag=a, a,,,=5. 
If a,< x<a,,, we have 

F(%) =f(a) +{f (a1) -- [(α}} + {F (ae) —f(ay)} +... + {F(2) - [(α,}} 
and therefore 

| F(x) |S] F(@) | + | F(a) —F(@) | + [7({ᾳῳ) - F(a) | τ ... 
+1 f(x) -- [(α,) |<If(@) | + +e. 
Now (r+l)eX(n+1)e, a finite number, and therefore if 


f(a) { +(n+l)e=k we have | f(x) |< ἃ when a<zxv<6b so that 
f(x) is bounded. : 
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The theorem follows at once from §27. If f(z) is not 
bounded in (a, δ), there is at least one point ξᾧ in the interval 
(a, δ) in the neighbourhood of which f(x) is not bounded ; but 
this is impossible, because f(x) is continuous at é and therefore 
f(x) lies between f(é) —e and f(é) +e, when x is any number in 
the interval (ἕ -- ε, € +6). 


THrorEemM V. If f(x) 18 continuous for the range aSxvb then 
the upper bound M and the lower bound m of f(x) are values of 
f(x); or, f(x) attains its upper and lower bounds. 

By Theorem IV, f(x) is bounded and therefore has an upper 
bound M and a lower bound m; it has to be proved that M 
and m are values that f(x) actually has—that is, that there is 
at least one value & for which f(£)=/ and at least one value ξ' 
for which f(é’) =m. 

The Theorem of ὃ 27 proves that there is at least one value ¢ 
in the neighbourhood of which the upper bound of f(x) is M. 
Now f(x) is continuous at & and therefore, given ε as usual, there 
is a positive number h such that | f(x) —f(é)|<e if |x-E|<Ah. 
But M is the upper bound of f(x) in the interval (ξ -- ἢ, & +h) 
and therefore there is a value of x in this interval such that 
M=f(xz)>M-e or M-f(x)<e. Hence 
| M - ΚΘ | Ξ τ -f(@) +F(@) -f(8) |S |M-F@) | + 17) -FOI 
so that | M-—f(é)|<2e. But M and f(é) are constants and « 
is arbitrarily small; therefore M=f(é). 

In the same way it is proved that m=f(é') where a<é’b. 

M is the maximum and m the minimum value of f(z). 


29. Discontinuity. In ὃ 44 of the Elementary Treatise the 
discontinuity of a function which is in general continuous is 
briefly referred to; Fig. 27, p. 88, and Fig. 32, p. 155, of that 
book are graphical representations of certain types of dis- 
continuity. Fig. 32 should be specially considered, as it 
represents cases that actually occur and not cases manufactured 
to prove a possibility. 

Removable Discontinuities. Suppose f(x) to be defined for 
arangeasx<b; ifa<c<b it may happen that when x->c +0 
(that is, tends to c through values greater than c) f(x) tends to 
a limit 1 and that when x->c—0 (that is, tends to ὁ through 
values less than c) f(z) tends to the same limit 1, but that / is 
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not the value f(c) which the function has by its definition. 
The function is therefore discontinuous atc. In this case the 
definition of f(x) for the value ὁ of « may be changed and f(c) 
taken to be equal to /; if ὁ is the only point of discontinuity 
in an interval (c—h, c+h) this change would make f(x) con- 
tinuous in the interval. 

In this case the discontinuity is said to be removable and when 
the case occurs the change is usually made. 

Discontinuities of the First Kind. Τί f(x) tends to a limit ὦ 
when x->c —0 and also to a limit {9 when x tends to c +0 and 
1 is not equal to 1’, whether or not one of the numbers J, /’ is 
equal to f(c), the discontinuity is said to be of the First Kind. 
As a rule, f(x) is not, by its original definition, defined for the 
value c of x, but in this case no value assigned to f(c) will make 
f(x) continuous at c. It is not unusual to define f(c) to be 
4(1 +l')—the mean of the two limits J] and I’ (H.T. Fig. 27, 
illustrates this type).* 

Discontinuities of the Second Kind. If one (or both) of the 
limits of f(z) when x->c—0 and when 2c +0 does not exist 
the discontinuity is said to be of the Second Kind. The function 


sin (=) illustrates this case; the function does not tend to 
a limit either when x—>c —0 or when x—>c +0. 


30. Derivatives. If f(x) is defined for the range a<x<b 
and if x and x, are any two values of the argument in the range, 
f(x) is said to have a derivative, denoted by /’(x,), for the 
value x, of the argument when the quotient ¢(x), where 


p(x) ={f (x) —F(eq)}/(@— 1), ccc receeececeeeeeeenes (1) 
has a limit / for x tending to z,. It is to be specially observed 
that the limit must be the same whether x tends to x, +0 
or to z,—0. The number / is supposed to be finite ; the cases 
[= +o and!l=-—o are considered a little further on. 

When the number /| exists f(x) is said to be differentiable at x,, 
or to have a derivative when z=2,. 

It may happen that the quotient g(x) tends to a limit ὦ 
when x-> 2x, +0 and to a different limit 1, when x>2,-0. In 
this case f(z) is not differentiable at zx, but f(z) is said to have 


* The letters ‘“‘ H.T.”’ indicate the Elementary Treatise on the Calculus. 
6.4.6. D 
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at x, “a derivative on the right’ or “ a progressive deriva- 
tive’ ἢ and “a derivative on the left” or “a regressive 
derivative ’’1,. Unless J, =I, the function f(x) is not differenti- 
able at x,; if, however, 2, is the extremity of an interval 
(a, 6) the function f(x) will be said to be differentiable in (a, δ) 
if it is differentiable for every x between a and b and has a 
progressive derivative at a and a regressive at ὁ. 


For example, let 7(5) be defined as follows : 

f(z) =1+4+a if x= 2, but f(z) =5 --α if x=2. 

Here f(x) is differentiable for all values of x except for x=2. The 
quotient {f(x) —/(2)}/(7-2) tends to -1 when wz tends to 2 from 
above but to +1 when x tends to 2 from below. There is a progressive 
derivative —1 and a regressive derivative +1 for the value 2 of z, but 
f(x) is not differentiable for the value 2 of x. 


If f(z) does not tend to f(x,) when x tends to 2, the limit 1 of 
the quotient g(x) does not exist and therefore f(x) is not 
differentiable at x,. Hence f(x) is not differentiable at x, unless 
f(z) 1s continuous at x,; if f(x) is differentiable for the range 
a@5x%<6 it must be continuous for that range. 

The converse of this statement is, however, not true; that is, it is 
possible for f(x) to be continuous for a<z=<b and yet not differentiable 
for any value of x in that range. See Hobson’s Functions of a Real 
Variable, § 425 of First Edition. Non-differentiable functions of this 
character are outside our limits. 


Cases l= +0 andl=-o. If f(x)->0 when ὦ -- ας the 
function is not continuous at x, and therefore has no derivative 
for x=2,. On the other hand, if f(z,) is a finite number and 
if the quotient v(x) tends to +o when z tends to x, (whether 
from above or from below) it is reasonable to say, especially 
in view of the geometrical interpretation of f’ (51) as a gradient, 
that f(x) has a derivative, but that the derivative is +0. 
Similarly, if g(x) tends to -« whether x tends to z,-0 or 
to x, +0, the derivative of f(x) forx=2z,is --οσὔ In all general 
theorems on derivatives, however, it is assumed that the limit 1 is 
finite ; each case of an infinite derivative must be considered 
by itself. 

If f(x) =(x -2,)* the derivative of f(x) for z=2z, is +o, but if 
f(x) =(x -αἡ) it has no derivative for x=z, since g(x) tends to +a 
or to —o according as x tends to 2, + 0 or to 2, -- 0. 
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The student might with advantage read pp. 104-108 of the 
Elementary Treatise where various considerations respecting 
the derivative are stated. It is useful to remember that f(x) 
is strictly monotonic for the range a<x<b if for every value of 
x in that range f(x) is continuous and has a derivative f’(z) 
that is either always positive or else always negative when 
a<2x<b. Ata (ord) the derivative may be 0 or + or —©. 

The Theorem of § 34, Ex. 4, should be noted. 


Hel. Tf f(x) =a sin * and if f(x) is assigned the value 0 when x =0, 


show that f(x) is continuous for x =0 but has no derivative for xz =0. 

It is necessary to assign a value to f(x) when x=0 because sin (1/2) 
is undefined for στὸ. The derivative of f(z) for x=0, if it existed, 
would be the limit for x tending to 0 of f(x)/z, that is, of sin (1/x), so that 
there is no derivative for x =0. 


Ex.2. If f(x) =2% sin 1 and f(0) --Ὁ show that f(x) is differentiable 
for all values of x, on the understanding that zx sin (1/x) is 0 when x =0. 


Here /'(x) =2x sin + —cos = if x is not zero, but /f’(z)=0 when 


zx =Q0 since 


The derivative f(x) is discontinuous and has a discontinuity of the 
second kind at x =0; for we have 


Pet. :. “Ἢ 1\ - 1 
Li a= £ (δε sin 5-08 5)=- £008 5 
x—0 20 20 
and cos (1/x) does not tend to a limit when 2— 0. 


Ex. 3. Τῇ (5) τε tanh and f(0) =0 show that f(x) is not differenti- 


able for x =0, but has both a progressive and a regressive derivative 
for x =0. 


31. Elementary Functions. Function of a Function. The 
derivatives of x", when n is any real number, and of e* and log x 
have been considered in ὃ 24; x in the case of 65 may be any 
real number while it may be any positive real number in the 
cases of a” and log x. 

It is possible to define sinz and cosz by infinite series 
without any assumption of the geometrical meaning of the 
functions and when z is complex the functions are in fact 
defined by series (§ 69). It does not, however, seem to be 
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desirable to depart at this stage from the usual definitions, and 
it is not therefore necessary to reconsider the proofs of the 
derivatives of the direct trigonometric functions as these appear 
in the Elementary Treatise. 

The theorems on Function of a Function and Inverse 
Functions may be noted ; the first of these will be considered 
in this article and the second in the following article. 

Function of a Function. Tf y=f(x) and x= 9(u), where 
gy(u) is single-valued and continuous for a given range of u 
and f(x) single-valued and continuous for the corresponding 
range of xz, then y is said to be a function of a function of u. 
If F(u) denote this function of εν, that is, F(w)=f[¢(u)], it will 
first be proved that F' (uw) is a continuous function of u. 

The function y or f(x) is continuous and therefore, « having 
the usual meaning, there is a positive number h such that 


ly. -¥ |=[F(@) -f(@) |<e if |zy-a|<h. 

Again, y(u) being continuous, there is a positive number ὦ 

such that 
Jay —@|=| ply) - plu) |<h if fy —u| -- ἢ. 

Hence | F(u,)-F(u)|=|y-yl|<e if [u-ul<k, 
and therefore F'(u) is a continuous function of wu. 

Next suppose that the derivatives f’(x) and ’(w) exist, and 
Jet x, and y, be the values of x and y corresponding to the 
value u, of u so that x, -x= δα = dy(u) and y, —y= dy=6F (u). 
Two cases have to be considered. 

(1) If δὰ is not zero for any value of u, in the neighbourhood 
of u we have the identity 


SF (u) _ df (zx) dp(u) 


os ὃς δὲ, "7777 (α) 


and therefore, since f’(x) and φ'(ω) exist, 
F’(u) =f'(x)p"(u). 


(2) Since x is a function of u and not an independent variable, 
it is possible that for one or more values of wu, the increment 6x 
may be zero and for such values of z the identity (a) would not 
be valid. But, by the definition of f’(z), 


ὁπ) 


ΞΞ [(5) τα, 
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where α-» when 6x-> 0, and therefore 
6F (u)= se = ac +a] dx=[f’(x) +a]dp(u), ........- (a’) 


so that a) 


When 6u-—> 0 so does a and the derivative g’(u) exists so that, 
letting δὲ tend to zero, we get the same value of F''(u) as before. 

It should be noted that equation (a’) is true even if δα τεῦ 
because dy is then also zero and the derivative f’(z) exists. If 
δὰ is zero for an infinite number of values of τῷ in the neighbour- 
hood of ὦ so is 6z/du, that is dg(u)/du, and therefore since y’(u) 
exists y’(u) is zero. In this case F'’(u) is also zero. 

32. Inverse Functions. Let f(x) be a continuous, strictly 
monotonic function of x for the range a<xs<b, that 15, 
f(x.) > f(z) when «5 αὶ or else f(x,)<f(x,) when ὦ,» κι; 
then, by Theorem II of § 28, f(x) takes every value between 
f(a) and f(b) as x varies continuously from a to ὦ, and can 
take each value only once since f(x,) and f(z.) are unequal 
when xz, and z, are unequal. Hence the equation f(x)=y, 
where y lies between f(a) and f(b), has one and only one 
solution, say t«=q(y), and therefore g(y) is a single-valued 
function of y. The function ῳ is called the inverse of the 
function f, and the equations f[p(y)]=y and φί [(4}] =z are 
identities (#.7'. p. 18). 

If f(a)=a’ and f(b)=b’ the function ¢(y) either steadily 
increases [that is, p(y.)> y(y,) if ye>y,] or else steadily decreases 
[that is, φίψ.) «φίψ,) if yo>y,] as y varies from a’ to δ΄. Further, 
p(y) is continuous. 

For, if y,=f(z,) and if a lies in the interval (xz, -- ἢ, x, +h), 
y will, since f(x) is continuous, lie in an interval (y, — Δ΄, y, +4"), 
and therefore if A is the smaller of the two positive numbers 4’ 
and 4” the difference | x — x, | will be less than ὦ when | y—y, | 
is less than Δ. Hence x4, that is p(y) —9(y,), when y> y,, 
and therefore φίψ) is continuous. 

Now let y and y’ be two unequal numbers in the (closed) 
interval (a’, b’) and let x and 2’ be the corresponding values of ὦ, 
which are necessarily unequal ; we now have the identity 

α' --α y'-y 
wagai+(% ="). 
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If (y’ —y)/(z’ —x) tends to a limit that is not zero when 2’ 
tends to x, that is, if the derivative f’ (x) exists and is not zero, 
we deduce at once, since 2’->2 when y’->y, that the 
derivative dz/dy or g’(y) exists and is given by the equation 


e'(y) = 1/f"(2). 

If f(x)>f(a) when x>a the derivatives f’(x) and y’(y) are both 
positive ; hence if f’(x)-> 0 when xa the derivative y’(y) will 
tend to + o when y tends toa’. Similar considerations apply 
if f’(x) is negative when x>a and tends to zero when z—a, and 
the cases in which Ζ- can be treated in like manner. 

The derivatives of the inverse trigonometric functions may 
be found as in the Elementary Treatise, §64. There is one 
change, however, that seems to be desirable, namely, that the 
π 


range of cot-! x should be from 0 to z and not from — 5 


σ 
ἴο 5 : 
with the new convention 


σ 
ἰδ ας --εοὐ τς =5- 


33. Rolle’s Theorem. A proof of this theorem will now be 
given in which the proposition (tacitly assumed #.7'. p. 162) 
that a continuous function reaches, under certain conditions, 
its upper and lower bounds becomes one of the essential 
elements. The theorem may now be stated as follows : 


If F(x) is continuous in the closed interval (a, δ) and has 
a derivative F’(x) for the range a<x<b, that is, for the open 
interval (a,b); if further F(a)=0 and F(b)=0, then F’(z) 
will be zero for at least one value where a<é<b. 

Of course F(x) is continuous for those values for which 
F(x) exists, but for the validity of the proof it is necessary 
that, when x tends to a or to ὁ from within the interval, F(x) 
should tend to zero; the particular form given to the enuncia- 
tion of the theorem secures this. 

If F(x) is constantly zero F’(x) is also zero for a<xa<b. If 
F(x) is not constantly zero it must take either positive or 
negative values or both, and therefore, being a continuous 
function, must actually take for at least one value of z its upper 
bound, if F(z) is positive, and its lower bound if 1" (2) is negative. 
Suppose that F(x) takes positive values; then, for at least 
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one value ¢ such that a<é<b, F(x) is equal to U/, its upper 
bound. If the positive number ἢ is sufficiently small both 
F(é+h) and F(&—-hA) will be less than F(£), and of the two 


quotients 
F(g+h)-F(é) μα FUE-*)- FE) 
h —h 


the first will be negative and the second positive. Now the 
derivative F’(£) exists and is the limit for A tending to zero of 
either quotient; as the limit of the first quotient F’(&) is 
negative if not zero, while as the limit of the second it is 
positive if not zero. The only possible conclusion is therefore 
that Γ΄ (ξ) is zero, as was to be proved. The same conclusion 
follows if F(x) takes negative values, since it must be equal 
to its lower bound for at least one x such that -« ὦ « ὃ. 

The proof does not require that F’(x) should be finite, only 
that it should be definite; geometrically, the graph of F(z) 
might have an inflexional tangent at [ξ, F(é)] perpendicular 
to the z-axis (a<&<b). But F(x) must be continuous. 

The following method of discussing the theorem depends on 
the use of the derivative as a test of an increasing or decreasing 
function. 

By the definition of the derivative 


F(a +h) -- F(x) =h{F'’'(x) +43 


where A-> 0 when h-> 0 so that if || is sufficiently small the 
sign of F’(x) +A is that of F’(x) provided F’(x) is not zero. 
Hence, so long as F(x) is positive F(x) increases or decreases 
according as x increases or decreases, while so long as Κ (5) 
is negative F(x) decreases or increases according as x increases 
or decreases. Conversely, 1" (2) not being zero, if, for example, 
F(x) increases as x increases by | h| the derivative F’(x) must 
be positive, but if /'(x) decreases when x increases by [ἢ the 
derivative F’(x) must be negative, [ἢ | being sufficiently small. 

Now if F(x) takes positive values in the interval (a, δ) it 
must, since F(a)=0, £(b)=0 and F(z) is continuous, have 
an upper bound M which it reaches for a value & of x between 
aand ὃ. Hence F’(x) is positive if § -h<x<é and negative 
if £<a<é+h when the positive number h is sufficiently small. 
If F’(é) is not zero F(x) will either increase from a value a 
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little less than F'(&) to one a little greater than F(&), or else 
decrease from one that is greater than F'(é) to one that is less 
as x increases from §—-hto&+h. But there is no greater value 
than F'(é) and therefore F'’(é)=0. 

The same argument holds if F(x) takes negative values in 
the interval (a, δ). 


Ex. 1. Suppose that f(x) is continuous and has a derivative /’(x) for 
the rangeas=:v=:6. Iff’(a) and /’(b) are unequal and if ὦ is any number 
between /’(a) and /’(b) there is a value ξ such that /’(£) =k wherea<&<6b. 

Let y(x)=f(x) —kx; then g(x) is continuous and has a derivative 
φ΄ (x), equal to f’(z) —k. Now ’(a) and φ'(δ) have opposite signs since k 
lies between f(a) and /’(b). Suppose g’(a)>0 and g’(b)< 90. Since 
y’(a) is positive, (x) increases as x increases from a, and since φ' (δ) 
is negative g(x) also increases as 2 decreases from ὃ. Now (zx) is 
continuous and therefore has an upper bound Οἱ which it attains for a 
value, ξ say, between a and 6; butif m(é)is the upper bound φ΄(ξ) =0 and 
therefore f’(é)=k. Similarly it is seen that if y’(a)< 0 there is a lower 
bound for v(x) and therefore a value of x for which φ΄ (2) =0 or f’(x) =k. 


Ex.2. If F(x) and F’(x) satisfy the conditions of Rolle’s Theorem 
for the interval (a, δ) and if « and β are two values of z in the interval 
such that F(a) =F(f) and «a< β, show that there is a value & such that 
F’(é) =0 where α -- &<f. 


Ex. 3. Ifa,<a,<a,;<...<a, and if F(x) and its derivatives up to 
and including the (n-1)th derivative are continuous for the range 
a, =“ =a, prove that when F(a,), F(a,), F(a;)..., f(a,) are each zero, 
F(»-1)(x) will vanish for at least one value of z in the interval (a,, a,). 


34. Theorem of Mean Value. This theorem (#.7. pp. 162- 
165) is an immediate deduction from Rolle’s Theorem and may 
be stated as follows: If f(z) is continuous in the closed interval 
(a, b) and has a derivative f’(x) for every value of x in the open 
interval (a, δ), then 

(6) Ξε (ἀ} HO 0) (2), ἐξα ορλυςυ ἐφ cinta (1) 
where a<é<6. 


Take the function F(x) so that 
x —_ 


F(x) =f(a) - f(a) -;— (f(b) -- [(α}}. 


F(x) satisfies the conditions of Rolle’s Theorem, and therefore 
there is at least one value é of x such that F’(é)=0 anda<é<b; 


thus f'(&) —{F (0) ~f(@}/(6 -- a) =0, 
that is, f(b) =f (a) +(b -- αὐ f'(€). 


§§ 33, 34] THEOREM OF MEAN VALUE 71 


An immediate deduction from this equation is that if f’(x) 
is zero when a<2<b the function f(z) is constant for that range ; 
for if c and d are any two such values of z the theorem is 
applicable, and therefore, being some number between ὁ 


eae f(d) =f(e) +(4-o)f'(2) -- 00). 
Thus all the values of f(x) in question are the same. 

It follows at once that if f(x) and g(x) have derivatives that 
are equal for every value of x in (a, δ) the functions differ, if 
at all, by a constant; for if F(x)=f(x) — y(x) the derivative 
(4) is zero. 

The equation (1) may be put in different forms (4.7. ὃ 73) ; 
a useful form is 


f(ath)=f(a) +hf'(a+6h), O<O<1. ............. (2) 
The theorem in Ex. 4 should be noted. 


Ex. 1. If the functions f(x), p(x), (x) are defined for the closed 
interval (a, b) and have derivatives for the open interval (a, 6) prove that 


f(a) φία) (a) 
f(b) φί(δ) γψι(δ) | =9, 
(2) p(E) ψ΄(ξ) 
where α - ἐ «-- δ, and deduce the theorem of 1.7. p. 419. 

Let F(x) be the determinant formed from the given determinant by 
putting f(x), p(x), Ψ(“) in place of f’(é), φ΄ (ξ), ψ΄ (ξ) respectively ; F(x) 
will satisfy the conditions of Rolle’s Theorem and F’(é) is the given 
determinant. Next let f(z)=1; then if y’(z) 15 not zero fora<a2<b 


wean φ(δ) -- g(a) φ΄(ξ) 
γ0) -ψίαὺ) ψίδ᾽ 


Ἐκ. ἃ. Τὶ f(x) is continuous for the closed interval (a, b) and has a 
derivative f(x) which is bounded for the open interval (a, δ), say 
f(z) |< K, then |/(x,)—/(xz,) |< Καὶ | 2, -—2,| where x, and x, are any 
two values of x within the interval (a, δ). 

The Theorem of Mean Value is applicable under the conditions 
required by Rolle’s Theorem ; these conditions do not require that f(z) 
should be finite but only that it should be a definite number, finite or 
+o or —-o. If, however, f(z) is bounded and if z,, x, are any two 
numbers in (a, 6) we have 


I (2) =f (21) + (ας ~ dP (8)s σης &<% or 7,< F< a4, 
and therefore 
| (54) —f (ey) | =| (ας — 2, )f'(E) |< Καὶ I ὧς — 2, | 
if | f'(~) |< Καὶ whena<2<b. 
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A function f(x) which satisfies the condition 
lf (%q) ~f(21) |< K |x, -2, | 
when x, and x, are any two values of x in (a, δ) is sometimes said to 
satisfy ‘‘ Lipschitz’s Condition.’’ 


Ha. 3. If f(x) has a derivative f’(x) in the interval (a, ὃ) and if cis a 
point in (a, δ) such that f(x) tends to 7 when x tends to c then ὦ =/“(c). 
For, 


We +h) - ΚΘ). μι 46h); but 706 -.θ8)-» 1 and LE**) - 706), py, 


ἔχ. 4. Theorem. If f’(x) ts a continuous function of x for the range 
a=ix=b the quotient {f(x +h) —f(x)}/h converges uniformly to f’(x) 
when h tends to zero. 
By the Mean Value Theorem 
f(a +h) - f(x) λα + Oh) 
and therefore 


peste) ~ f'(x) =f’ (a + Oh) —f’(a). 


Now, since f’(z) is continuous it is uniformly continuous (§ 28, Th. ITI), 
and therefore, given ¢ as usual, there is a positive number k such that 
[f(a +h) - (6) |<, if |h|<k 
whatever value « may have in the interval. Hence, since | 6h |<|h |, 
LEM δὶ _ pe) <6 if [hI <k, 
so that the convergence is uniform—.e. does not depend on 2. 


EXERCISES III. 


1. The functions f(x) and f’(z) are continuous for the range a =: x= ὃ. 
If f(a) and f(b) are zero but f’(a) and f’(b) not zero prove that, whatever 
number k may be, f(x) =k/'(x) for at least one value of x between a and ὃ. 


2. Prove that 62 — 1 is greater than (1 - 5) log(1 +2) if x is positive. 
3. If 7(5) =e*(a? — 6x +12) ~ («5 +62%+4+12) find f(x), f"(x), f(x), and 
show that f(x) is positive when 2 is positive. Deduce that when z is 
positive 1 1 1 καὶ 
εὐ x21 ἃ 2 
Show also that the expression on the left of this inequality is positive 
when ἃ is positive, and tends to zero when x tends to zero. 


4. If f(x) =e*(a* --α +2) --αϑ τὰ -- 2) prove that when z is positive 
f(a) increases as x increases. Deduce that if 
_e*(% --2) +(x +2) 
φίο) =—"Sa(eF— 1)’ 
y(x) tends to 4 when zx tends to zero, and that vie) cannot be greater 
than } whatever value x may have. (Hermite. ) 
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δ. If a<ax< b, prove that 
flor) == DHE) τὸ MA) _ κι -αγω -a)f"(a), 
where a< ὦ; « ὃ. 


6. Show that if ψ΄ (5) is not zero fora<%< b, 


p(b) -- φ(α) -- (ὃ -a)p"(a) φ΄ (14) 
¥(b) -- ψία) -- (ὃ -- αἡ Ya) ψ΄ (5.3) 


7. Show that if y()(x) is not zero fora< «<b 


να-Ξ,χ, «ὃ. 


f_ 9) (2%) 
1- οι), στοντο 
where f=(b)-9(a)- δ) Ἔτη Pa), 
r=l ᾿ 


"A τ -- α)" 
g =¥(b) - ψ(α) - Dy). 
r=1 ° 


8. Determine the constants 60» c,, 61 so that the quadratic function 
Qix) where 
Q(x) =Cy +0, (a —a,) +0,(% -- αχ)ί(α — a) 


may be equal to f(a,), f(a@2), f(as) when x is equal to aj, a, ἂς respec- 
tively, the numbers aj, ἄς», ὧς being all different ; then prove that 


γα) πο) ἘΣ τ) - αὐ - a) (2 - a4) 
where 2, lies between the least and the greatest of a,, 2» @3, x. 
_ ae F(a) I (az) 
[ο =f(a,), Cy =, τ αὐ ἃ, 0, a 

eee jee _ fae) ὁ ὁ ὁ __ Μία) 
2 (ay -αφρ)ία; -- α3) (ας -- αχ)ίας -- α5) (ας --ακ)ίας —@3) 
Next choose P so that 

f(x) =Q(x) + P(x —a,)(% -- αεφ)ί(ω — ag), 
and let F(z) =f(z) -- (Q(z) + P(z -- a,)(z —44)(2 -- α9)}. 
The function F(z) is zero for the values aj, a2, a3, x of z, and therefore 


F (z) vanishes for a value x, of z between the least and the greatest of 
αι: Q_,0;,,2. But 


Cc 


F’"'(z) =f""(z) -1.2.3P, 
so that P =f"(a)/3! | 
9. Determine the constants Cy, 61» ... ὅ,. 80 that the polynomial 
Q(z) where 


Q(x) =Cy +0, (x -- αι) +¢,(2 —a,)(% — Gq) +... 
$y 4(@ -- αχλ(α ~ ay)... (ὦ —Gq_1) 
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shall be equal to f(a,), f(a@3) ..., f(a,) when x is equal to a, ας» ... , Gy 
respectively, the numbers a), a,, ..., a, being all different; then prove 
that 


f(x) ποι) +8 ἀρ παρ... ὦ ~ a9), 
where x, lies between the least and the greatest of a1, dq...» Gy» 2. 
[ο =f(a,); c, depends only on aj, dq, ... 5... and if 
Praga) τείω -- αϑ)(ω — Aq)... (ὦ -- ἀγ.)» 


mo f(as)__ 
g=] Pr41(Gs) 


ὃ, = 


The following notation is often used : 
Co =f (Gy), 61 =f (Ay, Ay), 6 =f(Ay, Ag, Ay)... Cp =f (Ay, αν... Ars Ags). 00s 


and it may be proved that 


PGs α4, ... ἀ5» aes ME Oar τ ray οὐ Fly Oar τ θεν Sol 
eae fla +h) - f(x) =Af (x) 


Af(z +h) —-Af(x) =A*f(x) 
An f(z +h) - A" f(x) =A"f (zx) 
and if, in Example 9, a, =a, a,;,, =a+rh, r=1, 2, ...; 
prove that f(x) is equal to 


f(a) +75" Af(a) 4 ee teal Atf(a) +... 


h —2)h 
«(- a)(x -- ae (n ) ] anya) 


pes a)(w-a-—h)...[a- ὦ Ξ (2 = VA) sayeay, 


n! hn 


where x, lies between the least and the greatest of the numbers a, 
a+(n—-l1)h, x. 


11. The equation ez/k -x =0 has no real roots if k < 6, and never has 
more than 2 real roots for any real value of k. 


12. IfQ0<a< a/2 and 0 « αὶ - a, the equation 
sin (ὦ ~a) =m sin‘x 


where m is positive, has (i) one real root if tan a > ὃ, and (ii) one or three 

real roots if tan a< }?. There are three real roots if m lies between the 

minimum and the maximum values of the function sin (x — «)/sin‘4z. 
(Tisserand. ) 
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ΒΡ 18.383 +32 | 
oe 324 + 142? +3’ 
ἀν 16x4(3x? + 1)(x* -- 1) 
dx (1+2x*)(3a4 + 14x? + 3)?’ 
and then prove that the equation y = 0 has three real roots. (Tisserand.) 


13. Lf 


show that 


35. Differentials. If y—f(x) the derivative f’(z) is the limit 
for δα--» of dy/dx so that 


oy =filx) +4; dy=f'(x)dx + Adz, 


where A-> 0 when dx-> 0. 

When x is the independent variable the part f'(x)dx of dy is 
called the differential of y or f(x), and is denoted by dy or df(z). 
If 6x is an infinitesimal (Z.7'. p. 195) the difference (dy — dy) 
is an infinitesimal of a higher order, because (dy —dy)/dx is 
equal to 4 and λ-»0 when 6x0. When in any calculation 
powers of 6x higher than the first are to be rejected dy may 
be substituted for dy. 

If x is a function g(t) of ¢ then y is a function of t, say 
y=f[p(t)] =F (t); the independent variable is now ¢ and 


therefore dy = F'(t) dt =f" (a) q' (ἢ ot. 
But x is now a function of ¢ and dx -- φ' () dt, so that 


dy =f' (x) (ἢ δὲ -- (a)de. 

Thus, when x is the independent variable dy=f’(x)éxz, but 
when ¢ is the independent variable dy=f'(x)dz. The two 
expressions for dy will therefore have the same form, whether x 
is the independent variable or not, provided we take dz to 
mean the same thing as dz when z is the independent variable. 
There can be no objection to doing so, since δὰ may be any 
number whatever provided ἀν δα is equal to f’(x) ; but, further, 
δα and dx are the same thing when the function f(z) is x itself 
because in that case f’(x) =1 and therefore df(x) =dz. 

No confusion therefore can arise if the increment 6x of the 
independent variable be denoted by dx. There is, besides, the 
notable advantage that dy has now the same form, 


DY Sf (DOR esis ids secs εν ee cnabeeees (1) 
whether x be the independent variable or not ; it is this property 
of the differential that makes it so useful. 
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Thus the differential d(uv) of the product uv is given by the 
equation d(uv) =vdu +udv, 
because, if ὦ and v are functions of z, 
d(uv) du dv 


ee =U tz Baie Pe 
du dv 
and. d(uv) =v da + us dx =vdu +udv, 


since du =H dx and dv ed dx, whether x be independent or 
not. 


If n>1 the differential of the nth order d*y, when y is a 
function of x, is defined by the equation 
Cy =f (ey (day a TOMUR AL, wcewesdeessidads (2) 
when x 18 the independent variable. If x be a function of ἐ, 
say x= g(t) so that y=f[y(t)] = F(t), then 
d*y = F"(t)dt® and d*x = φ' (t) αἰ. 


so that vy ᾿ . af Pan 
᾿ _ af (x) ἀφ(ὴ (x) [ d*p(t 
Pryde [Bp at | + FO She ae | 


 ἀδ[() ,.. U(X) 70 
=e ae a ὦ x, 


or, yf" (Bde ED) ρΨΡΉέΉ (3) 


and this is different from the form f’(~)dz? which is the value 
of d*y when x is the independent variable unless d2x=0. There 
is no longer the advantage of the same form for dy whether 
the variable x is or is not the independent variable, and the 
definition (2) is essentially confined to the case in which x is 
the independent variable, or, what is equivalent, to the 
assumption that dz is constant so that the differential of dz, 
that is, d(dx) or d*x, and all higher differentials of x are zero. 
When z= φ(έ) and ¢ is the independent variable 
da” = [p'(t)] "dt" 
so that d(da") =n[p’(t)]"-1p" (t) dt . dt” 
=n[p'(t) di}"19"(t) dt? 
and therefore  d (dx")=n dz"! dx. 
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If x is not independent we find by taking the differential of 
the product f’(x)dx that 
d[f'(x)dxj =daxd[f'(x)] + Ἦ [(α)ά (dz) 
= daf” (x) dx +f’ (x)d*x 
=f" (x)dx? + f'(x)d?a, 
so that the value of d?y in (3) may be found by taking the 
differential of dy, that is, of f’(x)dz; if x is the independent 
variable dz is constant and d*x=0. 
In the same way 
dby =d(d*y) =dx*d [f"(x)] +f" (w)d ide") + dad 4} 
+f’ (x)d (d*2] 
—f""(x)dx? + 3f"(x)dad?x + f'(x)d*ax. 
Similarly d4y, dy, ... may be found. 


Ex. A curve is given by the equations 
z=f(t), y=g(t), z=hi(t) ; 
find the equations of the tangent at the point P(z, y, z) and the equation 
of the plane to which the plane through the tangent at P anda point Q 
on the curve tends, as its limiting position, when Q tends along the 
curve to P. 
The direction cosines of the chord through P, “the point ¢,” and P’ 
“‘the point t+ dt,’ are proportional to 
f(t + dt) -f(t), g(t+ dt) —g(t), h(t + dt) -- h(t), 
that is, to T(th+ Ap g(t)t 4g λ΄ (ἢ +A, 
where A,, 4,, 4, tend to zero when δὲ tends to zero. Hence, if ξ, n, ¢ 
are current coordinates the equations of the tangent at P are 
f-a_n-y_(-2 
ζῶ g(t) W(t)’ 
or, if differentials be used, 
E-x n-y_¢-% 
i as “dy = dz Oe aie Wiel νι κι oie eels oie 6 wie οὐ ween τ ρρὼν (1) 
The equation of a plane through the tangent at P is of the form 
A(E —2) + Βίη —y) + Ο(ζ-- 2) HO. oo cece ee ee ee ee ees (ii) 
where Adz + Bdy + Cz =0. ...cc..ccc ccc ον νενννν κεν ο νον (iii) 


If t +dt is the parameter of the point Q these two equations must be 
satisfied when for x, y,2 we put x+ δα, y+ dy, 2+ 6z, and since the 
limit for dt-> 0 is alone required we may simply take the differential of 
each equation ; therefore 

- Adz -- Bdy —Cdz=0 
Adta + Bdty + Cd?z -ΞΟ......««ννννννν νον νννν νόσον (iv) 
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The first of these equations is merely (iii); elimination of A, B, C 
between (ii), (iii) and (iv) gives the required solution 


36. Higher Derivatives. An expression for the nth derivative 
of a function of x is, when the function is at all complicated, 
usually difficult to find, though the value for x=0 may some- 
times be easily obtained (Z.T7'. p. 397). Some general methods 
have been elaborated and a statement of some of these will 
now be given ; for further information the student may consult 
the books named below * from which the following exposition 
is largely drawn. 

The nth derivative of y when y=f(u) and u=9(z) is usually 
to be found by calculating a few successive derivatives; by 
noting the form it may be observed whether any law is 
suggested, the suggestion being then tested by mathematical 
induction. In the present case we have 


B= 9's (), τυ (x)f'(w) Ἐφ); 


and so on. It is at once suggested that the nth derivative 
will be an expression of the form 


d” , A, Mt Aes n 
Tan = Amada) +f) τ... +B Fu) 


. Ase r | 
=>) τ} (ὦ) δ ἐφ οὐ οἰοὺν Vea ANE CGS ORNS ONE CEES eS (1) 
r=1 ἢ 


where the coefficients A,,, do not depend on the function f(u) 
and will therefore be the same whatever function f(z) may be, 
so long as g(x) is the same. 


Now put for f(w) successively u, 2, w3,...,u" in the equa- 
tion (1); then | 
d”™ .u d™ . u? 
dx" ΞΑ͂, αὶ dan =An,1 . 2u +An,s ; 
ἄπ. us 7 
aq Any . 3u27 +A, eo. 3u+An3; and so on. 


* Schlémilch, Compendium der héheren Analysis, vol. 2, and Ubungsbuch 
zum Studium der héheren Analysis, vol. 1; Nielsen, Elemente der Funktionen- 
theorte ; Tisserand, Recueil complémentaire d’ Exercices sur le Calcul Infinitésimal. 
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These equations give A, 1, then A, 2; then Ay,s, and 
finally A, ,, and the values obtained suggest the law 


r—1 T\ - es | 
Ag y= -1)" )ε DE (UT), cccscecseeeseeoees (2) 
ὡ 24 ( (‘) 
where the symbol 6 is the usual binomial coefficient (Οἷς 
that is, r(r—1)(r—2)...(r-—s +1)/s! 
To test (2), put πὶ +1 for n and (2) becomes 
r-1 
Ansur= > (-U & ut D1 (Ul). ecceeee vesee(2') 
s=0 


Now differentiate (1) ; then 
ἀπῆν "ti (ld An,  Anr-14@) py 
ane Σ {pt ae yet t a rast (uw). ......(8) 


on the euieeiiciliies that Ano and A,,»41 are identically zero. 
If we have the relation 


dAns d 
ie +1 Any 1 = Andie Wis aainlccreasouameenee (4) 


equation (3) will show the same law as equation (1), and there- 
fore the formula (2) will hold for every value of n. Now 
r-1 
d As, ro = τς " " ut Drtt (ur-*) 


0 
r-—1 


Εἰ Da Ξ y(? ) sue D* 5 (ur)} Se, 


and the expression within the brackets is easily found to be 
r-2 iz . . 
- > (-(" ᾿ us 1)» (μη 1.2) = -τ͵Ά,,.-1, 
s=0 s 


because (7) s=r Cc a ἢ and the variable index 8 may be 
changed tos+1. Hence 


came 


i  ο τ" τ (- 1) (4) m Det (wr) = Anse 


and the sigtion (4) is established ; the formula ob where 4. 2 
is given by (2) is therefore proved. | : 
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The expression for A,,, may be put in another form which 
is frequently more convenient. Let it be first noted that if 


¢(x +o) is a function of the sum (z+) of the independent 
variables x and 9, we have 


ϑ'φία +0) δ'φί(ωα +0) oo thaz EPC) _ -|*¢ (x +e] 
ox" do” : dan do” baer 


Now let [p(x +0)-(x)]" be expanded by the binomial 
theorem ; we get 


n 


ΩΝ τ» φῶ)" “39 > a (‘) L(x) Pl p(e +e) 
γ-1 ἢ oar 
-Σ τ ιφω eee 


0 
where the term for s=r aie since it is independent of ρ. 
a” . [p(x τι ad . ἰφί(α)} Ὁ ἀπ. ur 
Bot Oe ae 
and therefore 
05 " 
=| ς--- - be iinuntMamasele es 5 
Anr=| gnu {9ee +0)- φῶ} | (6) 
Hel. Ify=f(u) and u= φ(α) =2? fina FY Zz 


In the formula (1) put ἡ -- τ for r; this choice of the variable of 
summation often gives a simpler form to the result ; then 


dty "SS An, n=? μ(ι-- τ) 
dat = 2ain=rytt (u). 


Now {p(x +e) — p(x)}"-t =(2xg + 97)" ; 
the only term in the expansion which does not vanish, when 9 is made 


zero after the differentiation with respect to ρ, is that whose index is n 
and the nth derivative of 9” 155}. Thus we find 


Ann-r_ n-?T n—2r 
moan. Jerse er 
«τὴς = ARs = Ar Ὁ ἢ (ayn, 


on the understanding that this expression is (2x)" when r=0; and 
therefore when y =/(u) =f(z?) 


d"y San(n-1)...(n-2r +1) 9 nap μία -- τ) 
dat ει eee ΝΜ ὦ ar f™— Ma), oie. (6) 


where m is $n or ξ(η — 1) according as n is even or odd. 
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If f(u) =(1 ~u)*—* and if in (6) we put n - 1 for n we find 
d™—1 (( —at)"—4 


dgyn-1 


2r+1 


ΞΟΞΙΣΣ (= ES ~ 1 (,,” ,) ahr 2 - αὐ Ἐν...) 


r=0 


where K=1.3.5... (2 -- 1). 
In (7) let x =cos θ where 0< θ-Ξ; then 


d™-1(] ai aes, “γι .8.ὅ.... (2n—1) 
dat n 


by using the expression for sin n@ 


sin nO, ........-(8) 


n cos"! 6 sin 0 — (3) cos"-3 @ sin? @ + (5) cos" > 0 5158 @-.... 


Formula (8) was first given by O. Rodrigues in 1815, but is usually 
attributed to Jacobi who, no doubt without knowledge of Rodrigues’ 
work, published it in 1826. (See Hzercises IV, 14, for another 
solution.) 


Bx. 2. Τῇ y=f(u) and u=loge find FY, 


The formula (1) is not suitable when u=logz and it is better to 
start afresh. A little consideration will show that the form to be 
tested is the following : 


τας ale - Cn, 7 Y(u) + On of (u) -. ᾿ 


τα ΩΝ; ἸΗμέέΜΜΜΜΨρρέΕοΨψΨὁἝἔιἝΨσέἔἘσσσν (9) 


r=0 
A further differentiation shows that the form is correct. 
Now Cn,r is independent of the form of f(x), and to determine these 
coefficients we take f(u) equal to e-t where ¢ is any constant. Thus 
ψ =e-tu—e-tlogr=—y7-t, 
and therefore 


CY = ( —1)ht(t + 1)(¢ +2)... (δ Ἐπ — Veto, 


(η -- Ὁ) eer eee _y\n-ryn-r,—tu_;_ 1\n-ryn-r,-t 
fo "u)S ee (ST ea Ξ ee, 
so that, by substituting these values in (9), we have the identity 
n-1 
t(t+1)(¢+2)... (t+n-1)= δ᾽) Curt. 
r=0 


By equating the coefficients of ¢"—" the value of Cn,, is found. When 
n is not a large integer the values of Cn,r can be picked out without 
much trouble, but there does not seem to be any convenient explicit 
formula. 
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37. Other Methods for Higher Derivatives. The formula (1) 
of the last article is cumbrous, and other methods are available 
that often lead to interesting results apart from the particular 
formula for the derivative. The formula suggested by a few 
differentiations may have coefficients that can be more con- 
veniently dealt with than by the method used in the last 
article. 


I. Comparison of Expansions. 
y=f(z)=e™. This is a particular case of ὃ 36, Example 1. 
ἜΞΩ f(a +h) as a series in ἀν different ways. 


(i) f(x +h) = > ων (x). 


Next we have f(a +h) =f (a) . et , ett, 
and if each of these two exponentials be expanded in powers 
of h and their product formed the coefficient, wu,(x) say, of 
hn/n! will, when multiplied by f(x), be equal to f™(z) in (i). 
Thus we have the second eae 


(ii) f(x +h) =f(x) . eae 50 (2at)"h") ἐμ] > Sc 
=f (@) >) mae ΩΝ 
where 
n(n -1) 


U,(X) = (2x)"t" + 
- —1)(n -- 2)(n -- 3) 
τὰ 1.2 


( 22) 


(22) ἘΠ i Ὅς (1) 


The last term is independent of x when n is even and contains 
the first power of x when 7 is odd. Hence 
αν. οἷ 
dx" 

If t=,/( - 1) =1 this formula gives the derivatives of cos (x?) 
and sin (x?) since e*=cos (x?) +7 sin (4.2) and the real and 
imaginary parts on the two sides of (2) may be equated. 

We take the same example to illustrate another method. 


SO ΡΨ ΤΡ (2) 


II. Use of a differential equation. 
The form of the nth derivative of e is easily seen to be 
the product of e@ and a polynomial u,(x); the polynomial 
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is of the nth degree in x (or 25), the exponents decrease by 2 
and the coefficient of (2x)" is *. Thus we have, when y=e™, 
UD see ag (| eee eee reer ere (2) 
where 
Un(X) =Co( 2x)” + C,(Qax)"-2 +... HOV) ὅτ εν νννννεον (x) 
and c,=?". ° 
We now find a differential equation for u,(z). Write the 
value of Dy in the form 


Dif = Bak, ..cecccvsecsreceresvoscoreoeoes (3) 
and differentiate this equation times, using Leibniz’s Theorem; 
then Dry = 2at Dry + 2nt Dry | 

But Doty = eu, ,,, Doty =e ug_y 5 
therefore Ung = 2HE Ug + INE Ugiy. coeeeeeeerenerererseenes (4) 


It would be possible to calculate u,,, from (4) if u, and Uy, 
were known ; now wu, and uw, are easily found so that t5, U4, ..- 
could be calculated. It is better, however, to find a differential 
equation for u, ; the process 1s a little troublesome though not 
really hard if the principle be grasped. We have in fact to 
eliminate u,_, and u,,, and put in their place wu, and 4, 
where wu, = D,Uy, Un = Diy. 

Differentiate the equation (2’) once ; therefore 

Drtly =e . wi, +2at a . Un, 
so that Ungy = Uy -Ἐ 2 Ug. cocrcerenseecsceesevesees (5) 
Elimination of u,,, between (5) and (4) gives 
7s) ee ee re (6) 


Differentiate (6) and for τῷ, put 2(n—1)tuy»_,, the value 
obtained from (6) by changing n into π -- ᾿ ; then 


Uy =QWnt . ϑ(η —1)b Ugg. vecsececcecceeeeeneees (7) 
Next in (4) put n—1 for 7; therefore 
Uy, = 2x tUn1 +2(n = 1)ὲ 1{,.-.2» srcccccccccscscees (4) 


and then the elimination of u,_, and wp, between (4’), (6) 
and (7) gives the required differential equation 


a Oat a Ont BO aia sncteenaswaes dade (8) 


We now substitute in (8) the value of uw, given by (~); the 
equation must be then satisfied identically, and therefore the 
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coefficient of each power of x must be zero. The coefficient 
of (2x)"-2r ig 
[ — 2nt + 2(n — 2r)t}]c,+4(n —2r +2)(n —2r+1)e,_,, | 
and as this coefficient must be zero we find 
(n — 2r + 2)(n -- 2r +1) 
ὁ,Ξ----- rt, 
rt 
the coefficient of (2x)" being identically zero. Thus, since 
Cyo=t" we get 
n(n —1)(n- 2)... (n-2r4+1) 
Cc, = --τ- ττιι....ὄ.Ὁ SY > ——* 
i Το ον 
and therefore u,,(x) is the same as was found by the first method. 
When ἐ is negative, say t= —1, the polynomial w,(x) has 
interesting properties. 


GS 1,2 3. eee 


n—-f 
nr, 


Hz.1. When ¢= —1 prove, by applying Rolle’s Theorem, that the 
roots of u,(x) =0 are all real and different. 


Let u,(x) =v,(2) when t= —1; then we take 
f(ey=en™, f(x) =e-** v, (2). 
Now f(x) =0 for «= -—o and for x= +0 ; therefore /’(x) vanishes 


fora valueanofx. But/’(«) =e-*v,(a) and, as e-*is not zero, v,(a) =0. 
Again, f’(x)=0 for the values —w, a, +o of x, and therefore the 
derivative of f’(x), that is, f’(x) vanishes for a value, β say, between 
ποῦ and « and also for a value, y say, between ao and +a. As before 
v,(z) =0 for =f and x=y. Proceeding in this way it is readily seen 
that v,(x) is zero for n different values of x. It is besides clear from 
equation (8) thay if v,(2) had two equal roots, each equal to Ἢ say, we 
should have v,(A)=0, vn(A)=0, and therefore also v%(A)=0; if the 
equation be differentiated once it will be seen that we should have 
v,‘( A) =0, and so on, so that every derivative of v,(2) would vanish for 
x = 4 which is impossible since v,(z) is not identically zero. 


Rodrigues’ Formula. The following relation between deriva- 
tives, known as Rodrigues’ Formula, is of importance in the 
theory of Legendre’s Coefficients : 

αι (ἄπ — 1)" _(n—r)! (3 -- 1)" ann, (a? — 1)" 
dx" (n+r)! ant 

The proof may be easily given by the method I. The 
function {2x+h+(x?-1)h-}", where n is a positive integer, 
is not altered when (x? -- 1)h-1is substituted in place of h. Now 


(2a +h + (2 — 1h = (ὦ +h)? 1)}, 
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and therefore by Taylor’s Theorem is equal to 
1 2 héd:. (x? pa 1)" an hi-" d*. (a? = 1) 
ie Qysl ἂρ 24 alae 
If for A we substitute (zx? -- 1)h-! the expansion becomes 
2n (a? — 1). 5 n—s a. (x? -- 1)» 
a s! dx 
Since the two expansions last written are identical the co- 
efficient of ἢ" is the same in both; for the second expansion 
s=n—r and for the first s=n +r. Hence 
(x? = 1)-" d°-t , (2:2 ᾿Ξ 1)" = l qtr . (x? ὌΝ 1ὴ» 
(n—r)! dx"* — (n+r)! dantt 
which at once gives the formula stated. 


8=0 


1 dd”. («“*-1)" 
2” .n! dx” , 
prove that P,,(x) satisfies the differential equation 
d 
a { (2 - 1) “0. =n(n+1)y, 
or (1 ~2?)D?y —-2aDy +n(n+1)y ΞΞ0. 


Let ἡ =2" .n!P,(x); then Rodrigues’ Formula (r=1) gives 


απτὶι. (a? se 1)” αι. (x3 me 1)" 
gare “ΠᾺΡ Ὲ1) ποτ’ 


Βα. 3. It Ρ,.(α)-- 


(ὐ - 1) = (a2 -1) 
and therefore 


S{ (a2 - $2} =n(n yee’ =n(n+I)y. 


EXERCISES IV. 
1. If u and v are functions of x prove that 
vD®™u = D"(uv) -- (7) D*®-'(uDv) + (3 ) D*-?(uD*v) -- 
+(- (7) D*-1(u τυ) +... +( — 1)"uD*v. 
2. If y =(x? +a?) and x =a cot 6 prove that 
qn 
τι =(-1)" ara (sin 6)"+1 sin(n +1) 6, 


and deduce that the nth derivative of tan—(x/a) is 
(-1)*-(n -1)! a sin" 6 sinn 0. 
3. If y =x(z? +a*)-! and 2 =a cot @ show that 


nT 
ou =(- In τ (sin 0)"+1 cos (n +1) 6. 
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4. If y=f(u) and u=1/z prove that 


dty SS (n-1)! /n\fn—n(u) 
(-1? ges" a tar = TH “»--. 
and show that 


a SEO 


᾿ ( , 2) 1 
δ. dan = ( aed 1)” ynti* (Halphen.) 


6. If y=f(u) and w= /x prove either by the general formula or 
aaa a that 
a= 5) (-- 1)" (πττν--1}Ξῦ γα πὴ) 
ri(n—r—1)! (2/a)"tr’ 
and show that if y “ἢ es 
dy 1.3.5... (2n-1) (α: ΕΝ 


x 


ax ~ 25 ΝΣ 
[Schlémilch gives the following proof, Compendium II, pp. 7, 8. 
Let 9=2t and μά. then ὃ 36, (5) gives 


γ 
Anr= ayer LDH], 
Now (t—w)dw/dt=}w and therefore, ee by wt, 


I “ἡ. pyayry—dapr- 
»-τίριίων ) ~ Dilw )=4u" . 


Differentiate (n~ 1) times as to ¢ and then let t=0; thus we find the 
reduction-formula 


Lop]. aay Lowry], 


or, if n-r is put in place of r so as to obtain A, ,_,> 
(nti r— UT py 
[ ewer) |= 2(n—r-1) D; ΕΝ 
Now apply this formula till the index οὗ w becomes unity and 


note that 
1.3.5...(2r-1) 
[ Dette |=! rt 


The verification of the value of d"y/dx” is simple. ] 


7. If y=f(u) and u=e* prove that 
nr 
| 72.) ef ()(u), 
r=1 ἡ" 


r—1 ἣν 
where . r=), (- ὀ 1): (» -- 2)", 
Ε oS ον) 6- 
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8. If y=(u+1)—! and u=e* prove that 


a =a Me er (sera) * 


where 6, is given in Example 7. Show independently that 


(=1yr(er eye FY Y ας ἐπα tag, is a 


+... +a,e%, 
where a, =1", a,_1= 5 (2" ~ inal 15), 
πη - Ἰ εὐὐ Ἐ1)π 
Ang =3" τ τ. 25 + “7.3 ᾿ 15, eece 


9. If y=(1 —2x?)—? show that 
lit θη), 
da” (1 —x?)n+4’ 
where u,,(x) is a polynomial in x of the nth degree in which the coefficient 
of a" isn! and the exponents of x decrease by 2. Establish the relations: 
(i) Unga —(2n + leu, -- 3(1 —2?)u,_, ΞΟ; 
(ii) Un py = (1 —a*)u, +(2n + Iau, ; 
(iii) (1 —av*)un +(2n —1)xu, —niu, =0, 
and find u,(x). (Compare ὃ 37, IT.) 


10. If y=(1+2%)~? deduce from example 9 or prove independently 


any _ Un(x) 
that dan ΞΞι - 1)” (1 - απ 
where (1 +2%)of —(2n — l)xv;, + nv, =0. 


Prove that the roots of v,(x) =0 are all real and different. 
11. Deduce from Example 10 the nth derivative of log {a τ- ναὶ +27)}. 


12. If y =(x log z)" show that 
1 dy 
n! dat 
where S, is the sum of the products, r at a time, of the numbers 
| Wea Pere 
13. If w=[f'(xz)]—? and v =/(z)[f’(x)]—* prove that 
ld*u 1d?v 


=1+8, ἰὸς ὦ +32 ἐ (log “)2 Ἐς. Ὁ ἐνῆν (log x)", 


= _ r2\n— 
14. If z=(1~2*)""*? and yoo eet prove that 


qd) (1 - αὐ F + (2n- l)az=0; 


dy 


(ui) (2 ~ a9) FY te aL tnty =0; 
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and that if x=cos @ the equation (ii) becomes 
oe tnty =0. 
Next show that when x= 1 
y =0 and y(1 —2?)~? =( -1)"711.3.5... (2n-1), 
and deduce that 
.ηγκ5.1:8.5... ΘΝ - 


sin né. 
n 


y =( 


n 2_ 1ὴπ 
15. If 2:-- (3 ~1)" and y = 5 : Ἢ τ. prove that 


(i) (x? - 1) 55 —2nxz=0; 


αν _ 9,49 
dx* dx 

Show that y=1 when x=1 and y=(-1)" when ἃ τ - 1 and deduce 
that the roots of the equation y=0 are all real and different and lie 
between —land +1. (See § 37, Ex. 1.) 


(ii) (1 -- 2?) 22 +n(n+1)y=0. 


16. If P and Q are two rational integral functions of 2 (polynomials) 


such that ν( -- P?) =Q,/(1 -- 22) 
prove that = =n 1 > 
where n is an integer. 
[1 -P*=Q%(1 -24) (i) 
so that, by differentiation, 
~2PP’ =2{QQ"(1 —x*) —xQ} (ii). 


From (i) Q is prime to P and therefore from (ii) Q is a factor of P’; 
then compare the coefficients of the highest powers in P? and Q?, and 
also in P’ and Q. | 


38. Derivative of a Determinant. The proof of the rule for 
forming the derivative of a determinant of the nth order whose 
elements are functions of a variable x will be understood by 
consideration of a determinant D of the third order, say 


| Qa, a, as 


D=| ὃ. ὃς ὃς 
Cy Cg Cg 
Let da,..., δος and dD be the increments of a, ..., ὃς and 


D corresponding to the increment δὰ of x; the determinant 


D+6D is αι τ δαὶ, ας τ δα, ἂς ἰ δας 


b,+6b, 6,+66, ὃς ἰ δὸς 
οι Ἔ dc, Cyt δος Cz ὁ δὺβ 
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and may be expressed as the sum of 8 determinants, namely: 
(i) the determinant D ; 
(ii) 3 determinants, each containing one column of incre- 
ments, 
a, da, as 
b, db, ὃς 
C, Oly Cy 


a, ἂς δας 
b, ὃ, ὃς. 
Cy Cy Os 


δαὶ] a, as 
6b, ὃ. ὃς 
δοι Cy Cg 

(iii) 3 determinants, each containing two columns of incre- 
ments, of the type 


6a, Oa, a, 
6b, db, ὃς |. 
6c, OC, Cy 


(iv) 1 determinant, containing increments alone. 

6D is the sum of the 7 determinants (ii), (iii) and (iv) ; when 
each of these determinants is divided by dz * and dx made to 
tend to zero, the determinants in (iii) will have each one column 
that tends to zero, and the determinant in (iv) two columns 
that tend to zero. Hence if accents indicate derivatives with 
respect to x we find 


αι A, as a, a, as a, A, 4; 
ὃ. ils: δὰ ὃ CG Cy Ci. (Cy Cs 


If D were of the nth order the determinant (i) would be D 
while (ii) would contain n determinants-each containing one 
column of increments,—the first column of the first deter- 
minant, the second column of the second determinant, ... , and 
the nth column of the nth determinant. All the remaining 
determinants, namely (25 —1-—n) determinants, would contain 
at least two columns of increments and would therefore tend 
to zero when δα tends to zero. Hence the rule : 

The derivative of a determinant of the mth order is the sum 
of n determinants which are obtained by substituting in turn 
in place of the elements in the Ist, 2nd, ..., nth columns the 
derivatives of the elements in the Ist, 2nd, ..., nth columns. 
Instead of ““ columns ”’ the word ‘“‘ rows’”’ may be used since 
a determinant is not altered by the interchange of rows and 
columns. | 


* To divide one of these determinants by δα, divide any one column of 
increments in it by δα. 
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Hx. | D=|a-x, ἢ, g 
h, ὃ-πτα, f 
J» J, στὰ 
D’=| -1 0 0 α--α, h, g a-x, h, g 
h, b-a, f +1 O -1 0 Ὁ h, b-a, f 
g ff, ¢- 9 f, ¢-% 0 δ ~Jd 


= —32°+2(a+b+0)x -(bc+ca+ab —f? — 9? -- 13). 


39. Linear Dependence of Functions. Let fi, fo, ..., fy, be 
n functions of x defined for a rangea<2X0b, if there are n 
constants 61, Ce, ... , C,, not all zero, such that 


Cif tCofet---+Cnfn=9, Tere ee ea eee (1) 


the functions f,, fo, ...,f, are said to be linearly dependent; 
if there is no such set of constants the functions are said to be 
linearly independent. 

Obviously if 61, co, ... , C, is one set of constants that satisfies 
(1) so is the set kce,, ζος, ..., kc, where k is any constant that is 
not zero. Hence one of the constants may be taken to be +1. 

The test now to be given for the linear dependence requires 
that each of the functions should have all the derivatives up 
to and including the (n — 1)th. 


First. Suppose that f,, fo, ...,f, are linearly dependent and 
that equation (1) therefore holds. The equation (1) may be 
differentiated (n-1) times; differentiate and let accents 
denote derivatives with respect to 2. We thus find the 
following n equations, including equation (1) : 
Cif, Ἔσο, τ. .«Ἐσρ αἶμα +¢nfn =9, 
αὖ +Ofo +... “ὦ +¢,f, =0, 

Bi. τ ὦ ey. ae αὶ ; οὐ νώε ανοες (2) 
ef  +cff 7+... ‘ie, i de =) δ fr 0, 
Cf +e,fP +... + C,- fos te fe )-- 0 

Now the coefficients c,, Cy, ... , Cn are not all zero aaa therefore 
the determinant W of the equations must be zero for every ὦ 
such that aS7Sb where 


fi fa Ina ἢ 
fi δι far Sn 
"5 oc cece ens ee a Te ote ... (3) 
{53 fs? ΝΣ Ἢ fe ¥ 
ἐνῶ | ere ee 1) {°c} | 
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W is called the Wronskian of the functions f,, 5» -.., fx, and 
is denoted more fully as W(f,, fo, ... » fn): 

Hence the condition W=0 is a necessary condition for the 
linear dependence of ἢ, fo, .-., f, and it is to be noted that W 
must be identically zero, that is, zero for every value of x in 
the interval (a, b). 


Second. The condition W=0, which has been seen to be 
necessary, is also a sufficient condition for the linear dependence 
of f1, fo, --»» fn provided the Wronskian, W, say, of the (n -- 1) 
functions f,, f, .--; fr-, is not zero for a<zSb. 

Consider the system of (n — 1) equations : 


Cf; + Cof + .ee t+ Cnr fry =f, 
cif; + Cofs Be we νος os ΞΕ 
οι. tafe See Cla ιν αν Sur. «λει δ υφο τὸν (4) 


Cie el et Ole Sie 

The determinant of this system is the Wronskian W, and 
is therefore not zero. Hence the system determines 
C1, Cg, «++» Cn_y and these numbers will usually be functions of 2 ; 
it has to be shown that if W vanishes for every ὦ in the interval 
(a, δ) the numbers 61, Cg, ... , Cn; Will be constants and then the 
first of equations (4) proves the linear dependence of f,, f., ..- , fa- 

Let it be first noted that if W=0 we can add the following 
equation to (4), namely : 


δος fy feo saacoeaseautes (4’) 
For in virtue of (4) we have 
Si» Fas eat 0 
fis Ts; ron Pe 1) 0 


W= 
fe ἢ fer ? ΝΕ n= 2) 0 
fe ἡ ΝΩ͂Ν ft εἰ fe» —o,fe-» of), ve Cy ft? 
— W, x Gem 280 ey Ὁ ἊΝ δῦ: ΝΕ δ," 1. 1 
and W=0, W,=+0 so that Seeds (4’) follows. 
Now differentiate the first equation in (4) ; therefore 
Cif t+ Cf τ... +Onifn-1 


Ἔα ἢ ταᾳἕοτ eee + Cn-ifin-1 Ξε, 
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which by the second equation in (4) reduces to 
Cif, το. ἔα = 0. 

If the other equations in (4) be differentiated it will be seen 
in the same way that each equation reduces to an equation 
IN Οἵ, Οὐ»... Ca-1, the right-hand side being zero; for the last 
equation in (4) this result follows from equation (4). Hence 
we have the set of (n — 1) homogeneous equations 


Cf  +Csfg tee t+Crafa1 =0, 
af’ τῷ: alae =0, 


α70 τε ofS + ou bel gf" =0. 


The determinant of the system is W, which is not zero and 
therefore each of the numbers Οἱ, c;,..., c/_, is zero, so that 
each of the numbers ὁ, 65, ... , C,_, is constant. Hence, by (4), 


fn =Cyfy + Cofe Ἔ... + Cn afar, 
and the functions ἔ,, f., ..., f, are linearly dependent. 


Cor. If W and W, are identically zero but W,, the Wron- 
skian of the (n — 2) functions f,, fo, ..., 7...» not zero, then, by 
what has been proved, the (mn -- 1) functions /,, f,, ... , fn; are 
linearly dependent and there are therefore (η -- 1) constants 
Cy, Cy, ++», Cn_y, NOt all zero, such that 


αὖ +Cofg +... +Cn_tfp_) =9. 
The n functions ἢ, fo, ..., fn are therefore linearly dependent 
because in (1) we may qnake c, zero and the n constants 
Cy, Co, «+», Cy, are not ail zero. 
Similarly, there is linear dependence of the ἡ functions if 
W, W, and W, are identically zero but Ws3, the Wronskian of 


the (x —3) functions f,, fo, ..-, fr-3 not zero, and so on. 
Ex. 1. The functions e*, xe”, x?e” are linearly independent. 
Here, e~, xe, xrer | 
W =| e*, (2 +1)e*, (x? +22)e* == QeS*, 


65, (x+2)e%, (“5 +427 -ἰ 2)65 
Ἐκ. ἃ. The functions sin x, cos x, sin (2) +a) are linearly dependent. 
- Here, W=0. c,sinx +c, cos x%+C¢, sin (x +a) =0 | 
if Cy = -CoSa, ὃς ΞΞ -- 51) αἱ, ¢,=1. 


ἔχ. 8. Show that the derivative of a Wronskian is Sieaineds by 
differentiating each element of the last row. 
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Ex. 4. If y,. yo, ...,Y, are functions of « and if x is a function of t 


prove that 


dt \in(@—1) 
Welty torr tn) =( 24) 


where the suffixes x and ¢ denote that the derivatives in the Wronskians 
are derivatives with respect to x and ὁ respectively. 


We(Yas Yor» Yn)s 


Ea. δ. If y, yy, Yoo ..-» Yn are all functions of 2 show that 
WAlYYa» Yo» YY ar --- + 99.) =U" WalYas Yar Yar «9 Yn) 
Ez. 6. If y is a function of x prove that 


dy ἐπί —1) 
W(1, 2y, 3y2, ..., ny") =nl(n -- 1)}} {π| -- 2)! ... 21 ( ; 


CHAPTER IV 


FUNCTIONS OF SEVERAL VARIABLES. DERIVATIVES. 
DIFFERENTIALS. CHANGE OF VARIABLES 


40. Functions of more than one Variable. The characteristic 
properties of a function of ἡ independent variables may usually 
be understood by the study of a function of two or of three 
variables and unless some definite purpose is to be served the 
restriction to not more than three independent variables will 
be generally maintained ; this restriction has the considerable 
advantage of simplifying the formulae and reducing the mere 
mechanical labour. 

By extension of the usage of analytical geometry a set of 


values a, @,,..., a, of n variables will often be called ‘‘ the 
point (a), ας, ...,@,). The set of values 2, 22, ..., Z, other 
than a,, ας, ..., @, that satisfy the conditions 

| ay - ay | <0, ΕΣ τας | <Q, ++, | Zn -- On | <@, 


where 9 is an arbitrarily small positive number, is said to form 
a “neighbourhood” of the point (a, ας, ..., @,). The 
neighbourhood may, however, be specified in other, though 
equivalent, ways; for example, the points inside the sphere 
x? +y2+42%—092 may be taken as the point (0, 0,0) and its 
neighbourhood. 

The set of values of the variables for which a function is 
defined is called ““ the region (or, domain) of definition of the 
function.’”’ A function may be defined for integral values 
alone of its variables or for variables that vary continuously 
within given limits or that take all real values. The simplest 
type is the polynomial which is defined for all real values; 
next in simplicity is the quotient of two polynomials which 


is defined for all real values except such as make the divisor 
94 
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zero. In general, all the usual functions of a single variable 
reappear. 


The language and conceptions of geometry necessarily play an impor- 
tant part and certain assumptions are made that may be illustrated 
by considering a function f(z, y) of two independent variables. The 
function may be defined for the whole plane or for a part or parts of 
the plane that are bounded by closed curves. It is supposed that a 
closed curve C, without double points, divides the plane into two regions, 
an interior and an exterior, such that any two points in any one region 
can be joined by a path that lies wholly within that region while every 
path that joins a point of one region to a point of the other cuts the 
curve C that separates the two regions. 

If x= (t), y=y(t), where g and y are continuous functions of ¢, are 
the equations of a curve the curve is closed when » and y are periodic 
functions of ¢ with period w. In this case the points “‘ t”’ and “‘t+no,”’ 
where 7 is any integer, are identical. If on the other hand ¢’ and ἐΐ 
are two values of ¢ which do not differ by ὦ or a multiple of w, such that 
p(t’) = p(t”) and y(t’) =y(t”) the point t’ or ἐπ is a double point. 

A curve of the kind spoken of may be a circle or an ellipse or any 
‘ordinary ’’ curve that does not intersect itself (like a lemniscate), 
but it may equally well be a rectangle or polygon, and the path spoken 
of as joining two points may be a ‘“‘ curve’ in the ordinary sense or ὃ 
‘‘ broken line ”’ consisting, for example, of a set of segments that are 
alternately parallel to the coordinate axes. 

The functions y(t) and y(¢) are supposed to be continuous but 
nothing is prescribed as to their derivatives ; it may be said at once, 
however, that it will be assumed that every curve may be divided into 
a finite number of parts such that for each part ’(t) and p’(¢) exist. 


When a function f(z, y) is defined for the region bounded 
by a closed curve Οἱ the region of definition is said to be closed 
if f(x, y) is defined for all points within and on the curve C, 
but open or unclosed when the function is defined for points 
within but not on the curve C. 

The extension to regions for functions of three variables 
is fairly simple, and while geometry fails for the ordinary 
mortal when he enters regions of n dimensions it is possible 
at least to understand what is meant when it is said that the 
region is that within the sphere x? +23+...+%2=c?. 


Limiting Points. If S is an infinite set of points lying in a 
region A the point (aj, ας; ..., @,) is called a limiting point or 
a point of condensation of the set when an infinite number of 


points of the set lie in every neighbourhood of (a,, ας, ..., Gn) ; 
G.A.0. E 
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the limiting point itself may or may not be a point of the set 
(§ 17). 

If, for example, S consists of all the points inside a sphere, 
every point inside or on the surface of the sphere is a limiting 
point. The region A bounded by the sphere is “ open ”’ if it 
does not include the points on the surface—that is, if it does 
not include all its limiting points—but “closed ᾽ if it contains 
all its limiting points, because it then contains all points 
inside and on the surface of the sphere. 


41. Limits and Continuity. A function f(2,, xo, ...,%,) of 
n independent variables x,, 22, ... , 2, is said to tend to a limit 1 
when 2, %, ..., %, tend respectively to a@,, dg, ..., @, if, given 
the arbitrarily small positive number «, there is a positive 
number ἡ such that 


Wy Bes oe Ba) HL Se 
when |2,—4a, |, |%,—a@,|, ...,|%,—-@,| are each less than ἢ, 
the set of values x, =a,, X,=dg, ..., 2, =a, being excluded. 


The modifications required when one or more of the variables 
tend to infinity or when ὦ is +0 or —o may be left for the 
student to state; with his previous work there should be no 
difficulty. 

It should be specially noted, however, what the above 
definition implies ; there must be no assumption of any relation 
between the variables as they tend to their respective limits. 
For example take f(z, y) where 


f(z, y) = Lary (53 Ἐν). 

If x 0, y being constant, f(z, y) - ὁ and if y>0, x being 
constant, {(x, ψ)- Ὁ so that these limits of f(x, y) exist and 
are the same when x—0 and when y—0. On the other hand 
f(z, y) has no limit when x and y tend independently to zero; 
for if we put x=rcos 6, y=rsin 0, we see that f(z, y) =sin 20, 
so that near (0, 0) f(z, y) may take any value between -- Ἰ 
and 1 and therefore has no limit. It has to be noticed that 0 
is not a value that x can take when y=0 or that y can take 
when x=0. The assumption that y is constant when z—> 0 isa 
violation of the conditions imposed by the definition, just as 
the assumption y= or any other relation between x and y 
would be. 
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Continuity. The function f(x, y, 2), the case of three 
variables being taken, is said to be continuous at the point 
(a, ὃ, c) of a region for which it is defined if, given the 
arbitrarily small positive number ¢, there is a positive number 
ῃ such that | f(z, y, z)—f(a, δ, c)|<e when [5 -- αἱ, |y—-)| 
and |z-c| are each less than 7. 

It is necessary, therefore, for the continuity of f(x, y, 2) 
at (a, b,c) that f(z, y, z) should tend to a limit when z, y, z 
tend to a, b, c respectively, and also that that limit should be 
the value f(a, ὃ, c) which, by hypothesis, exists since (a, ὃ, c) 
is in the region for which f(z, y, 2) is defined. If (a, ὦ, c) is 
on the boundary of the region the values of x, y, z that satisfy 
the conditions | *-a|<yn,|y—-b|<ynand|z-c|<y7 must all, 
like f(a, b, c) itself, be in the region of definition of the function. 

A point to be particularly noticed is that f(x, y, 2) may be a 
continuous function of each variable when the other two are 
constant and yet not a continuous function of x, y and 2. 
This peculiarity (for it does at first sight seem peculiar) is 
illustrated by the function 2xry/(x? +y?) just considered above. 
If f(z, y) is defined to have the value zero at (0, 0) it is defined 
for every neighbourhood of (0,0); as has been seen, f(z, y) 
tends to its value 0 when x-— 0 and y is constant, or when ψ- 0 
and x is constant, and is therefore continuous at (0, 0) when 
considered as a function of a single variable x or as one of a 
single variable y. On the other hand, f(z, y) tends to no 
limit when the independent variables x and y tend to zero, and 
is therefore not continuous at (0, 0). 

42. Sequence of Decreasing Regions. The conceptions of 
infinite sets and of upper and lower bounds have no special 
restriction to functions of one variable, but the method of the 
decreasing interval used in the proof of various theorems 
requires a little explanation when it is applied to regions of 
two or more dimensions. 

For definiteness, consider an area A bounded by a curve C ; 
the principle is obviously applicable to regions of three or 
higher dimensions and the description is greatly facilitated by 
restriction of the region to a plane area. 


The area will lie completely inside a rectangle & given by the equa- 
tions x =a, x=b>aandy=c,y=d>c. Letthe rectangle R be divided 
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into four equal rectangles by the lines x =3(a +6), y=$(c+d), and let 
one of these four rectangles be selected, it being understood in this 
and all subsequent choice of rectangles that the selected rectangle 
contains a continuous piece of the area A. If the sides of this rectangle, 
R, say, are given by w=a,, x=b, >a, and y=c,, y=d,>c, then 
a a,< b,b, cSe,<d,=d while ὅ; -- αι ΞΞ ἐ(ὃ -- α), d, -- αὶ τε ξ(ὦ -- Ο). 

Next divide the rectangle R, into four equal rectangles by the lines 
x =4(a,+b,), y=3(c, +d,); select one of these four and let it be called 
R,. The sides of R, will be given by w=a,, «=b, >a, and y=c,, 
y =—d, 65» and the following relations will hold : 


a=a,= ΞΞ ας “ ὃς ΞΞ b, ΞΞὃ, ὃ, — Ag τεσχ(ὃ -- α), 


CS Hcy<dy Sd, ΞΞ ἅ, ἄς -- ο τοῦ (ἃ -- ὁ). 


Proceeding in this way we obtain a sequence of decreasing rectangles 
(R,,). The sequences (a,,) and (c,,) are increasing and the sequences (6,) 
and (d,,) decreasing sequences; a, < b, and c, < d, while 

δ, — An =(b —a)/2", dy ~ Cy =(d —€)/2”. 

Hence the sequences (a,,) and (6,,) determine a number ξ, the sequences 
(c,) and (d,) ἃ number 7 and the point (ζ, ἡ) is common to each 
rectangle R,, each rectangle being closed (ὃ 16). 

If the region were three-dimensional it might first be included in a 
cuboid (or rectangular parallelepiped) K bounded by the planes 

e=a,e=a’; y=b, y=b’; z=c,z2=c'; a’ >a, b’ ὃ, ο΄ >. 

The first step is to divide K into 8 cuboids by the planes 

a=k(at+a’), y=h(b+b’), z= 3(c+Cc’), 
and to select one of these (call it K,) ; its boundaries would be the planes 
=A, =a,’ >a,3 y=d, y=b;’ Ὁ δ... 2=c,, 5 Ξεοχ' > Cy 
where aSa,<a, Sa, 636,<b/S0’", οξξα, «ο{ Ξ ο΄ 
and a, -a,=43(a’-a), δι --ὃ, τε ἐ(δ' -- ὃ), οἱ ~c, =3(C" —¢). 

Operate on K, in the same way and so on. The process determines 
a point (ξ, 7, ¢) that is common to each cuboid K,. 

Here, and above, if the region is closed, the point found is a point of 
the region. 


Notation. If P is the point (a, y, 2) it is often convenient 
to denote the value of f(z, y, 2) at P by the symbol f(P). A 
point P’(z’, y’, 2’) is in a neighbourhood of P if 

O0<|2’-2x|<e, 0<|y’-y|<e, 0<|2’-z|<e, 
or, if the length PP’ is not zero but is less than 9. (One 
or two but not all of the differences |x’—x|, |y’-y| and 
|z’—z| may be zero.) 
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Theorems I and II of § 13 on the upper and lower bounds, 
M and m say, of a bounded set need no new proof, while 
Theorems I and II of ὃ 15 on the limits of bounded monotonic 
functions are also valid for functions of several variables. 
Thus, if f(x, y, 2) increases (or does not decrease) when each 
of the variables x, y, z increases but is always less than a fixed 
number k, then f(x, y, z) tends to a limit which is not greater 
than k when 2, y, z tend to infinity. 

Similarly Theorems I and II of § 17 need no new investiga- 
tion. The important theorem of § 27 for a function f(z, y, 2) 
say, namely that ‘if M is the upper bound of f(z, y, z) in a 
region R there is at least one point P(é, 7, ¢) such that the 
upper bound is also M in any neighbourhood of P,’’ may be 
proved at once by using a sequence of decreasing regions (£,,) 
instead of a sequence of decreasing intervals. The method is 
the same whether the sequence be a sequence of intervals or 
a sequence of regions. 

The condition that f(x, y, z) or f(P) should tend to a limit 
when x, y, z tend respectively to ¢, 7, € is that there should 
be a neighbourhood of the point A (&,7,¢) such that 
| f(P’) -f(P”) | will be less than ε (where « has the usual 
meaning) when P’ and P” are any two admissible points 
(x’, y’, 2’) and (z", y”, 2”) of that neighbourhood. [The point 
(x’, y’, 2’) is admissible when f(x, y, 2) is defined for the values 
az’, y’,2'.] In other language, there must be a positive number 
o such that | f(x’, y’, 2’) -- [(π", γ΄, 2”) | <e when each of the 
differences | £—2'|,|£-2"|,|n—-y' |, [n-y" | 1-2/1. 16-2"| 
lies between 0 and 9. (Some but not all of these differences 
may be zero.) 

That the condition is necessary is obvious. To prove the 
sufficiency of the condition proceed as in § 21. When it 
is satisfied we have 


f(P") -e<f(P)<f(P") τε, 


when P’ and P” are any two admissible points of the neighbour- 
hood of A. The set of values f(P’) is therefore bounded and 
has maximum and minimum limits G and g, and so on, the 
rest of the proof being, except for verbal changes, the same 
as in 821. (The meaning of the terms “upper limit of 


100 ADVANCED OALCULUS [CH. IV. 


indetermination ”’ and “lower limit of indetermination ’’ needs 
no further explanation.) 


43, Theorems on Continuous Functions. The theorems of 
§ 28 for functions of one variable are easily extended to func- 
tions of several variables; the theorems will now be stated, 
but the proofs will usually be indicated very briefly, if at all, 
since they are little more than repetitions of those for a function 
of one variable. 


THrorEM I. Jf f(x, y, 2) is continuous at (a, b,c) and if 
f(a, ὃ, c) ts not zero, then f(x, y, 2) has the same sign as f(a, ὃ, c) 
at all points (x, y, 2) in some neighbourhood of (a, b, c). 


Turorem IT. Jf f(x, y, 2) is continuous at all points of a 
closed region R and if (x’, ψ', 2) and (χ", y", 2") are two 
different points of the region at which f(x, ψ, 2) has two 
different values A and B then f(x, y, 2) takes in the region R 
all values between A and B. 


The method of § 28 may be adopted to prove the theorem, but the 
following method reduces the proof to that for a function of one variable. 
Assume, as will be proved in § 44 from the definition of continuity, that 
ifv=f,(t), y =f,(t), 2 =f,(t), where /,, f,, fs are continuous functions of ¢, 
the function f(x, y, z) becomes F(t) where F(t) is a continuous function 
of ἐ. If ¢’ and {5 give the points (x’, y’, 2’) and (x’, y”, 2”) respectively, 
then F(t) takes all values between A and B as ¢ varies from ?’ to t’; 
if A and B have opposite signs there is at least one point τ or (ξ, ἡ, ἢ 
at which the function f(z, y, 2) is zero. But, in general, there is an 
unlimited number of functions f,, f,, f;—or, in geometrical language, 
an unlimited number of paths from (zx’, y’, 2’) to (x”, y”, 2”) that lie 
in the region R-—and therefore f(z, y, z) takes every value between A 
and B infinitely often. 


The following theorem—the theorem of uniform continuity— 
will be proved for a function of two independent variables x 
and y but the method of proof is quite general. The method is 
not quite the same as that used in § 28 though not essentially 
different and the student might, as an exercise, apply the 
following method to the theorem of § 28. 


THrorEeM IIT. If f(x, y) ts continuous at all points of a 
closed region A there is a positive number h such that, e having 
the usual meaning, | f(x’, y')-f(x", y") | <e where (x’, y’) and 
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(x", y") are any two points in the region A, such that | χ' --α' | «ἢ 
and | y’-y" | <h. 

The proof is in two parts; the notation f(P) to denote the 
value of f(z, y) will be freely used. 

(1) If εἰ is any given arbitrarily small positive number the 
region A can be divided into a finite number of smaller regions 
(sub-regions they may be called) such that if P’ and P” are any 
two points in any sub-region | f(P’) —f(P") | will be less than ε;. 

If such a division of the region A is impossible there will be, 
whatever division be made, at least one sub-region in which 
two points P’ and P” can be found such that | f(P’) —f(P”) | 241; 
let such a sub-region be called, for convenience, special. It has 
now to be proved that A contains no special sub-region. 

Let the area A be enclosed in a rectangle ἢ, and, as in § 42, 
proceed to form a sequence (R,) of rectangles. Of the four 
rectangles constructed at the first step one at least must 
contain a special sub-region, because if none of them did 
neither would A ; select the rectangle (or one of the rectangles) 
that contains a special sub-region and call it R,. Operate 
on R, in the same way and select a rectangle R, that contains 
a special sub-region, and so on. A sequence R,, Ry,... of 
rectangles is thus obtained ; the sequence determines a point 
P, of A such that every region within which P, lies contains a 
special sub-region. This conclusion will now be shown to be 
inconsistent with the continuity of f(x, y). 

Since f(x, y) is continuous at (&, 7) there is a region, o say, 
within which P,(é, 7) lies, such that if P’ and P” are any two 
points in o 


| f(Po) -f(P’) |< 41, | f(Po) -f(P") | < ἐε;; 
and therefore | f(P’) -f(P”) | <e,. 


Now n may be taken so large (but finite) that the rectangle £,, 
will contain P, (either within or on its boundary) and lie 
wholly inside the region o; therefore this rectangle R,, (a 
region that includes P,) contains no special sub-region, since 
P’ and P” may be any two points in R,. 

Hence the hypothesis that the region A cannot be divided 
into a finite number of sub-regions of the kind stated is 
inadmissible. 
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(2) Theorem IIT now follows at once. Take ¢,=4e and let 
the area A be covered by two sets of straight lines parallel to 
the axes of x and y, the distance h between two consecutive 
parallels being the same for each set. By (1) it is possible to 
choose ἦ so that if P’ and P” are any two points in, or on the 
boundary of, a sub-region or square of side h we shall have 


| f(P’) -F(P") | <te. 

Now any two points P’(z’, y’) and P(x", y”) for which 
[χ’ -a" |<h and|y’—y"|<h must either lie in one and the 
same square in which case | f(P’) —f(P") | < 4e<e or else lie in 
adjacent squares. In this case if P is a point on the side 
common to the two squares (or if P is a common vertex of the 
two squares) 

| f(P’) - f(P") | =| f(P') -F(P) + F(P) -F(P) | 
S|f(P) -F(P) | + 1F(P) -F(P")| < de + ἐε ore. 

Of course at the boundary of the region A the sub-regions 
will as a rule not be complete squares, but this makes no 
difference in the proof. Theorem III is therefore proved. 

It thus follows that every function which is a continuous 
function of its variables, when these assume any values in a 
closed region, is a uniformly continuous function of its variables. 


ΤΉΒΟΒΕΜ IV. If f(x, y, 2) is continuous at all points of a 
closed region it is bounded in that region. 


Turorem V. If f(x,y, 2) %s continuous, and therefore 
bounded, at all points of a closed region there is at least one 
point (ξ, ἡ, C) of the region for which f(&, ἡ, 6)=M, the upper 
bound of f(x, y, 2), and at least one point (&', η΄, ζ΄) for which 
{(ξ’, η΄, C’)=m, the lower bound of f(x, y, 2). 

The proofs of these two theorems may be left to the student 
as little more than verbal changes are needed to adapt the 
proofs for a function of a single variable. 


44, Function of Functions. If F (1, Xa, ... , Z,) 18 ἃ Con- 
tinuous function of the n variables 21; x, ..., 2, in a region D 
and if the variables x,, x5,..., %, are continuous functions of 
m variables y,, Yo,...,Ym in a region D’ the function 
1 (1, La, ..., Z,), when expressed:as a function 9(y}, Yo, --- 7, Ym); 
is a continuous function of y,, Y2, .-- , Ym in the region D’. 
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Suppose n=3, m=2 and let the two sets of variables be 
denoted by 2, y, 2 and 8, ἐ where 


w=f(s,t), y=g(s,t), z=h(s,t); F(x, y, z)=9(s, ἢ ; 
also let α' =f(s’, t’), y’=9(s', U'), 2’ =h(s’, ¢’). 


Given ε as usual it is possible, since f(z, y, 2) is continuous, 
to choose 7(>0) so that 


| f(z’, y’, 2) ~ f(z, Y; Z) | <6, 
when | 2’-2|, | y’—-y| and | z’-z| are each less than 7. 
Again since x, y, 2 are continuous functions of s and ¢ it is 
possible to choose €(>0) so that 


f(s’, #) -fls, ἢ 1 <n, | 9(5΄, 6) -- (5, ἢ) | <n, 
| h(s’, t’) —h(s, t) | <7 
when | s’—s| and | t’-¢| are each less than ¢. Hence 
| p(s’, t') — p(s, t)|<e when | s’—s | and |t’—¢| are each less 
than ¢ and therefore y(s, ¢) is continuous in the region D’. 

An important case of this theorem is that in which ὦ, y, z 
are functions of a single variable ¢, so that the equations 
x=f(t), y=g(t), 2=h(t) can be taken as giving a curve; the 
function F(z, y, 2) or y(t) is therefore continuous for all points 
on the curve so long asthe curve is within the region of definition. 
When 2, y, z are functions of two variables the point (2, y, 2) 
is restricted to a surface. 


45. Partial Derivatives. Mean Value Theorem. In Chapter 
XI of the Hlementary Treatise partial derivatives have been 
defined and various theorems proved; it seems desirable, 
however, to re-state briefly the fundamental equations and to 
present a more systematic treatment of the theory of differen- 
tials. The student is recommended to revise carefully 
§§ 92, 93 of that chapter which deal with the rate of variation 
in a given direction (important for its applications in mathe- 
matical physics) and with the interchangeability of the order 
of differentiation, the proof of which is often found difficult. 

Suppose f(z, y, 2) and its partial derivatives ζω» f,, f, to be 
continuous; the increment df corresponding to increments 
h, k, lin x, y, 2 respectively is given by the equation 


Of =f(rt+h, νεῖ, 2+l)-f(x, y, 2), 
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and this may be stated in the form 
of=[f(at+h, y+k, 24+1)—-f(x, y+ kh, 24+1)] 
+[f(e,yt+k,2+1) -fe,y,2+)) + (fey, :- ἢ -f(x,y,2)]. 
By the mean value theorem for a function of one variable 
these differences may be expressed in the form 


hf (x Ὑ 6h, y+ k, z+), kf (x, Y Ele b0k, @ τὴ, Uf (2x, Y, 2+ 61) 
where 6,, 6,, 63 all lie between 0 and 1. Hence 

Of =hf (a+ Oh, yth, 2+) +f, (x, y+ Ook, 2+1) 

+1f,(@, y, 2+ Ool), «νον (1) 

or, since these derivatives are continuous and therefore tend 
to f,, fy, f, respectively when h, k, | all tend to zero 

Of =N( fg τωρ) + K(f, +o) + Uf, +s) 
=hf,+hfy tf, t+ (hay t+ keg +ladg) «««00ἀοννοννννννννννννν, (2) 


where @ , ὠς, w, tend to zero when h, k, | all tend to zero. 

Suppose now that x, y and z are functions of other variables, 
say functions of the two independent variables s and ¢, and 
that these functions and their partial derivatives with respect 
to 8 and ¢ are continuous; the function f(z, y, 2) is now a 
function of functions and its derivatives df/és and of/dt may 
be obtained at once by applying (2). 

Let s alone vary and let the increments hf or 6x, k or dy, 
1 or ὃς and ὃ correspond to the increment ds of s; if each 
member of (2) is divided by 6s and the limit taken for dés—0 
the last three terms in (2) will tend to zero because w,, We, ws 
tend to zero while their coefficients are finite. We thus find 
928 and by a similar process of/dt, their expressions being as 
follows : af afd« af ay  afaz 

δὲ Br 0s * by 08 ' 02 08" 


Of _of dx , of dy , of dz 

Ot dxdt dydat dzat 

The method is obviously the same whatever be the number 

of variables in (2) or in (3); if x, y and z were functions of one 

variable only, say functions of ἡ, the notation dz/dé, ... instead 
of δ δὲ ... would be used. 

The equation (1) can be expressed so that instead of three 

fractions 6,, 0, 0, there shall be only one, and this alternative 

form is often useful : it has in fact been already given in § 157, 
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p. 409, of the Elementary Treatise for the case of two variables. 
Let F(t)=f(x+ht, y+kt, 2+lt); then by the mean value 
theorem for a function of ¢ 
F(t) — F(0) =tF'’(6t) 0<6<1. 
It is proved in § 157 that 
ΓΝ -( τι S415.) fet, yt hi αἴθ, 
and if we now put θὲ for ¢ in this expression for F’(t) and make 
¢ equal to unity we find 
flath, ytk, 2+l) —f(a, y, 2) =hfe ἘΠῚ, + Ἰξζρννννννοςς (4) 
where f, means the value of Of(x, y, z)/@x when x+ θ᾿, y+ 0k 
and z + 61 have been substituted in it for x, y and z respectively 
with similar meanings for f,, f,. This notation is not at all 
suggestive ; an alternative notation is f,(z +6h, y +0k, z +6l) 
which is suggestive but cumbrous. 
The equation (4) gives the Mean Value Theorem for functions 
of more than one variable. 


Note. The earlier examples in the Exercises at the end of 
the chapter should be worked at this stage. 


46. Differentials. The equation (2) of the last article has 
an important meaning in itself. For many purposes a valid 
approximation for the increment df is desirable, and such an 
approximation is deducible from (2); but the expression for 
the approximation has also very useful applications to the 
problem of differentiation and change of variables, so that it 
is very desirable that the student should have a thorough 
grasp of the meaning and working of the differential, as the 
expression for the above approximation is called. 

Let a principal infinitesimal (#.7'. p. 195), 9 say, be chosen 
when 62, dy, 6z or h, k,l are infinitesimals ; for example, let 
eo =,/{(dx)? + (dy)? + (62)9} or g=| dx|+ | dy|+ | δα] 
so that h/o, k/o and 1/9 can not exceed unity (numerically). 
The part hw, + kw, + lw, of the increment of df is an infinitesimal 
of a higher order than 0 since its ratio to ρ is numerically less 

than the sum Joo, | + [ὡς] + [ὡς] 


which tends to zero when h, k, 1 tend to zero. The other part 
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of the increment df is called the differential of the function 
f(x, y, 2) and is denoted by ἀξία, y, 2) or df, so that 


Df =f ΟΞ OY] 02a ον peicweenee aes (1) 
The differential df is a valid approximation for the increment δῇ 


when each of the increments 6z, dy, δὲ is ‘‘small’’; this 
approximation is of very frequent application. 

There is, however, another aspect in which the subject may 
be considered, namely, that in which the differential sums up 
a whole set of derivatives; there is no question now of 
approximations but rather of useful rules of operation. 

If x, y, 2 are independent variables the part 

f,6x+f,oy+f,62, that is, εἰ δα +. af 
of the increment δῇ is called the differential of f(x, y, z) and is 
denoted, as before, by df(x, y, 2) or df simply. The term f, δὰ 
is a partial differential and may be denoted by (df),, with 
similar meanings for (df), and (df),. The equation (1) 15 now 
considered simply as defining the differential when the varvables 
x, y, 2 are independent. 

Suppose now that x, y,2 are not independent but are 
functions, say, of two independent variables 8, ἡ; the function 
f(x, y, 2) is therefore a function, say F(s, ἢ), of the independent 
variables s,t. By definition 

af (x, y, 2) pees : Sow ᾿ — Oe ee (2) 


Now Py=fes. +f, ΤῊ a 
_¢ 8% » OY, Oz 
Bafa qq tly δὲ tS 5p 

while, since x, y, z are functions of the independent variables 


s, t, their differentials are given by the equations 
Ox 0x 


dx = x 08 + κι ob, OY =e 2S ae 
Hence 
df =d Fs, t)=f-( $268 +2 6t) + filo.) +hel-o) 
so that Of =F dt] AY Pf de. εν τς ον λε ρου ξέρες (3) 


The forms (1) and (3) for the differential df differ in nota- 
tion; in (3) the differentials dx, dy, dz take the place of the 
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increments δα, dy, dz respectively. Now the increments are 
arbitrary and no confusion can arise if they be expressed in the 
notation of differentials (see §35); in fact, if a function of a 
single variable f(x) be taken as a special case of a function 
f(x, y, 2) of three variables we can take z itself as the function 
and then dz=f,édx=0x. With this change of notation we now 
have the theorem 7 af ἊΣ νι af 


df = ay 
whether the variables x, y, z are independent or not; df is the 
total differential of the function f(z, y, 2). 


dy + δ᾽ ἃς spe waenatnsancwenrs (4) 


Note. If by any process the total differential df of a function 


of any number of independent variables 8, t, u, ... has been 
expressed in the form 
Af=Pds+Qdt4+ Rdut in. cccccccccsecccccenes (5) 

where the differentials ds, dt,du,... of the independent 
variables alone appear and P,Q, #,... do not contain the 
differentials, then 

es a 2 _ of 

P=+, Q= R= ay tt 

For, by definition, 

af =2 as +0 at +2 Cb: Fone akeseiaiia dt (57) 


and the expressions (5) and (5’) for df must be identical ; since 
the variables are independent we may suppose every increment 
except one, say ds, to be zero, and then we find P=df/ds. 
Similar reasoning leads to the stated values of Q, R,.... We 
thus see that an equation such as (4) or (5) sums up a whole set 
of partial derivatives. 


Ex. 1. If w=(x? -- y?)/(x? oe and z =sin-! (ut) find dz. 


l 1 ae? + 
dz = wt du= y* 
ὯΣ (1 ( --ηδ΄ a ὅτ οὐ y (a? -- a 
pele ee ἘΝ ey) ey) 
ss (at -Ἐὐ)}} (ary? ” 


and therefore 
ota(y dx --α dy) 
(2? +y2)(a2 —y2)t 
The coefficients of ἀ and dy are 0z/0x and 6z/éy respectively, and may 
therefore be written down at once. 


dz = 
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Ex. 2. Ifzis given as a function of two independent variables z and 
y, change the variables so that x becomes the function and z and y the 
independent variables, and express 02/02 and @éxz/dy in terms of the 
derivatives of z with respect to x and y. 
When κα; and y are independent variables and z the dependent, a usual 
notation (which will be often employed) is 
oz 0z 052 6% 0%z 
Ὧν oy 2 aya? dxdy °? ay? 


First, express dz in terms of dz and dy; we have 


dz == dex +5, dy =pade +qdy. ἘΠ ΠΥ (i) 
Next, when z and y are independent and zx the function, we have 
Ox Ox 
dx == ς “2 5 ἡ ς- By Ys Tas Aacin lees a uaseassedeeas, (ii) 


Again, by solving (i) for dz we find 
1 4 oe 
7 ek) | ee! 5! DE ee nee PR eee oe ee Hi 
oo oo (111) 


Equations (ii) and (iii) must be identical by the above Note, and 
therefore i Ce οὐ 
oz p oy Pp 


See example of § 47 (Second Method) for a different treatment. 


Ex. 3. If wu and v are determined as functions of x, y,z by the 
equations 9(z, y, z, u, v) =0 and ψίζ, y, 2, u, v) =0, find the derivatives 
of uw and ν with respect to x, y, Ζ 

In the solution, to secure brevity, we use the notation of Jacobians 
(§ 55), namely, 


δίφ, Y) _ 
d(u, v) 


δ(φ, y) 


=PuPo-PoPus Bp ay = Pur Pr 


Yur Va 


Pur Py 
Pur Vv 


and so on. 


First Method. Differentiate y =0 and y =0 with respect to x, keeping 
y and z constant ; thus 
ou Ov 
Pet Puget Pose =0, YetYy Bat ¥° der ax =0. 
If these equations be solved for 0u/dx and dv/dx we get 
= δίφ, vy). δίφ, yp) ὃυ δίφ, yp) , δίφ, ψ) 


= 


δίυ, α) O(u,v)’? ou δία, ) ᾿ O(u,v)” 
In the same way the other derivatives may be found. 


Second Method. Use differentials. The total differentials dy and dy 
are zero ; therefore 
Py dx+ypydy+y,dz+ 9, du+o,dv=0, 
yrdx+yp,dy+yp,dz+y,dut+y,dv=0. 
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Solve these equations for du and dv ; we get 


δί(φ, ¥) gq, --ϑίφ; ¥) δίφ, ¥) ἢ 
Bu, υ) Be, a) * Bey) 


δίφ, ψ) ay —2(% ¥) 
a(u, v) O(a, u) 


δίφ, ψ) 

δίυ, 2) ; 
δίφ, y) θ(φ, ψὴ 

Biya) OY * atau) 
But du =e de τὸ δ᾽ ἂν + ay de dy = de +... 
The equating of coefficients of dx, dy, dz gives 


a δίφ, y) . δίφ, ψ) 


--φ, dere Aa 


O(v,2) ᾿ O(u, v)’ 


and the other derivatives may similarly be written down at once. 


dy + ~~ 


da + 


47. Higher Differentials. For brevity suppose that f is a 
function of two variables z and y. The second differential of 
f(x, y) is the differential of df(z, y), that is, d{df(x, y)] which 
is denoted by d?f(x, y) or simply d?f. Hence 


df =d(f,dx + f,dy) =da df, +f,d(dx) + dy df, + f,d(dy), 


or d®f —da df, + dy df, +fi,d?x + fyb Py. c.cececsceceees (1) 
Now df= 2 de + Ye dy =f + fas 

and df, -ϑν dx +i Sy ae =f Ax +fyydy, 

so that 


dx df, + dy df, =f..,(dx)? + 2f yada dy + fyy(dy)? 
τε, οὐ + 2f nyAX dy +fyydy’, 
and therefore 


df =f dx? + 2f,,dxdy+f,,dy? +f, + fy y. «νύν, (2) 

The question now arises “‘ how is the distinction made between 
the case of x, y as independent variables and that of x, y as 
functions of other variables’? ? The answer that is found to 
be most convenient is that, when z and y are independent 
variables their differentials dz and dy are taken to be constant 


so that d’x and d?y are zero. Hence when x and y are 
endependent 
df (x, y) =d*f =f,,dau? + 2f,,dx dy + fy Ay, ---cccee (3) 
while if x and y are not independent d?f(x, y) is given by (2). 
In the same way the third differential d(d?f) or ἀ3 and higher 
differentials are defined; when x and y are independent 
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d*x, d'x, ... and ἄϑῳ, d+y,... are all zero. Thus one part of d°f is 
formed foi the first term in the expression (3) for d?f and gives 


of. of 
2 2 2 LE “ὖ LE 
Al ,ω45] =dx? df... = ax | Se dx +- ay dy |, 


or A ER ae ΕΠ (4) 
and for the value of d3f when x and y are independent we find 
Af ΞΞ [608 + δ ων χϑαν + δυνά by? ,ννάψϑ..ἁἀἁοςςς (5) 


If x and y are not independent we must in finding d?f take 
equation (2) and include the terms that arise from dx and dy 
which are no longer constant. Thus to find d[f,,dx?] we must 
add to the expression (4) the term f,,d(dx?) or 2f,,dx dx since 
d(dx?) is 2dx d?x. 

The notation of differentials gives a compact form for 
Taylor’s expansion of f(x +h, y+k) when h=dz, k=dy and 
h, k are constant ; the form is simply 


S(at+h, y+hk) yap dfs Sl 4 4 bid τ υον νὸ τ νον (6) 


and the series on the right is of the same form whatever be the 

number of independent variables 2, y, z, ... , it being noted that 
af(x, y, 2, ...)=f,dat+f dytfidzt+.... 

(See #.7'. p. 508.) 

It must be specially noted, however, that when ὦ, y, z, .. 
are not independent the expressions for d?f, d°f, ... have no 
longer the simple forms given by (3) or (5) but involve the 
higher differentials of dz, dy, dz, ... 


Hx. Take Example 2, ὃ 46, and express the second derivatives of x 
with respect to z and y in terms of 7p, q, 1, 8, ἵ. | 
Furst Method. We have Se) oY 2 Ξ ΙΗ ΡΥ (1) 
02 p oy p 
From the first of these equations we find i taking the differentials 


Che 1 O72 _ dp | . 
d (2 =d (5). or, B22 dz + ioe dy = ~ pt ee ee (11) 
Now dp = FP. ἄν + 22 oy ἝΞ =rdx+sdy, 


since p is given as a function of x and y. In this expression for dp put 

the value of dx in terms of dz and dy, namely (dz —qdy)/p, and the 

equation (ii) takes the form 
0%x 022 


δὲ dz 2+, Y= ~ + 


rd =8P g 
pe “5' 


§ 47] HIGHER DIFFERENTIALS 111 


In this equation we have only the differentials of independent 
variables, and can therefore equate the coefficients of dz and dy respec- 
tively ; hence 

O*x r ox rq -- 8} 
op? deoy ρὲ“ 


In the same way the second of equations (i) gives 


02x Cx, pdg—-qdp 
dady + oye Y= pe 

But dq = ὡς oe aed ay =—sdzu+tdy 
Ox oy ἣ 


and substituting as before for dx in dq and dp we find 
2 2 joe ἜΣ; 2 »»,γᾺῳ 
δ᾽ a, 0% dy ="1—P de + 3Ρ49 — ὕρϑ - τᾷ dy. 


Oz Oy 55: oy? Ὁ 
2 es ee 
and therefore Se 
y Pp 
the value of 02x/8zdy being the same as before. 
Co xr Ox / Ox )-Ξ - 82 
ms oz? Oy? (5 oy/ ~~ —s pt 
Second Method. Suppose z=/(x, y); then 


oz ὃ: 
P=5,>Se 1 Sy =fy. 


If the equation z=f(x, y) is solved for x in terms of z and y, giving 
«=((z, y) say, then the partial derivatives with respect to z and y of 
any function »(z, y) are given by 
(22) 20 22, (29) _ ὃν a, ap 

ὃς, Oa Oz’ δ.) Be Oy oy" 
ὃ 
Here (=) and ( δ.) are the total derivatives οὗ y with respect to z and ψ. 


The function y(x, y) contains z, since ἃ; is now a function of z and Ys 
and contains y explicitly as well as through 2, thus bringing in the 
additional term dp/dy. The two values (ὃῳ ὃ.) and Oy/Oy are quite 
different. 

Now differentiate the equation z=f(x, y) with respect to z and y 
respectively ; we find 


eo (916, ») ‘ ap Ox | ὃ: 11 
oz Oz ᾽ that is, } τοῖς oz’ so that ὃς ἢ.» . 
i Ox —1/ep\ -1 da δ: -ν 
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since p is a function of « and y. 
2x = (2 2 = =(25 Ox +32 |= τς Nea υς 


oz oy p* Ox byt oy 
sao or (8) - a(é δ) - 2Pg8 18 —r¢ 
dy? P\ oy dy/ 17 ΓΝ ͵ 
; (2). Og Ox Og | q 
since (52 ax By t dy ee 


The student should note carefully the two different meanings of the 
symbol dy(x, y)/2y. When « is independent of y there is no ambiguity, 
the derivative being as usual; but if x contains y the derivative is a 
total derivative (see H.T. p. 212 and p. 219). 

If the relation between x, y and z is given by an equation of the form 
F(x, y, 2) =0 we have, when z is considered as a function of z and y, 


P, +P, 5 =0, or p= -F,/F;z, 


and similarly g= -- ἔς 
When F =0 is taken as defining x as a function of z and y we find 


δ , Or “F, 1 
P,+ ἔρος 0, ὃς - Fp’ 
Ox Fy 


Ox 
The rest of the work is as before. 


48. Change of Variables. If y is given as a function of ὦ, and 

if the variables are changed by the substitutions x=9(w, v), 
y=(u, v) so that v becomes a function of u, the problem of 
expressing the derivatives of y with respect to x in terms of 
u, v and the derivatives of v with respect to wu has been briefly 
discussed (H.7'. p. 234) for the simple but important case 
2=vcosu, y=vsinu. The method is quite general and the 
student should have little difficulty in applying it to a given 
case. Thus 

dy dy .dz dv dv 

den du d= (Po Pegg) * (e+ Poa) 
dy (ἃ dy) de 
dz? \du ἄχ) ᾿ du’ 


Po ἢ d (dy dx | 
and the derivatives ἫΝ ( 4) and du 819 easily found. 


The problem of change of variables for functions of several 
variables is distinctly harder. A special but very important 
case has been worked out fully (1.1. pp. 237-240), and the 
principles that underlie the solution in that case will now be 
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illustrated in some detail, particularly for a function of two 
independent variables. 


Problem I a. If z is a function f(x, y) of the independent 
variables x, y and if x, y are changed to new independent variables 
u, v by the substitutions x=(u, v), y=y(u, v) it is required to 
express the derivatives of z with respect to x, y in terms of u, v and 
the derivatives of z with respect to u, v. 

The student must pay particular attention to the meaning of 
the symbols. Thus 0z/0x means the partial derivative of z 
with respect to x when y is constant, while dz/du is the partial 
derivative of z with respect to w when v is constant, z being now 
expressed in terms of u, v. 

By § 45, (3), we find 

dz ιν dzdv ὃς dz du az av 
Or δε on Oe? ὃν dw dy dv dy’ Sone eas (1) 

To obtain du/dx,...,dv/dy, differentiate the equations 
z= (u,v) and y=y(u, v) with respect to x and y respec- 
tively ; thus, differentiating with respect to x, we get 


_Opou dy dv _ Ou dv 
bu Oat Gv Gx? OT = PuRe + Φυξ, 
ο. ϑφϑὼυ Ay dv Ou dv 


~ Bu dt ὃυ an? OT C= Peat Poa» 
and these equations give 
OU YP, ὃν 7 
Ox “7 , De = ΠΩ See en (2a) 
while, by differentiating with respect to y, we find 
Ou φ, WwW φ, 


where J is the Jacobian (see ὃ 46, Ex. 3 or ὃ 55) 


3: -  Οίφ, yp) O(a, y) 
J = Pu Yo Py Yu = δι, v) ~ O(u, v)” 


The equations (1) now give the required values of dz/dx and 
dz/dy, namely, 


ὃς Yr, dz p, dz 02 φρυϑὲ om, d 3 

dz ὦ du J δι’ dy ὁ Out δυ “ " (3) 

We may also proceed as follows. By § 45, (3) we havo 
Oz 02 Ox dz dy dz dz Ox dz dy 

δὼ dx But By Bu? ὃν dz dv * By By? ccs (1’) 

and if these equations be solved for dz/dx and dz/Oy in terms of d2z/0u 
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and 6z/@v we find the values given by equations (3), it being observed 
that dx/du, ..., 9y/ov mean the same thing as gy,..., Py respectively. 
Equations (3) are of the form 
dz Oz Oz dz dz 0z 
ax =Ay+Be, oy =O εἰ Dy. ee re (4) 
where A, B, C, D, dz/du, δε ἄν are all functions of wu, v and do 
not contain x, y explicitly. We may therefore say that 02/0x 
and dz/dy are functions, F(u, v) and G(u, v) say, of the new 
variables u,v. Hence, to find 0?z/dx? we put F(u, v) in place 
of z in the first of equations (3) or (4) ; thus 
dz ὃ. /dz\ ὃ OF oF 
amas) Ὁ Κα, v)=Aa Ba. iiiivaess (5) 
the function dz/dx of x and y being F(u, v) when expressed in 
terms of ὦ and v. In the same way we see that 


ον Oz 0G oG 
aa = 5, (36) =o Gu, v) =C5 + DS 
a 28/82 Η 8 ag 
ὑὸν" oy) “δε ᾿ δ υ)--Α τς + Ba. aio eeutecalecns (5a) 
02z 0 /0z oF oF 
OF δεν = ay (de) 73 Bye POG te oe 


When the derivatives are expressed as in τὴ we may say that 
the operators 0/@x and @/dy, applied to any function w of x 
and y, are equivalent to the operators 

AX +Be ond CL+De. 
respectively, acting on w, where w, is the value of w expressed 
in terms of w and v. 


The value of 02z/dx? is thus seen to be 


025 025 ο. ΟΑ δε 080: 
55 -Α(ΑΚ ΣῈ Boat δα ant ὃς be) 
022 02, @Adz daBaz 

+B(Ag a, Ov “" Ov ou 30 δ) 


oz 0A dA\ dz 
=A Tat 348 ae + Β' δὰ τ(Α τι + BS) on 
+( +(A OB 0B) dz 
du) θυ), av’ 
and the values of 022/dy? and 02z/dx dy may be found in the same 
way. 
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The higher derivatives may be obtained by exactly the same 
method; fortunately they are not often required. The 
algebra of the transformation is tedious but the method seems 
simple. 


Ex. 1. If 2x=rcos 6, y=rsin θ show that 


052..-. θ αἱ 0 oe cos? --5η5θ 072 cos θ sin θ δ52 
Ox Oy arate apse r Or 00 γ3 06? 
cos 6 sin 6 dz_cos* 9 —sin? @ oz 
7 r or 7 a0 


See 4.1. p. 236, equations (3) and (4). 


Problem Ib. If the relation between the old and the new vari- 
ables is given by the equations u= (x, y), v=y(x, y), express the 
old derivatives in terms of the new. 

It is of course understood that the equations determine x 
and y as functions of uw and συ, or that they can be solved for x 
and y in terms of wand v. In this case the form of the solution 
is simple ; we have 

dz dz dz Oz az dz 

ὃ; bu P*t By Po dy au?’ ay? | 
where the derivatives 9,, pz, Py, Y, must now be expressed in 
terms ofuandy. The higher derivativesare then found as before. 


ProblemIc. If the relation between the old and the new vari- 
ables 1s given by the equations g(x, y, u, v)=90, p(x, y, u, v)=9, 
express the old derivatives in terms of the new. 

Assuming that the given equations define each pair of the 
variables in terms of the other pair we proceed as follows. 
The functions to be determined are the functions A, B, C, D 
of equations (4). It may be possible in a given case to find 
the expressions for uw, v in terms of x, y or for x, y in terms of 
u,v, and when these are found we can apply one of the two 
methods already given. If the expressions just mentioned 
cannot be found conveniently we calculate du/dz,..., dv/dy as 
in § 46, Ex. 3; these values are | 

du Θίφ, ψ)ὴ δίψ, φὴ ὃν δίφ, y) Θίφ, ¥) 
Ox δίυ, x) O(u, v)’ Ax” A(x, μι) A(u, v) 


du δίφ, v) δίφ, yp) ὃυ δίφ, ψὴ͵ 99, ψ) 
oy ϑίυ, ψ) ϑδίμ, v)’ dy Aly, uw)” A(u, υ)᾽ 
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When these values of the derivatives of uw and v are inserted 
in the equations (3) we have the formal expressions for 0z/dx 
and 0z/dy ; if in these expressions the values of x and y in terms 
of uw and v are substituted we shall have equations (4) and can 
then find the higher derivatives as before. Even when 2, y 
cannot be conveniently expressed in terms of wu, v the values 
of du/dx,..., dv/dy given by equations (6) are often useful, and 
the student should note carefully the method by which they 
are obtained. 


Ex. 2. Apply equations (6) to show that 


(i ϑίφ, Ψ), ϑίω, ὁ), ϑίφ, v) Gey δέω, Y) , Bl 0) _ 
O(u, v) O(a, y) O(a, y)’ O(u, v) O(x,y) 


Problem II. Jf z is a function F(x, y) of the independent 


variables x, y, and if all the variables are changed by the sub- 


stitution 
x=f(u,v,w), y=g(u, v,w), z=h(u, v, w), ......... (7) 


it 18 required to express dz/dx and dz/dy in terms of u, v and the 
derivatives Ow/du and dw/dv of the new function w with respect 
to the new independent variables u, v. 

It is supposed that equations (7) determine u,v, w as 
functions of x,y,z. The equation z=F(z, y) becomes an 
equation between u, v, w which defines a function w of wu, v. 
Hence z may be considered as a function of x, y where 2, y are 
functions of u, v, w, and w a function of wu, v ; we may therefore 
find (dz/du) and (dz/dv) in terms of 0z/dx and dz/dy by the rule 
for ‘‘ function of afunction.’’ The forms in brackets are meant 
to indicate that z is a function of uw, v and another variable w 
which is also a function of u, v. 

Thus when z=h(u, v, w) 


02\ ΟΣ 02 dw Ow 
(= a5 Fs oe lig t Thy ae ὐννννννννννννννι, (8) 
and there are analogous expressions for (02/dw), ... , (dy/dv). 
0z\ 02/0x\ Oz (dy 
ow (5a) = as an) + ay (ae) 


since z=F(x, y) and x, y are functions of τ, v, w. If we 
now insert the values of (0z/du), (dv/du) and (dy/du) as given 


§§ 48, 49] CHANGE OF VARIABLES i17 


by (8) and apply the same method to (0z/dv) we find the 
equations 
dw dw \ dz dw dz 
Me bene λυ λοι bet (2 seb) (9) 
Ow dz Qw\az ὁ 
hy + h,, ᾿ =(f, Ἐδὼ; ἜΡΙΣ Ἐ(σν Ἐρω δ0)}δὴ 
Equations (9) when solved for 0z/dx and dz/dy determine 
these derivatives in terms of dw/du and dw/dv. As a rule, the 
coefficients in the expressions will involve all the variables, 
but as x, y, 2, w are all functions of wu, v, the solution is theoreti- 
cally complete though in practice the actual determination of 
the explicit forms in terms of τι, vy may be very laborious. ‘The 
values given by (9) are, however, of great importance in many 
applications. 
Equations (9) may be found by using differentials, thus : 


dz dz 
dz= τς eer i ΡΟ ΡΟ. 


Now express dz, dy, dz in terms of du, dv; then 


(22) au (22) dv=p{ (2) au-+ (2) ao]+a[ (2H) du-+(%) a0} 
Equating coefficients of du and dv we find, using (8), the 
values given by (9). 


49, Special Cases. In problems involving change of variables 
it is frequently required to transform a particular expression 
involving a combination of derivatives, and the general methods 
given above can often be modified so as to reduce the algebraic 
work. The following example illustrates an important case. 


0" 2 
Ἐχὼ. 1. Transform the expression oat ah by the substitution 
x=(u, v), y=y(u, v) and show that 


δ οὕς: (52, + 2:8 o . (4), where J =(32)'4 (= ° 


| Bx? t by? avi)? ov 
: Ox Oy ὃ oy 
if au Bw’ av -- τ δι" eee ee een eee esesenseoesesseees (i) 


In this case it is much simpler to transform from derivatives in u, v to 
derivatives in x,y. No doubt, by this method the transformation is 
rather verified than proved, but the method of verification is important ; 
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a straightforward application of the general method would be tedious. 
We have, using the subscript notation to save space, 


Ox δ sah 
Tai πῆρ δι, τῆν 5 ἀξ ξεθό τι να ϑον νὸν εἰὐὐλα ον ρίμο δ (il) 


In finding fuu the factors dx/du and dy/du are obtained by differentiating 
with respect to u; the values of δ΄, δ and @f,/du are found by 
substituting ἢ, and ἤν respectively in place of f in (ii). 

τοὶ 5 ὃὲψ 0X δῇ, OY fy, 
Τρυθ Suu τοῦς δια Sy Saat Bu Ou Ὁ δὲ Bu? 


but, by (ii), 


ὃ ὃ 
Le eee OU +fey of ον ΕΣ: = hy 
9 ὃ δ oy\? μον 
so that fun Se 5.8 thy 4+ 7 or) 2: Ὁ Ν ey ees (iii) 
In the same way we find 
Ox ὃ oy\? : 
Foo yee wa +f, 2¥ Sat (2). Tin +2— ὃν δι γεν + (34) Sov ΠΥ (iv) 


The expression fy, +fyy involves some symmetrical combinations of 
the derivatives of x and y which in virtue of conditions (i) reduce the 
whole to a simple form. We have 


ἀπ τὰ 0420 (B) 00}. (2) 
τ δίω, v) dudv  dvou \du/ ᾿κδυ) ἴδω) T\B0J oc (v) 


ὃς δῶν O dy Cr On 0% 


Out Ou be Bb Ou τυ’ But apa =? sd asad Cee eee (v1) 
2 2 
and in the same way 3} cy Oe aC atau es ne seeaemupneseee (vii) 


Ox Oy ᾽ν Ox du Ox Ox 


Also dudu' δυὸ du Bvt dv Ov Ou 


| een ero eae (viii) 
If we now add corresponding sides of (iii) and (iv) and take account 


of (v) ... (viii) we find 
Jus thee = (fron ἜΖωυν)- 


_ Hence, if f satisfies the equation f,,+/,,=—0 it also satisfies the 
equation ὕω +f», =0 since J +0. 

If x and y are interpreted as rectangular coordinates the equations 
x=y(u, v), y=y(u, v) determine, by assigning constant values to τ 
and letting v vary, a family of curves (ὦ =constant), while if v is con- 
stant and u variable the equations determine another family of curves 
(v=constant). The equation (viii) shows that the two families are 
orthogonal—that is, at each point where the two sets of curves intersect 
the tangent to the one curve is perpendicular to the tangent to the 
other. Whenever the curves are orthogonal the equation Fox +fyy=9 
becomes /,,, +f, =0, that is, does not alter its form. 
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It is not hard to prove that, when the equations (i) are satisfied, the 
equations (i), (vi), (vii) and (viii) will be satisfied if x and wu are inter- 
changed and also y and v—that is, if x and y become the independent 
variables and u and v functions of x and y; the Jacobian J will become 
I/J. (See ὃ 48, Problem I.a). The proof of the relation (A) by applying 
the general method may then be carried out, as above. 

The student may, as an exercise, work out the transformation when 
x =cosh u cos v, y=sinh usin v; the two families of curves are confocal 
ellipses and hyperbolas. 


Ex. 2. Τὶ: 15 a function f(x, y) of the independent variables x, y, and 
if the variables are changed to the independent variables u, v and the 
function w where 


“U=—-= γε: 2 wW=px +qy —z (i 
=55 =P: εἶ, = PEAY — Sy ccccccccscacccacee ) 


find the first and second derivatives of w with respect to u, v. 
Apply the method of differentials. We have 


dw=pdx+adp+qdy+ydq-—dz=xdp+ydq 


since dz=pdx+qdy, 
so that dw=xdp+ydq=xdu+ydv. 
_ Ow Ow Ow ow 
But dw =a du + Bp dv, so that δι, “Ὁ Bp 7 Y: 
If 0w/du =P and dw/dv =Q we therefore have 
c= a, =f, Y=3, =Q, 2 =PU+Q --τὖς ..«ννννννννννον (ii) 


Let R=w/du’, S=0%w/dudv, T=d%w/dv?, the symbols γ, 8,8 
denoting the corresponding derivatives οὗ z as to x, y (§ 46, Ex. 2). 
Take the differential of P ; thus 


dP = du + 2 dy = Rdu+S dv. 


Now, expressing these differentials in terms of dx and dy we get 
dP =dx, du=dp=rdzx+sdy, dv=dq=sdz ταν, 
so that dz = R(rdzx +sdy) +S(sdx +tdy), 
and therefore, equating coefficients of dz and dy, 
Rr+Se=1, Rs+St=0. 

Hence ᾿ R=t/(rt —s*), S= —s/(rt — 88), 
and, by a similar method, 7 =r/(rt -- 83). 

It is easily shown that RT -- 53 =1/(rt -- 82) and therefore 

r= T/(RT - 53), = -S|(RT - 83), t=R](RT -- 81). 
The transformation fails if rt — s?=0. 


' The transformation is known as Legendre’ 8 (see Forsyth, Diff. Eqns., 
4th Ed., §§ 202, 203). : 
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The following example illustrates a change of variables that 
sometimes causes difficulty through failure to notice the precise 
meaning of the symbols. 


Ex. 3. If z is a function φία, y, t) of three independent variables 
x, y, t, and if two of the variables ὦ, y are changed to two other inde- 
pendent variables u,v by the substitution x«=/f(u, νυ, t), y=g(u, υ, b), 
find dz/@ when z is expressed in terms of u, ν, ἕ. 

If φία, y, t) becomes y(u, v, ὁ) when the substitution has been made, 
it is plain nea while z =y =y, the variable ὁ occurs in p(u, v, ¢) in quite 
a different way from that in which it appears in 9(z, y,t); hence 
though g =y it is not possible (in general) to have ὃφ δὲ = oy/ ot. 

The simplest way of treating this and similar cases is to change all 
the variables ; the substitution will then be, if ¢=s, 


L=f(u, Vy, 8), Y=QG(Us υ, 8), LHS. oc cereceecceneeren eee (1) 
Now denote z by 9 or by y according as the differentiation refers to the 
old variables x, y, t or to the new wu, v,s; by the usual rule we now have 


Oy Op dx dy dy ὃφ ot 


- -τ-τ ---- 


ds Oxds dy Os dt ds" 
From (1) we get 07/03 =fs, 8y/8s τες, Ot/0s =1 and therefore 


We might by finding dy/éu, dy/av complete the transformation in the 
usual way, but the difficulty to be noticed is that 6z/0t, when z is 
expressed in terms of τ, v, t, is equal to the expression on the right of 
equation (2) after t has been substituied in wt fors. Thus if c=f(u, υ, t), 
y =g(u, v, t) the required value of 02/0 is 
oy Of ap og ὃφ͵ 
dx δὲ dy δὲ St’ 
and the expression is often, indeed usually, written as 
ὃς Of ὃς ὃς oz 
da Ott By δὲ * δι᾽ 
on the understanding that z is (2, y; ¢). 
If the required value of @z/0t be denoted by (82 δὲ) we have 
Oz\ ὃς ὃς Of ὃ: og 
(8)- δι Sx δὲ Oy δ᾽ 


In this simple case if the new value οὗ 62/d¢ alone is required we may 
at once apply the rule for differentiating a function of a function; we 


thus find 22) dz On ὃς dy ὃΖ dz Of dz Og 2 
(ξ δ tt ὃν δὲ | Ot dx δὲ dy δὲ 
50. Elimination of Functions. By the elimination of con- 
stants it is possible to form Ordinary Differential Equations 
(E.T. Chap. XX); we shall show by means of examples that 
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Partial Differential Equations may be derived by the elimina- 
tion of functions. The general theory is quite beyond our 
limits, and for it reference must be made to works on Differential 
Equations. The notation p, q,7r,s,¢ for the partial derivatives 
of z with respect to x, y will often be used in the text and in the 
Exercises (§ 46, Ex. 2). 


Ex. 1. The equation “--- Ff ( =), where ἢ denotes any function 


(an arbitrary function), represents a cone which has the point (a, 6, c) as 
vertex and whose generators are the lines given by (x —a)/(z —c) =/(t), 
(y —6)/(z —c)=t. Show that the differential equation of the cone is 
z—c=(x -a)p +(y —6)q. 
Differentiate the given equation with respect to x and y respectively ; 
thus, if df(¢)/dt =/f’(t), 
(2 —c) —-(@ —a)p= —(y - ὃ) (ἢ) 
—(% —a)q ={(z -- οὴ —(y -- )4) [ (ἢ. 
Eliminate /’(t) between these equations and we find, after a slight 
reduction, the equation stated. 
It will be noticed that the differential equation is independent of the 
particular function denoted by the symbol f; the function may be a 
polynomial or any other function so long as it is differentiable. 


Ex. 2. If z=f(%+ay) where a is constant and f is an arbitrary 
function show that ¢=ap. 

Let x +ay=t; then p=/‘(t) and g=af’(t) so that q =ap. 

In this case we may prove the converse, namely : if g=ap show that z 
is an arbitrary function of x+ay. Change the variables by the sub- 
stitution ὦ τεῦ +ay, v=x —ay so that u and v are independent. 

Oz 02 Oz oz 


We find ea PLT oO a =F apt 


so that g=ap becomes 2052 =0. Hence z is independent of v and is 


therefore any function of τὸ or x +ay. 


Ez. ἃ. Iiz=axp (2 Ἐν (3) show that 
Ay + Bary 8 + Y2t =O, oo. cccccsacccnsccccccecccccs (i) 
and by changing the variables from z, y to u, v where 2 =u, y=w, prove 
that equation (i) becomes 82: δὼ =0. 
Let y/x=v and denote by an accent derivatives with respect to v ; 
then differentiating with respect to 2, y we find 


p=9(r) - ἔφυ) - ᾿ξ φτω), g=9'v) +2 90) 


so that p ἐξ 4 -- φ(ῃ), ...«εννννννννννν νον νιν νννμμνννεννν “) 
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Again, differentiate (ii) with respect to z, y; thus 


y τ, 1 1 
r +¥5 —~AaI=za Φ (0), 8 +2¢ +29 =59'(%) 


so that, by elimination of ¢’(v), 


ἘΞ 8 ΡΥ Oe ὑχονιο ονυρ δ ονννο ρους ον υλν (i) 
Next we have u=2, v=y/x and therefore 
δὲ vide 1 
“δ Udy’ u ov’ 


Op vop dz v 0% v2 Oz 2v dz 
Ou wov due udu δυ τ Butt τι3 By’ 
9 2729 _v Og_1 δ᾽ _v 852 1 o% 


2291 Og_ 1 Of 
~ Oy wodv ει dv?’ 
H : ; 032 07z ; 
ence equation (i) becomes εἰ aya =0 or Sul =0, the integral of 
which is z=Au+B where A, B are constants with respect to u but may be 
any functions of v; that is z=up(v)+y(v). Thus equation (i) has 


z=xy(y/x) +p(y/x) as an integral where ¢ and y are arbitrary functions. 
Ex. 4. Show that each of the functions defined by the equations 


z=ax +by +ab, .......6. (i) and z=2/(ay) ἘΠῚ .......000e (ii) 
where a and ὃ are any constants, are integrals of the differential equation 
Ζ τοῦ Ἔ YY ADs .ccecccecccsscecseceeeeeesseenes (iii) 


From (i), p=a,q=6, and elimination of a and ὃ gives (iii). 
From (ii), p=N(y/x), g=N(x/y) and therefore 
ap +yq + pg =N (xy) Ὁ (xy) + 1 =z, by (ii). 


The integral given by (ii) cannot be obtained by assigning particular 
values to the constants a and 6. (Compare H.T. p. 432, Ex. 2.) 


Note. When it is said that a function is an integral of a 
partial differential equation all that is here meant is that the 
differential equation may be obtained from the integral by the 
elimination of functions, as in Ex. 3, or of constants, as in 
Ex. 4, (i), or else that, as in Ex. 4, (ii), the differential equation 
is satisfied by the derivatives of the function, in combination 
with the expression for the function in terms of the independent 
variables. Whether, in any given case, more integrals than 
one exist and, if so, what is the character of the integrals is a 
subject discussed in works on Differential Equations, e.g. 
Forsyth’s Differential Equations, Chapters IX and X. 
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EXERCISES V 
l. If 2avz + 2byz +cz*=k, ax +by+cz=R, prove that 


02z 02z 02z 
$2" 2258 8 ΕΞ ἀΠοΠοΠΠ 
R aa 4 k, R Bx dy abk, R Byt δῆ. 
2. If χ8 - ϑίας +by)z --οδ, prove that 

2 O72 02z ΟΣ, 2χ(ας +by)® 

ἐδ 5 ea " Seay ὁ" oy? =o + by +27)3" 


3. If axz® ὃνδ +cz* + 3hayz =k, show that 


0522 
2γ8 
(δ ἦν +02?) δ. ὃ 


4. Τῇ u=logl {a +(x? -- ψλ) δ (ὦ -- (x? -- ψΞ)8}1, then 
du =2(y dx --α dy)/y(x* -- ν᾽). 
δ. If u=cos7?((]1 —zy)/(l+a7+y? + ay2)8], then 
du =da/(1 +x?) +dy/(1 +y?). 
6. If cu* + 2yv —4ry=10, yr? —-2ru+y?=15, prove that 
Ou 4yv-2u-u%y ὃν 4y+u? 


—— = =_—>—_——— —— 


=hk(h ὧν — cz*) --  2(αδο + h®)x*yiz, 


du_2y+4av—v? ὃν 45 — 2yu -- 2v — we 
dy Qu(uv+l)* ὃν 2y(uv +1) 
7. If z=a tan™ (y/x) show that 
(i) (1 +q@?)r —-2pqs +(1+p?)ti=0; 
(ii) (rt — s?)/(1 +p? +q?)? = —a*/(z? +y? +a#)?. 
If z =a cosh“! {(a? + ψϑγὲ [α] show that equation (i) holds but that in (ii) 
(x? + y?)? must be put in place of (x? + y*  α3)3. 
8. If φία, y, 2) =0 and y(z, y, 2) =0 show that, when these equations 
determine y and z as een of x, 
dy _ (9, ψὴ [δί(φ, y) dz δθίφ, ψ) [δ(φ, ¥) 
dx δίς, x) / ay, τ) da δία, y)/ δίῳ, z) 
9. If =y? +272, n=22 +074, (=2%2+y-* and if uw is a function of 
x, y, 2 prove that 
Ou 
δε εν δ. +8 oe ἜΣ ot α(Ε δε δὲ +15 = +3) 
Ou ou 
᾿Ξ: “χἕ 
=4(y δὲ δὲ +2 On +2 δ.) 
10. If σ-αι,ξ Ἔδιη, ν Ξεαςᾳφξ +a, (αχὸς Ἐξ α4Ὁ.), and if f(z, y) become 
F(&, ἢ) when expressed in terms of &, ἢ prove that 
of of or oF 
Ly az * M1 By = =O, aE δὲ +m a an’ 
where é,, 7, are the values of ξ, ἡ when 2, y, are the values of ὦ, y 
Extend the result to n variables 21» Z,..., %, and &, &,...5 &,- 
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11. If f(z, y) is a polynomial of degree n in x and y and if 
inf (ax/t, ylt) = p(x, y, ἢ) 
prove that τῳ, + YPy tive =ngq, 
and that, if f(a, y) =0, 
(wp, + yp, +tge]ee, =0, or αἵ, τῳ ἘΓφε]εται =0. 

Deduce that the equation of the tangent at (zx, y) on the curve 

f(x, y) =0 is, X, Y being current coordinates, 
Xfz+ Yfy +{9lim1 =0. 

Find also the corresponding form of the equation of the tangent 
plane at (x, y, 2) on the surface f(z, y, 2) =0. 

12. If f(z, y) =U, +Ug_1 +... +Uy+Ug, Where uy, is a polynomial in 
x, y that is homogeneous and of degree r (u, =const.), show that the 
equation of the tangent at (x, y) on the curve f(z, y) =Ois 

ΧΙ, ΕΥ̓, +Ugiy + 2Up_e t+... +(m —1)u, +nuy =0. 

If u, =ax + by, prove that the polar of the origin is 

aX +bY +nu,=0. 

Find the corresponding equation of the tangent plane at (xz, y, z) on 
the surface f(x, y, 2) =0, where τ, is now a homogeneous polynomial of 
degree r in 2, y, 2. 

13. Change the variables xz, y, z in the equation 

e ou ou ou 
Ox 
to ξ,η, ζ where =2/z, n=y/z, (=z and show that the equation 
becomes (du/o¢=nu. Deduce that wu is of the form ("F(&, ἡ), 1.6. 
2" F(x/z, y/z), and is therefore homogeneous. 

14. If ὦ is a function of the differences y —z,z-2z, x-y of the 

independent variables x, y, z, prove that 
Ou/Ox + OU] Oy + OW/OZ =O. oo... cece ccc cence eee e nee νον (1) 

Deduce hy a suitable change of variables a form of equation (i) which 

shows that u is a function of the differences of zx, y, z. 


15. If z=/[(ny —mz)/(nx —lz)] where f is an arbitrary function, prove 


that (na —lz)p + (ny —mz)q =90. 
16. If z —axz =f(z -- ὃν), show that 
bp +aq =ab, 


and give a geometrical interpretation. 
17. If w=logr+@ where r?=2?+y?, tan 0=y/z and z=rq(u), the 
function ¢ being arbitrary, show that 
(x +y)p -- Ἕα —y)q =z. 
18. If #=f(v) where u, v are functions of z, y, z, prove that 
O(u, v) Oz  O(u, v) ὃΖ O(u, v) 
O(y, 2) Ox O(z, x) Oy A(x, y)’ 
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19. If w=—p(x +at) +(x —at), φ, y arbitrary, show that 


Prove also that if the variables x,t are changed to y,z, where 
y =x ταὶ, 2 τεῷ -- αὐ equation (i) becomes 02u/dydz =0, and deduce that 
u=f(y) + F(z), (f, F arbitrary). 


20. If z is defined by the equation y =x¢(z) +(z), where p and y are 
arbitrary functions, show that 


(i) p+qo(z)=0; (ii) g®r -- 2}ᾳ8 + pt =0. 


21. In the differential equation r -- 2s +t=0 change the independent 
variables to u and v, where x =u, x +y =v, and prove that the equation 
becomes 02z/du? =0. 

Deduce that z=29(x+y)+yp(x+y) is an integral of the given 
equation. 


22. If z=f{x + p(y)}, where f and 9 are arbitrary functions, prove that 


ps =¢qr. 
23. If z is defined by the equations, ¢ arbitrary, 
22 
ἐφίο)ς ὦ — pla}, (wa) FO) ~y — g(a), 
prove that pq =z. 


24. If {2 -- φ(α)}}Ἐ =2%(y? -- αὖ) and {z -- y(a)} one) =axz?, show that 
Pq =xry. 


25. If z=ax+by+c where a, ὃ, ὁ are functions of a variable 4 that 


satisfy the equation 
da | db dc 
dat vaata= 


prove that rt-—s?=0. Give a geometrical interpretation. 


t—; =0, 


26. If z is a function of z, y and x =u+v, y =uv, prove 
oz y oF Oz Oz 
1} {5 Ὁ) ἃς aU - "oe (es Ὁ) 5-567 Be 
Ξ O(z,y) O(u, v) 
δία, Ὁ) B(x, y) τ᾿ 
27. If ὦ and v are functions of x, y defined by the equations 
_ OF (az, μὴ _ _ OF (x, u) uy 
ς΄ δὲ nr,” a 
where F is an arbitrary function, prove that 
o(u, v) 
a(x, y) 
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28. If f and fF are two functions of z, y such that 
of (x, y) oF (x, y) of (x, “) 5 OF (x, y) 
Oo = ὃν ᾿ oy ἢ on” 
prove that if z=rcos 0, y=rsin 6, 
δ 18} lof__ar 
or 700’ rod ar’ 
29. Change the variables x and y in the equation 
y*r --αὐ τ — Yq 
to u and v where u=2? -- y?, v = 2zy, and show that the new equation is 
ΠΥ a0 
dv” uJ ov 
30. If <=rcos 6, y=rsin 6, prove that the equation 
2 2 2 
ny (δ ot) - (at -v) Ze =0 


δα ~ dy? Ba dy 
ον ou 
becomes T3067 0, 


and show that u=rg(6)+y(r), where g and y are arbitrary functions. 


31. If X, Y denote respectively the operators 
A=2 x ἐν δ Yeas ty 5 
evaluate ΧΡ ἢ, Y2(rmy”). 
If p =0z/0x, ᾳ = 0z/dy, show that 
Χορ +y*q) = Υ (xp +yq +2). 
Prove that, if r is any positive integer, 
YX" =(X -1)rY. 


32. Prove that if in the equation 


02z 9 O2 3, ΟΖ er ee 

853 ἜΖων ae +2(y-y ) δὴ + x*y?z =0, 

the variables zx, y are changed to u, v, where χ τεῦ, y=1/v, the new 
equation is obtained by writing u for x and v for y—that is, z is the same 


function of u, v as of ὦ, y. 


33. If the variables x, y in the equation 
(x? + y?)(r +t) + τῳ 8 -ἰ 2} + 2yq =0 
are changed to u,v, where 27 =e%+e%, 2y =e% -- οὔ, show that the new 


equation is 
ΟΣ 07z 


re ahaa 


34. The coordinates of a point P with respect to two sets of rectangular 
axes with a common origin are (x, y. z) and (é, 7, ᾧ» and the direction 
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cosines of the second set of axes with respect to the first are 1,, m,, ἴα; 
In, Ma, Ng 3 Lg, Ma, Nz respectively. If wis a function of a, y, z, prove that 


with similar expressions for du/dy and du/dz so that the operators 
0/dx, O/dy, 0/02 and 0/0, 0/dn, δ ὃ are changed by the same formulae 
as the variables 2, y, z and &, n, ¢. 


Deduce : : : 7 
2 55) (3) a ὃ O74 
i (= = -- ͵)]Ί; (ἢ — = os 
ΡΣ Ox 4, 98 ΒΞ ἐπ ς δὲ" 
δλ2 ou\? /du\? ou \? 
where De) (δ (5) ἐ(2}) » ete. 


35. If r? =z? +42 +2?, and if the function f(r, 2) satisfies the equation 

O2u ὃν 07% O%u 
Loi, 0a δαλ᾽ dy * Bat 
deduce from Example 34 that the function f(r, le +my +z) also satisfies 
the equation, provided [3 +m? +n? =1. 


V2u= =0Q, 


36. If «=rsin θ cos y, y=rsin θ sin 9, 2 =r cos 6; prove that 


ΟΡ =sin θ cos ὅς =sin θ sin bad =cos 6; 
on P oy P az ἵ 
ὃ0 οοβθοοφ ὃ0θ οοβ θβῖπφ 00 sing, 
on r > Oy r see τ᾿ 
ops sing op cos oP Ὁ 

oa γβῖῃ θ᾽ dy rsin θ᾽ oz 


Find also the derivatives of x, y, z with respect to r, 0, φ. 


37. If wis a function of the independent variables x, y, z, prove, using 
the values in Example 36, that 
Ou du οοβ θοοβ φῦ sing du 


ag ne 5. r 00 rsin 0d’ 
δι. : du cos @sing du. cosg du 
go ea --- 36+ rain 0dq° 
Ou cos ὁ CU. sin θ ou. 
oz or r 06’ 


ΟΣ 
ay. z \O% or r 06 r sin θ 09, 
38. Using the abbreviations P, Q, R, where 
P =sin? 6 oPu | cos? 0 Ou sin20 @°u . cos? 6 dw 5520 ou 
or v2 06? r oroe r or r2 00’ 
1 0%%  cotd au 1 ou 
rordp’ τὸ d0dp τϑ sin? 6 og” 
1 Ou lodu cot@du 
“7isin®@ Op) ror! 7? 80? 
G.A.C. B 


Q= 
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prove that 


ὃ 2 : +12 
518" cos φ -Q sin 2φ - Καὶ sin φ, 


san? sin? g+Q sin 2p+R cos? φ, 


8:5 “- 9908 9 <4 + sin? 0 Pde? γ ὃν ἡ 20 (5 εδ- oa)” 


and deduce that V?u (6.1. p. 238) is equal to 
Ou 2du_ 1 du _ cot θ du 1 2 


Ort 7 Or + rt 062? 7? 00 resin? ὃ Og? er ee (i) 
4 (ru) | 02 (ru) O(ru) 1 δ3(γω) “3 
= ΤΩ ore 803 +cot 9 --- 00 “δ sin? 6 dg? ὁ cecsncece (i1) 


39. In Example 38 let ru =k*v and re =k? =const. ; if the variable r 
is changed to 0 show that the expression (ii) in Example 38 for V?u 
becomes 


0 (4 2% ov), δ᾽ (ον) οι 9 (er), 1 a%(ov))_ 


kA @° do? 805 06 ‘sin? @ dg? 
Hence show that if F(x, y, 2) satisfies the equation V2u =0 so does 
1 _/k?x k*y kz : 
_ P( τ, Ὁ, τ} (Kelvin.) 


[If §=@ sin θ cos φ, n=@ sin θ sin y, (=e cos θ the equation Vu =0 
becomes V2v =0 where in Vv the variables are é, ἡ, ¢. 
ae aw =MElQ%, y=kin/e?, 2= Ro, οὐ =H +n + (2 and 
2 2 2 
v=a F(x, y, 2) =- “F(T ξ τῇ ἐξ 52} 
In v we may now put 2, y, 2, r in place of : n, ᾧ 0] 


40. If =k 2/r*, n=k*y/r?, (=k*z/r?, το =x? +y? +22, ΚΒ =const., and 
if Σ is a summation as to 2, y, 2, show that : 
(i) Σηρζωξεη,κζ, την +Nele=9, Σῴξ, ΞΞ0, VEN, =O; 
(ii) Σίξ,)" -- Σίη,})" σι)" = Herts 
(iii) Dé,,.= —2é/r*, Ση,. = -- 2η|γ2, Une = -- 2ζ|γ. 
If f(x, ys 2) τε φίξ, η, ἢ; 
(iv) af, Ἐν +2f,= - (ἔφε +Py + ἰφρ). 
41. If z=F(z, y) is the equation οὗ a surface and if α΄ ξεζίω, v), 
y =g(u, v), z=h(u, v) (See Bell, Coord. Geom. of Three Dimensions, ὃ 185), 
prove that 
oz _dy Oz Js 
ὃ: J” ὃν J,’ 
_ oy, 2) 2) . δί2, x) J,= __ O(2, y) y) 
1 a(u, vy? 5 δίω, v)’ ~ O(u, v)" 


where 
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42. p(x, y, 2; p, 4» 7) isafunction of two sets of independent variables 
x, y, zand p, 4, r, three in each set, and ῳ is homogeneous and of the 
second degree in p,q, r. The variables p,q, r are changed to &£, n, ¢ 
by the transformation 


99 ὃφ, ὃφ͵ 
ὅ Ξ δ’ 1 δα’ ζΞ--; Cee ae ease ees os τλ hie. ee (1) 
if (2, y,z; p,q, 7) becomes p(x, y, 2; ξ, ἡ, ᾧ prove that 


ὄψ᾽ ὃ ὃψ 
P ~ δὲ’ q= on » Τὶ τος 
ὃὁΦ ὃν ὃ ὃν ὃφ ὃψ 
ὃ. ὃδα᾿᾽ ὃν ὄψ᾽ ὃ: dz 
| By Euler’s Theorem, p5e Ἐφ ae +r oy =2@ so that we may write 
pé+qnt+r(=2p=pt+y. 
Now take the complete differential of each side and apply (i): the 
results follow at once. 


If there are two sets of n independent variables, x,, 2%, ..., %, and 
91» Poy --+» Py, and if Y(X,, ..., ἀρ} Py ..»» Pn) is homogeneous and of the 


second degree in p,, ..., p, the transformation 
Op 
or 3p Peal? ...3 7} P(X, ..-9Xn3 Priv eo Da) = (Ly .009Xq3 Sriscee Sa) 


. oy dy oy 
es —-_AS — = * 
Βῖν Pr of,’ Oz, se | 


CHAPTER V 
IMPLICIT FUNCTIONS. JACOBIANS 


51. Implicit Functions. Throughout our work it has been 
assumed that an equation f(x, y) =0 cetermines y as a function 
of x; y may be determined for all real values of x, or only for a 
limited range of x, and the equation may define more than one 
value of y. For example, the equation 

10x? -- 6zy +y?-1=0 
gives y = 32 τ (1 -- αϑ) and y=3x—,/(1 -2?), 
and thus defines two functions, each of which exists for the 
range —1l<¢l. 

It is seldom, however, that it is possible to obtain, as in this 
simple case, the expression of y as an explicit function of ὦ, 
and appeal is made to the representation of the equation by 
a curve as sufficient evidence for the existence of a function 
y that can be treated as if it were explicitly defined as a 
function of x. Exercise in the tracing of curves from their 
equations is from this point of view of special value as it 
produces what may be called a practical certainty that, at 
least in a very large number of cases, the equation does define y 
as a single-valued, or as a many-valued, function of x. Itis 
desirable, however, that the advanced student should investi- 
gate the question more closely, and we now consider Haxistence 
Theorems—that is, theorems that specify conditions which 
guarantee that an equation does define a function, even though 
the actual determination of an analytical expression for the 
function may demand new processes or may be, from a practical 
standpoint, too laborious. For many purposes, however, it is 
the fact that an equation does define a function, rather than 
an expression for the function thus defined, that is of real 


importance ; hence the value of Existence Theorems. 
130 
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In the following discussion the conditions imposed on the 
functions are more drastic than is absolutely necessary but 
they allow sufficient scope for the demands of ordinary analysis ; 
for an excellent treatment of the whole subject, with less 
drastic conditions, the student is referred to Goursat’s Cours 
d’ Analyse, Vol. I, Chap. IIT. 

In regard to the general character of the discussion it may 
be helpful to the student to note that the existence of a function 
is only established, in the first place, for a small range of each 
of the variables. Thus if f(z, y, 2) is zero for the values a, ὃ. ὁ 
of x, y, 2 respectively it is shown that, under certain conditions, 
the equation f(x, y, z)=0 determines z as a function (x, y) of 
x and y where ὦ, y, z differ but little (in general) from a, ὃ, c. 
In the language of geometry the point (x, y, 2) is confined to 
a region (f,) defined by such inequalities as 

[z-a|[sh,|y-b|[Sk,[z-c([sl 
where h, k, | are positive and may be very “ small.” It may 
be possible afterwards to extend the range of the variables 
for which φία, y) exists, but the essential element of the dis- 


cussion is the proof of the existence of p(x, y) for values of x, y 
that differ but little from a, b respectively. 


52. Existence Theorem I. Let f(x, y) be a function of the 
two variables x, y which satisfies the conditions: (i) f(x, y) ts 
zero for x=a, y=b; (ii) the partial derivatives f, and f, exist 
and are continuous near (a, ὃ); (iii) the derivative f, ts not 
zero for x=a, y=b. When these conditions are fulfilled there 
is one and only one function y of x, say y=9(2), that satisfies 
the equation f(x, y)=0 for every x that is near a,* and that 
is equal to ὃ when x=a; further y(x) has a derivative y’(x) 
and both p(x) and y'(x) are continuous. 

It may be noted first that f(z, y) is continuous near (a, δ) 
since the derivatives f, and ἔν exist. 

Let the neighbourhood of (a, b) for which conditions (ii) 
and (111) hold be the region (#,) defined by the inequalities 


[e—a| Shy, | YY —O| Shy wcccccececssccceee (R,) 


* This means that the equation f{x, ¢(x)}=0 is an identity if x is near a. 
A similar meaning is to be given to satisfying an equation in the corresponding 
statements in the other theorems. 
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If |h| Sh, and |&| =k, we have by the Mean Value Theorem, 
§ 45, since f(a, δ) =0, 


f(a +h, ὃ +k) =hf,(a + 6h, ὃ +0k) +kf,(a +0h, ὃ +-0b)...... (1) 


where 0< 9< 1. 

Now /, is continuous near (a, δ) and is not zero for 2 =a, y=b ; 
there is therefore a neighbourhood of (a, δ) in which f, is not 
zero, and it will be assumed that h, and k, have been chosen 
so that ἤν is not zero in (R,). In (R,) the continuous function 
f, has therefore always the same sign as it has at (a, b), and is 
numerically greater than some constant B, say |f,|> 8. 
Again f, is continuous and therefore |f,| is bounded in (R,), 
say |f.|<A, a constant. 

Next let A, be the smaller of the two numbers h, and Bk,/A, 
so that Ah, < Bh,, and let (R,) be the region defined by the 
inequalities 

|\e-a|Shy,|y-b| Sky occ (R.) 


In equation (1) suppose |h|<h, and k=-+-k,; the second 
term on the right of (1) will then be numerically greater than 
Bk, while the first term will be numerically less than Ah, 
so that the sign of the right side of (1), and therefore the sign 
of f(a +h, b +k), will be that of the second term on the right 
of (1). Now ἢν has always the same sign and therefore if the 
second term is positive when k =k, it is negative when k= — h,, 
while if it is negative when k=h, it is positive when k= —k,. 
Hence if ἢ, or x where x=a +h, is kept constant the function 
f(x, y) changes sign as y varies from ὁ —k, to ὃ +k, and there- 
fore, since f(x, y) is a continuous function of y, it is zero for 
at least one value of y in the interval (Ὁ —k,, ὃ +k,). Further, 
J(%, y) is not zero for more than one value of y in that interval ; 
for, if it were, f, would by Rolle’s Theorem vanish at least 
once in the interval and it does not. Thus for every value of 
z in the interval (a -- ἧς, a +h,) there is one and only one value 
of y that satisfies the equation f(z, y)=0; since to each value 
of x there corresponds one and only one value of y we may 
denote this value of y by g(x) and obviously y or y(x) is equal 
to ὃ when z is equal to a, since a is an admissible value of z. 

Again, if y=(x) and y+k=9(z+h) both f(x,y) and 
f(x +h, y+k) are zero provided (z, y) and (x +h, y +k) are 
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both in (R,), and equation (1) holds if for a we put x and for ὃ 
we put y; hence, since f(z +h, y +k) is zero, we have 
p(x th)—(x) k_  f,(x τῇ, y +0k) 
h hf, (a +6h, y + 6k) 


so that φ'(α)-- Lk[h= —filx, yf, y). 


h—0O 


Since f, and f, are continuous, and ἐν is not zero, y’(x) exists 
and is continuous; g(x) is therefore also continuous. 

It is proved, therefore, that when the conditions of the 
theorem are fulfilled the equation f(z, y)=0 determines y as a 
function v(x) of x that exists at least for the range | x —a | Shy. 

The range of x for which g(x) has been proved to exist 
may, however, be greater than that just found. Suppose that 
(a’, 6’) is a point in (R,) for which y= g(x); near (a’, δ΄) the 
derivatives f, and ἦν are continuous, ἢν is not zero and f(a’, δ) =0 
so that the conditions of the theorem hold for a certain neigh- 
bourhood of (a’, δ᾽), say for a region (R,) defined by the 
Inequalities 

er) i NP) ad re ee (14) 

It may happen, and usually does, that the region (Rs) 
projects beyond the region (112) so as to contain points for which 
zis greater than a +h, (or less than a —h,). Now in the region 
(14) the equation f(x, y)=0 determines one and only one 
value of y, say y= p(x), for which b’ = y(a’) and f(z, y)=0; in 
the part common to (R,) and (14), y= g(x) and b’=9(a’) so 
that in the common part (x) is the same function as (2). 
We may, therefore, in the part of (R,) that projects beyond 
(R,), denote y(x) by g(x); in this way we see that the range 
for which the unique solution of f(z, y)=0 exists may be 
extended. By taking a suitable point (a”, 6”) in (R,) it may be 
possible similarly to extend the range still further; this 
procedure will only be stopped when it is impossible to find 
in the last region reached a point, (x, β) say, that provides 
a new region in which all the conditions of the theorem are 
fulfilled. 

The process thus briefly described is called Analytical 
Continuation. The Existence Theorem is quite independent 
of the process of continuation; this process is mentioned 
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simply to show that the range for which (x) exists may be 
much wider than is given by the proof which has been developed 
above. A similar process of continuation is applicable in 
regard to the other Existence Theorems but will not be further 
referred to. 


53. Derivatives of Implicit Function. When it is known that 
the equation f(x, y)=0 defines y as a function of x that has a 
derivative dy/dx that derivative may of course be obtained 
simply by differentiating the equation with respect to x, on 
the understanding that y is a function y(x) of xz. Thus we find 


If the higher partial derivatives of f(x, y) are continuous we 
obtain the higher derivatives of y or g(x) by successive 
differentiations of - provided always that “: is not zero; thus 


dy\ d 
(tte? a εν tia 


d dy\* 
or fen + 2fev ΩΣ +fhu(S4) + fica oe evescccrve (2) 


Provided ἢν is not zero this equation determines the second 
derivative, and in a similar way the third and higher derivatives 
may be found. 


04, Existence Theorem II. Let f(x,, %,...,%n, y) be a 
function of n+1 variables x1, Xo, ..., %m, y which satisfies the 
conditions: (i) f(X1, ζ5,.....,. Ln, Y) WS zero for X1 =A, Xg=Ag, ..., 
Ln =An, Y=b; (11) all the partial derwatives ἔς,» firs +++ fans Sy 
exist and are continuous near (ἃ, de, ..., Gn, δὴ); (iii) the 
derivative f, 1s not zero for σι τεᾶι, %_g=As, ..., Lna=An, Y=. 
When these conditions are fulfilled there is one and only one 
function y of 2%, Xa, ««-, Ln» SAY Y=Y(Xy, Lg, ... , Ly), that satisfies 
the equation f(x1, Le, ...«, Ln, Y) ΞΞ for every point (11, Xe, ... » Xn) 
NEAT (A, Ap, ... , Ay) and that 1s equal to ὃ when x1 =A), ... , Xn =An3 
further, the derivatives Yz,, Pays +++) Puy exist and are continuous 
so that φ is also continuous. 

The proof is essentially a repetition of that given for 
Theorem I, and may therefore be developed with less detail. 
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Let the neighbourhood of (α;, ας; ... , @,, δ) for which condi- 
tions (ii) and (iii) hold be the region (14) defined by the 
inequalities 
| zy -- αι |Shy, | 25 -- ay | Shy... ,| Pn τ On| Shy, | y --᾿ 6 | Shy...( Ry) 


where h, and k, are positive. As in the proof of Theorem 1 it 
may be assumed that h, and k, have been chosen so that in 
(R,) the derivative f, is numerically greater than B and each 
of the derivatives f,,, fx,;--+, fz, numerically less than A 
where A and B are positive constants. It is also to be noted 
that f, does not change sign in (f,). 

Next, in view of the application of the Mean Value Theorem, 
let h, be the smaller of the two numbers ἢ, and Bk,/nA so that 
nAh,= Bk, and let (R,) be the region defined by the inequalities 

[vy —A,|SNg, | — Gg |Sho,...,| Zp τι An | She, | y—5| Sh, ...( Rg) 
Suppose now that | ὃ, |Sho, | dg [33 ἢ, ....,} On | She, ΚΊΞΕ ΑΕ; 
we have by the Mean Value Theorem, since f(@,, ds, ... , dn, 6) =0, 
[(α, +41, ας δα»... An +6n, ὃ - 1) 
= δι οι + Safeg Ἔ ... τι ἦα, τὰν cversccecseeeees (1) 
where the derivatives are all taken for the values 
A, +06,, ας +O09,..., Gn +06,,6+0k (0<0<1). 


This equation (1) is treated as in the corresponding equation in 
the proof of Theorem I. Let k=-+k,; then the last term on 
the right of (1) is numerically greater than the numerical value 
of the sum of the first » terms on the right of (1). For 


k,|f, | is greater than k,B, while 
| Sif, + Sofie, +++» + δι, |<tg(A4 +A +... +A), 


that is, <nAh,, so that, by the value of h,, the term &f, is 
numerically greater than the numerical value of the sum of the 
first n terms. 

Hence when k=-+k, the sign of the right side of (1) and 
therefore the sign of f(a, +6 ,..., @, +6,, 6+k) is that of the 
last term on the right of (1). As before, if 


αἱ, Ξε, δι. r=l1,2,...,%, 
and if x, 15 kept constant, we see that f(21, 22. ..., Zn, y) changes 
sign once and only once as y varies from ὦ —k, to ὃ +k,, and 
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therefore the equation f(x,, %,..., Ln, y)=0 determines one 
and only one value of y as a function of 2, %,..., Lp, Say 
Y= (2X1, %,..., ,); further y=b when 

XL, = 4, Vy, =A, eee 9 Ln =A, 
since @,, dg,..., a, are admissible values of 2. 


Again, if 
Y= Q(X, q,---, Un), YAR= H(t, +461, Lo +d, ... , Xn + dn) 


where (21, 25...) Ζ,ν» Y)s (αι +41, Lo +g, ..., Xp +On, y +) lie in 
(R,), the Mean Value Theorem gives the equation 


O=6, fe, + Safm τ ... tonto, τὰ, 
where the derivatives are taken for the values 
XL, +06;, ..., Xn +96n, ytOk (0<0<1). 
Hence if each ὃ, except 6,, is zero we find 


Ol Peaks δ» ἘΠ Ons Saks Ve) OL seks δὲ wee 9 WA) 
ὃ, 


so that Oy/dx,= -- [ε, ἰ᾿ἶν. 


Since ἔν is not zero and the partial derivatives οὗ f are 
continuous, the function ῳ has continuous derivatives with 
respect to 21, %,..., %; gy is itself continuous since each of its 
partial derivatives is continuous. 

The higher derivatives of gy may be obtained as before by 
differentiating the equation f=0 when the derivatives of f 
satisfy the usual conditions ; it should be specially noted that 
f, must not be zero. 

The range of the variables x,, Xg, ... , X, for which the function 
m has been shown to exist may usually be extended by the 
process of analytical continuation sketched in connection with 
Theorem 1. 

In the proof of Theorem III the determinant called the 
Jacobian plays an important part; we therefore define it 
and prove one or two of its properties before taking up 
Theorem III. 


55. The Jacobian. Let y,=/f,(2,, %,..-, Xn), T=l, 2,..., ἢ, 
be n functions of the variables 2,, %2,..., %,, and let each of 


ar oes 
ὃ, 
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the partial derivatives dy,/0x, be a continuous function of 
24, 25»....) ἄρ. The determinant J 


where J=| Oz, 


@e@eoeeeheeeeeeceoese Gate δῳο 9 


is called the Jacobian or the Functional Determinant of the 


functions 4¥,, Yo, -.., Yn With respect to 7, 5, ... , %, and is 
denoted by 

O(Ys» Yas +++ » Yn) δὲ ἀ(ψι: Yas +++ > Yn) 

O(X 1, Vay τὸς, En) A(X, Va; --- » Ly) 


Yr. Yor 55 Yn 
or iets ae ) or JS(Y1, Yo, +++» Yn): 


For n=1 the determinant is simply dy,/dz,, the derivative 
of y, with respect to z,; the first of the notations given for J 
is suggested by a certain analogy between the properties of the 
Jacobian and the derivative, as shown by the following theorem. 


If 2, 2g, +++, Zn are functions of Yy, Yo, ++» 5 Yn ANE Y;, Yo, -++ Yn 


are functions of 11, X_,..., ἃ, then 
O24, Zay s00 Zn) _ 9(24, Bay .-- Zn) Yr) Yor sss Yn) Ὁ (1) 
O(%, La, 0 5 Xn) Ο(ψ,, Yor +++ 5 Yn) θ(.), Ho, «0s 5 Yn) 


dz, dz,dy, 
dx, dy, dat,’ 
simply a theorem in the multiplication of determinants combined 
with the rule for the derivative of a function of a function. 
Find the product of the two determinants on the right of (1) 
by the ‘‘ row by column ”’ rule; that is, to find the element 
in the rth row and the sth column of the product, multiply 
the elements in the rth row of the first determinant by the 
corresponding elements in the sth column of the second and 
add the products. We have 
02, O02, 02, 
rth row By,’ Bye Dyn 
OY, OY2 OYn 


sth column ax,’ δα» eee y Ox,” 


lf n=1 this is the usual relation The proof is 
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so that the element in the rth row and the sth column of the 
product is 

02, OY, ὅδ, δύ. σῷ, OYn 

dy, Oc, Oy, Ox,” Oy, Ox,” 


and this is equal to 0z,/dx, which is the element in the rth row 
and the sth column of the Jacobian of 2,, 2, ... , Zn. 

If we suppose z,=wz,, r=1, 2,...,, and assume that the 
equations which define y,, Yo, ... , Yn a8 functions of 7, Xp, ... , Ly 
determine, conversely, 21, Yq, ... , H, aS functions of ¥,, Yo, --- ; Yn: 
we find 

“HY; Yor e+ 5 Yn) ᾿ O(%4, 7 5} Ln) ae | 
οἰ σι Loy see y Vy) <OlY 45 Yos- φυσι, Yu) 


OUR Wei. νυ Gy) 
O(24, Va, του Xn) 
which case it is equal to 1. 

The theorem expressed in (1) is a particular form of the 
following: If 1, Yo, .--, Yn are determined as functions of 
1; Lo, +++, Ly by the equations —,(%1, Loy +++ » Lay Yys Yoo «++ > Yn) =O, 
r=1, 2,..., n, then 


because =1, since 0x,/0x,=0 unless r=s, in 


O91, Pas --- ᾽ Pn) --(-- 10 Pr: Par +++ > Pn) . Yr, Yo. +++ » Yn) (3) 
OY 1) Yo ++ » Yn) (24, Lg, --- , Xn)” 


O(%}, 2.» roe Ὁ Xn) 
Differentiation of the equation »,=0 with respect to x, gives 


09, 09, OY; ὃφ, OY» 09, OY», Zs 
ax,” OY, da, OY, ox, i OY n ae 


so that the element in the rth row and the sth column of the 
determinant which is the product of the two determinants on 
the right of (3) is —dq,/0x, from which the result follows. 

Again, if Ymii, Ymig «++ » Yn are constant with respect to 
1, ζω» +22 ,Xm, OF If Yy, Yo,--», Ym are constant with respect to 
Palas θα νὼ gC UNeD 


O(Y,, eae Ym: Ym+1» esse Yn) _AY1, --- » Ym) ‘ HAYmsr-++ Yn) (4) 


a  .. --- 


"ΣΡ ἀν ΤΌ ΕΝ 


and in particular 


δίψα --. Yrs Emer τ... Bm) Ya oe Ym) Ὁ Ὁ Ὁ ὃς (6) 
OG sic By ας ΕΝ δον μ 
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To prove, note that dy,/éx,=0 if y, is constant with respect 
to x,. 


Ex. If ἔξ, ἢ are functions of the three variables 2, y, 2 and 2, y, z 
are functions of the two independent variables u, v, prove that 


a(é, 4) δ(ξ, η) δία, y) ὃδ(ξ, ) Oy, 5) AS, ἡ) O(2, “) 
δέω, v) δία, y) Au, v) Oy, z) Au, v) O(z, x) Ou, v) ; 


56. Existence Theorem III. Let Ἢ (οἷος παῤ κος Veas Yas Yor se Ga)> 
where r takes the values 1,2,...,n, be n functions of the m +n 
variables 24, Xo, +++) γι» Yr Yor +++ > Yn Which satisfy the following 
conditions : (i) each of the n functions fy, fo, ... 0 fn 18. zero for 


y= Ay, Ly=Ag, ++ 5 Lm=Am, Y, = 54, Yo=4e, --- , Yn=On, 
that is, at the point (dj, ... , Gm, 04, .-- On); (ii) all the first 
partial derivatives of the functions f,, fo,--->fn with respect to 
oO ig isa Cee Af ag leas Μὴ 


exist and are continuous near (Q,, ..- , Gm; θ1»......, On); (ili) the 
Jacobian J of the functions fy, f.,.--,fn wih respect to 


Yrs Yor +++ > Yn 18 not Zero At (Ay, ..- , Um; διε Om). 

When these conditions are fulfilled there is one and only one 
system of functions Yj, Yo,--». Yn Of the variables 21, Xe, ..., Xm; 
say 


Y1 = φιία,, oe ae, Lm) Yo = P(X, Yo, se0 Ly) δον 
Yn =Pn(%4, Lo, “492 yee ἢ 


such that, for all points (21, Xq, ...., Lm) NEAT (Ay, Ay, ...., Um), they 
satisfy the n equations f,=0, f,=0,..., fx=0 and become equal 
to b,, be, ... , by respectively when x1, %g,...,%m are equal 
respectively t0 G4, Gy, .--,@m; further, all the first partial 
derivatives of 91; Yo: --» > Yn With respect to 21, Lg, .-- , Lm exist 
and are continuous so that 91, Pe; --- , Pn are also continuous 

If n=1, that is, if there is only one function, Theorem [II 
is simply Theorem II, so that it is true when there is only one 
function. It will be proved to hold for n functions by showing 
that if it holds for (n — 1) functions, say the functions fo, fs,... , fn: 
it will hold for the n functions f,, f.,..-,f,. It will thus be 
assumed that the equations f,=0, f,=0, ... ,f,=0 determine 
Yo, 5...) Yn in terms of x1, ἅς, ... L_ and y,, these functions of 
Ly, +++ Lm, Y, Satisfying all the conditions respecting initial 
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values, derivatives and continuity stated in Theorem III: the 
proof for x functions will then be developed. 


The Jacobian J is 
δι, a a ah 
Oy, Oy,’ dy,’ ’ dy, 
OY, θυ. AYys’ oy 


@weeteaveeosteoeeserzeeteneevsenecen 


Since J is not zero at (ay, ..., Gm, b,..., δ.) the co-factors of 
the elements in the first column cannot all be zero ; it will be 
assumed that the notation has been chosen so that the co-factor, 
J, say, of of,/dy, isnot zero. J, is the Jacobian of the functions 
Ses fs, +--+, fn With respect to ¥, ¥3,..., Yn, and is not zero at 
(Oy ὐς Ws Dy, ven Og): 

The conditions of Theorem III are fulfilled by the functions 
So, fz,-+»,fn and determine yp, y3,..., Y, as functions of 
X1, Ly, +... , Xm, Y, because the hypothesis is that the theorem 
holds for (n—1) functions. (It is to be noted that at this 
stage y, is associated with 2, Zp, ..., 2, and the solutions for 
Yo: ++», Yn Involve y, as well as Z,,..., 2). Hence we have 


Yr = Wr(Hy, Va, 02s Vins Μ2ι)}» THQ, By 0.0 My wcccccceeces (1) 
where ψς, Y3,---, Yn Satisfy f,=0, f;=0,...,f,=0, take the 
values ὃς, bs,... , b, respectively at (a1, ... , Gm, δ.) and are, as 
well as their first peru derivatives, continuous near 


(1, -.. , Am, 04). 
Let y, be substituted for y, in ἢ, and let 


εἰ τ Yrs Ψὰν τοῦ, Ya) ΞΕ ,(ἄχρους, Lins Wa) ταπα δὲ (2) 


It will now be shown that F,=0 determines y, as a function 
of 2,...,2%m. Of the conditions required by Theorem II 
the first is fulfilled since F,(a,,... , am, 6,) is equal to 


Fi(@y, «+. , Bm, by, by, ... , bn) 


and is therefore zero. Again the partial derivatives of Ff, 
satisfy the second condition; for, by the rule for differ- 
entiating a function of a function, we have, since 
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F=f lays «ον, Sms Yrs Yor «++ > Yn) Where Ya, 338» +++» Yn are the 
alan rags Ψ3.».....). Yn 


δ΄, δίιδψ, HAr2vs διῶθψ. nn, (3) 
mn “By, OY2 OY, AYs OY, OYn OY, 
OF, of, δῇ Ope, Of Ws. erence of, OYn 


0x, Ox,  Oys OX,  OYs Ox, OYn OX,” 


GL, ὥ, ... mM, 


and all the derivatives on the right are continuous. 

Lastly, the third condition that 0F,/0y, is not zero at 
(1, .++ , Gm; 6,) is also fulfilled, as will now be shown. 

When the values of y, given by equation (1) are sub- 
stituted in f,, fs, .--,fn these functions vanish identically (that 
is, for all values of 2, Vo, .-. , Vm, Yi) MEAT (Ay, .-- , Gm, 5x) and 
therefore their derivatives with respect to y, are zero. Hence 

δ΄. fe. δ. Ops Ofe OYn 
© ay, * Oy, dy, Oys04, ὃ, OY, 


Bf, ϑ[εϑυ, , BaP¥s, , δίνδψς, 
ay, Oy, 9y, DY3 OY, OYn OY, 

Now multiply the 2nd column of J by 0y,/0y,, the 3rd by 
dyp,/dy,,..., the nth by @y,/dy, and add to the first column ; 
this transformation makes no change in the value of J. The 
first element in the first column of J as thus transformed is 
dF, /dy,, by the first of equations (3), while all the other elements 
of the first column are zero, as shown by equations (4) ; hence 
the transformed determinant is equal to the product of 0F',/0y, 
and the co-factor J, of af,/dy, in J so that 


and as J and J, are both different from zero at (4), ... , Gm; 
b,,-.-,6,) so is 0F,/dy,. Condition (iii) of Theorem II is 
therefore satisfied. 
Thus the equation Κ΄, =0 gives 
Y1 = Pi(Xy, La, +++ » Zm)s 
and if now in equation (1) this value of y, is substituted we find 
Yr = ψ,(χ,, ..., Vimy Pi) =Pr(Xy, ...., Xm), T=2, 3,.-., ἢ 

At (a,,...,@m) the functions 9, 92, .--, Qn are equal to 
b,, ὃς, ... , ὃ, respectively, while near (a, ... , G») the first partial 
derivatives of the functions are continuous. 
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It has therefore been proved that if Theorem III is true 
for (n — 1) functions it is true for n functions ; since the theorem 
is true for one function it is therefore true in general. 


Hx. Inversion. Let the n functions f,, fo, ... ,f, of the n independent 
variables 2, %,..., 2, and also all the first partial derivatives of the 
functions be continuous; prove that if the Jacobian J of fy, fos...» Sn 
with respect to 21, 22, ..., £, is not identically zero the n equations 

Wp) A Cis iy crag Bayes 12s 0) edidenetaahluasvebncated cx (1) 
determine, inversely, x,, %2,..., %, a8 functions of Ψ1» Yor». » Yn 

Let 7, (αι, 2, ...5 Uns Yr) Ξε ρία,» Les -.. 9 Lp) τοῦ, and we have a case of 
Theorem IIT. The Jacobian of F,,..., F, with respect to 2, ..., tq is 
the same as that of ἢ,» fo,...,/, with respect to 2,,..., 2, (the notation 
differs from that of Theorem III by the interchange of x and y). 

By hypothesis the Jacobian of F),..., Κ΄, with respect to 2, ..., ns 
which is independent of y,,..., Yn» 15 not identically zero, and therefore, 
there is a set of values x, =a, ἂς =Qy, ... ; ὥῃ =a, for which it is not zero. 
For these values of 2,,..., %, let yy =fr(@y, Ag, ... 5 Gn) =by, T= 1, 2, ..., Ἢ. 
The functions F, satisfy the conditions of Theorem III. For, (i) 
F,=0 at (a,,..., Gn, b,,...,6,)3 (ii) OF -/dx, τε δῇ, δας and is therefore 
continuous while 0F',/dy,= —1lifr=s but =Oif rs; (iii) J is not zero 
near (Q,,...,@,, 0,,...,6,). Hence the equations F,=0, that is, 
Yr =fr(%y,...» Ln), Zive the system 

Lp Ξεφρ(ψ,»...» Yn) T=l, 2,..., 7. 

This example is the problem of Inversion; the functions View g a, 
are inverse to the functions y,,..., Y,- 

The values a,, dz, ..., Gy, and δι» b,,..., 6, are often called the “ initial 
values”’ of the variables 2,, 2, ..., Ty and Ψ1» Yo, -.. > Yn respectively. 


57. Dependence of Functions. Let /f,,fo,...,f, be n functions 
of m independent variables x,, 22,..., 2m. The functions are 
said to be dependent if they satisfy one or more equations in 
which the variables x,, x,..., %, do not appear explicitly— 
equations therefore which are satisfied whatever be the values 
Of 21, %g,..., XY»; the functions are said to be independent if they 
do not satisfy any equation of the kind just mentioned, that 
is, an equation in which 2,, Xg,..., Z do not appear explicitly. 

Again, it may be said that the functions are independent if 
it is impossible to express one of them in terms of the others. 
For example, if ἢ, f,, fs are the functions 


αϑ τυ +22, ey tae +yz, α τ ἡην +z 
respectively they are dependent since ἢ +2f,=f,2, an equation 
in which x, y,z do not appear explicitly ; here f,=f,2 —2f, 


δὲ 56, 57| DEPENDENCE OF FUNCTIONS 143 


so that one function may be expressed in terms of the rest. 
Of course the functions would still be dependent if one could 
be expressed in terms of some (not necessarily all) of the others. 
In the following discussion we give the-method of Goursat; 
Cours d’ Analyse, Vol. I, Chap. III, to which the student is 
referred for fuller information; the treatment by Bateman, 
Differential Hquations, Chap. VI is also instructive. 


THEOREM. Let the n functions f,,f.; .-- fn Of the n independent 
variables £1, Xy,..., L, and also all their first partial derivatives 
be continuous; the necessary and sufficient condition that the 
functions should be dependent is that their Jacobian with respect 
LO X1, Ly, .-., Ly Should be identically zero. 

(1) The condition is necessary. Let J be the Jacobian and 

πον 

If J is not identically zero it is possible (8 56, example) to 
determine x,, Yo, ..., X, 80 that 

Le Ξε φ,ίψι» Yor +++ > Yn), L=1, 2,..., 7 
where 4, Ys, --» , Yn may have any values near their respective 
initial values 5,, b,,...,6,. Since the values of y,, Yo, ..., Yn 
are quite arbitrary, it is impossible that they can satisfy an 
equation f(y, Yo,-.-, Yn) =0 in which the coefficients are 
constants, that is, independent of z,, %,..., %,. If, therefore, 
J is not identically zero the functions are independent. 

(1) The condition is sufficient. It will secure brevity and at 
the same time show quite plainly the lines of the proof for n 
variables to take n=4; the notation will also be simplified. 

Let the independent variables be x, y, z, ¢, and the functions 
u, V, wW, 8 where 

u=f,(z,y,2,t),v=fo(z, ... ,t), w=f,(a, ...,t), 8 =fy(a, ...,);...( 
the Jacobian J will be 

oh se, a 


x’ dy’ δι᾽ δὲ 
ee ὅι, ὅν 
dx’ dy’ dz’ dat 
Fa Ys Fs Ys 
dx’ dy’ dz’ at 


Of, Of, Of, Os 
Ox’ dy’ dz’ θὲ 
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It is now assumed that J is identically zero; different cases 
arise, dependent on the minors of J. 

I. Suppose that the first minors of J are not all zero; we 
may suppose that the notation has been so chosen that the 
minor, J, say, obtained by deleting the 4th row and the 4th 
column of J is not zero. This minor is the Jacobian of ἢ,» 7.» fs 
with respect to 2, y, 2; 

J _ Afi; fo» fs) . 
* A(x, y, 2) 

Now, since J, is not zero, the first three of equations (1) may, 
by Existence Theorem III, be solved for x, y, z in terms of 
u,v, w,t; let the solutions be 


x= —,(U, υ, Ww, t), Y=Po(U, υ, W, t), δ τε φᾳε]ίω, υ, εὖ, t). ...(2) 
When these values are substituted in the fourth of equations (1) 

we get 
S=f,(P1, Po, Pa, t) =F (ὦ, υ, W, {). «ιν νννννννννν (3) 


It is to be noted that τι, v, w, ¢ are independent variables and 
that the first three of equations (1) become identities when 
$1, Po, Pg are substituted for x, y, z respectively. 

It will now be shown that dF'/0¢ is zero, so that F does not 
contain ¢ explicitly. We have, by differentiating F'(u, v, w, ἐ) 
that is, f,(z, y, 2, ἢ) where x, y, z are the functions 9, 92, 93 


respectively 
OF δῇ, Og, Of, O02 δῇ, Ps δ΄, ebbea baat: (4) 


δὲ ox ot | dy ot | dz δὲ δ᾽ 
Again, by differentiating the first three of equations (1) which 
are identities when 9, G2, 3 are put in place of 2, y,z 


respectively 
oad OP} hh OP. ih O%s ith 


τὰ Ot dy ot dz at at 


_ ofs OG, ὃ, ὃφ. Ofe ὃφ, Of 
Don δι Oe Ob Oe Ey +a: ἘΣ ΑΣΩΡ νυν (δ) 
ο--ϑίε ϑφι , Fs ὃφς , Ys Ps 8 


ox ot dy δὲ dz δὲ at 


Equations (5) determine the é-derivatives of 91, 2, p3; but 
it is not necessary actually to solve them since the ¢-derivatives 
of 91, 2, 3 can be eliminated by transforming J, thus: 
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Multiply the 1st column of J by 09,/0t, the 2nd by θφα δὲ, the 
3rd by δὃφᾳ [δὲ and add to the 4th ; the elements in the Ist, 2nd 
and 3rd rows of the 4th column will now be zero, by equations 
(5), while the element in the 4th row is @F/dt, by equation (4). 
We thus find, since the value of J is not changed, 


oF 
1 Ot? 
and therefore 0F'/dt=0 since J =0, J,+0, so that F does not 
contain ¢ explicitly. Hence equation (3) gives s=F(u, v, w), 
an equation that does not contain 2, y, z, t explicitly ; thus 
the functions uw, v, w, s are dependent. 

It may be observed that there cannot be a second relation, 
say 8 - F',(u, v, w), that is distinct from s= F(u, v, w); if there 
were there would be an equation F = F, connecting u, v, w, and 
therefore J, would be zero, contrary to the hypothesis. 

II. Suppose all the first but not all the second minors of J 
to be zero; we may assume that a non-zero second minor is 
that obtained by deleting the 3rd and 4th rows and the 3rd 
and 4th columns of J. This minor, J, say, is the Jacobian 
of ἢ, fz with respect to x,y; since J,-0, the first two of 
equations (1) may be solved for x, y, giving, say, 


J =J 


L= yy(U, v, 2, t), y= y,(u, υ, 2, ft). 
When these values are substituted in the last two of equa- 
tions (1) we find | 
w=fs(y, Yo, 2, t) =F, (u, v, 2, t), 
S=f,(Y1, Yo, 2, t) =F,(u, », z, ὃ). 
It may be shown as before that neither z not ¢ occurs explicitly 
in F, orin F,. For example, 


OF, _ Ay δῳ, 8, Oy» , Ay. 
dz Ox ΟΣ Oy dz az’ 


further, by differentiating the first two of equations (1), which 
are identities when x, y are replaced by ,, y, respectively, 


ve 0 δι ὄψι, δ, Ove , a, 
| Ox dz Oy ὃς Oz’ 


_ Ff, Op, οθ΄, Wye Of 
Ξε, δὲ Oyen en 
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By now treating the determinant J, on the same lines as was 
done in the case of J and 0F'/dt we see that 
oF, oF, . . 
δε: "ὃς -9 since J, ΞΞ0, J,+0. 

To evaluate dF,/at and OF ,/dt take, not J, but, the minor of J which 
is obtained by deleting the 4th row and the 3rd column of J; this 
minor is also zero, by hypothesis. 


J, =Jd, 


We thus obtain two relations w= F,(u, v), s=F,(u, v) when 
the first minors of J are zero but not all the second minors. 


III. Suppose all the second (and therefore all the first) 
minors of J to be zero but not all the third minors. When 
there are four functions the third minors are simply the elements 
of J. If we suppose d0f,/dx not zero we deduce x= ¢(u, y, 2, t) 
and it is then proved as before that when ¢ is substituted for x 
in the other three of equations (1) the variables y, z, ἡ do not 
occur explicitly so that now there are three relations between 
the functions. 

The procedure is clearly general. When there are functions 
there is one relation when the first minors of J are not all zero, 
two relations when the first minors are all zero, but the second 
minors not all zero, and so on. 

If J is zero merely because one or more of the functions 
fis fos +s fn i8 zero (or constant), it does not follow that the 
functions are dependent. It must be specially noticed that 
the proofs assume that J is identically zero. The following 
simple example is usually given. 

Let u=2? +y2-—1,v=xcosa +ysin a — 1, where is constant. 
Here J =2(x sina —ycos«) and is therefore not identically 
zero. But it is easily seen that 

wv? - 8υ-- (2}}, 
and J =0if u=—0 and v=0; wand v are, however, independent 
and the relation u=0 is not a consequence of v=0. 

Of course, if the Jacobian of fj, fo,.--, fn with respect to 
1, Lg, ++, ὥῃῳ is identically zero, and if these functions contain 
other variables, say 21, 22,---,%m, these variables 2,..., 2m 
will appear (usually) in the equation or equations that connect 
fis fo»--->fn3 What the theorem just proved guarantees is only 
that x,,..., %, do not appear in these equations. 
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58. The Hessian. An important Jacobian is that in which 
the functions ἢ, fo,...,f, are the first partial derivatives 
Of/0x1, Of /Oxy,..., Of/0x, of a function f(x,, x.,..., 2,) of the 
nm independent variables 2, %,..., %,; this Jacobian is called 
the Hessian of the function f(x,,..., z,) and may be denoted 
by the symbol H,. The element in the rth row and sth 
column of the determinant H, is 


9 Of ὃ of 
on OF” that is, ax δὲ δα. 


Ex. 1. If fis the quadratic form 
Oy Hy? +... HOgn Vy? + 249% Xe +... + 2Ay_ 199 %n—1 Eqs 


the Hessian of f is a numerical multiple of the discriminant of f ; it does 
not contain any of the variables. 


Eu. 2. If f(x, y, z) is a polynomial that is homogeneous and of the 
nth degree in 2, y, z, prove that the Hessian is homogeneous and of 
degree 3(n — 2). 


EXERCISES VI. 
1. If x=rcos 6, y=rsin 0, prove On, ΡΝ and if 


a(r, 0) 


x=rsin 0 cos φ, y=rsin θ sin g, z=r cos 8, 


Ox, ψ, 2) , 
δίτ, θ, φ) Ξε 72 gin θ. 


2. Ifa+y+z2=u, y+z=uvr, z =urvw, 


If typ τας Ἔν. Ἥα,, Ξε 1» Veta t... $X_=YYoo -.. 


Ly +p sy tee Ἔα, HYyYo +. Yas ν... Uy Ξε γχς --- Μη» 
O(2y5 Los... 5 Xn) 


=} N—1, N—2 ἊΝ ΡῚ ᾿ 
OYr> Yor ov» Yn) Wi Ya Yn—24n-1 


3. If y; =cos 21, ¥g =SiN X COS Vg, Ys = SiN 2) SIN ὧς COB Zs, 


δίψ,» Yor 94) ( 
O(a, Xa, Ws) 


extend the theorem to the case of n functions. 


— 1)* sin®z, sin*z, sin 23, 


4. If x=a cosh £ cos ἡ, y =a sinh é sin ἡ, 


Ey = }a%(cosh 2& — cos 2n). 
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5. If ὦ τε βίῃ 6(1 —c*sin? φ)ὶ, y =cos θ cos φ, 


Ox, ν) —sin p{(1 -- ο5) cos*6 +c? cos*y} 
δ(θ, φ) (1 -- οδρίηφ)ὲ 


6. If w=2/(1 — 72), ντεν (1 - r2)f, ιὖ Ξε2 (1 - »γὲ where r? =x? + y? χ)ϑ, 
show that 
O(u, Vv, W) | 1 
O(x, Y, Z) “a -- γϑγὲ 


Extend to the case of n functions Ψ1» Yo, ... » Yn Where 
Ys =X,/(1 ~ ryt, γῆ τε δ γα ςβτ., τα. 


7. Prove that the functions 8ᾳῳ τῶν --2, x-2y+z and x(~+2y -- 2) 
are not independent and find the equation that connects them. 


8. The functions u,v, w of x, y, 2 become functions U, V, W of 
ξ, ἡ, ζᾧ when 2, y, z are changed to &, ἡ, ¢ by the substitution 


B=LEtM N+ UG YHle +mgn +N, 2 τεΐεξ + May + Ng 3 


if M is the determinant | 1, m,n, | of the coefficients of the substitution, 
show that 
a(U, V, W)_y O(u, v, Ww) 
δ(ξ, ἡ, ἢ δία, Y; 2) 


Extend to the case of n functions of n variables. 


9. If f(x, y, z) becomes ἔξ, ἡ, ᾧ when the variables are changed as 


in Example 8, prove that 
Hy=M°*H; 


where H; and Hy are the Hessians of f and F' respectively. 
Show that the theorem holds for any number of variables. 


10. If f(z, y, t) is homogeneous, of the nth degree, in a, y, ¢ so that 
f(x, y, t) =t"f(ax/t, y/t, 1), prove that 


Je Jas Sut Ϊ J ies por Fs 
(n ~1)? 
Hy= Say Suy fut |= a Say Sow ty 
Frets ἤν.» ἦτ Tar Sy nfi(n-1) 


If €=z/t, n=y/t and f(é, ἡ, 1) =¢ (&, 7), show that 
Hy =(n —1)?8"-) | pee Peg PE 
Pine Pry Pr 
Peis Py nrgl(n—1) 
11. If τὸ, v are two polynomials in x, y that are homogeneous and of 
the nth degree, prove that . 


1 O(u, v) 


ἢ Oe yak —ydzx). 


udv—-vdu= 
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12. If y, =u,/u, r=1, 2,...,, and if wu and u, are functions of the ἢ 
independent variables 7,, Zs, ... , X,, prove that 


ou du ou 


U, ox, ’ ax, g cee oz, 

ω. C4 Oy OH 

δι ἮΝ οὐδ One! Om. 

Y1> Yor --- 9 Un 

RNS ἐν τοῦ, ὡς υαθαα ΩΝ, ἐς," δι LES Ou Ou Ou = 

O(2 35 Los τὰν » Ty) ynti Uo, an? Baz,’ Bw, 

1 n 

πο 1. 

(μὴ Ox, Ox, Ox, 


If u=v/t and Up =v,/t, show that the value of the Jacobian is obtained 
by substituting v, v, for u, ὦ, in the expression on the right and state 
how the determinants in u and v are connected. 


13. If A, μ, v are the roots of the equation in k 
xf(at+k)+y/(b+k) +2/(e +k) =1, 
prove that 


δία, ψΨ, 2) ἈἈ(μ —v)(v -- A)(A-p) 
aA, μ, ν) (δ Ξο)ζς Ξα)ία =) ᾿ 


14. Given that x =f(u, v, 10), y =9(U, υ, Ww), z =h(u, v, w) and that J is 
Ox, y, 2). ᾿ ; 

Bie we)? if, when z, y, z are taken as the coordin- 
ates of a point referred to rectangular axes, the three surfaces 


not zero, where J = 


u=const., v=const., w-=const., 
intersect orthogonally, show that J = +)p,p.p; where 
pi=Sitguthi, p=hetgitht, pi=f2+g2+h2. 


[Note that the direction cosines of the normals to the three surfaces 
are proportional respectively to 


ΤΩ Ju» he; Te, Je» hy: tus Jw» hy. 
Also, since u=const. and v=const. intersect orthogonally, 
Futot9uIn +My hy =; 
similarly 7Ζυΐω τ... t+... ΞΟ, fofyt... +... =O. 
The square of the determinant J is p,?p,2,7.] 


15. If τὸ, v, w are functions of x, y, z, prove that the rate of variation 
of ὦ per unit of length along the line of intersection of the surfaces 
v =const., w =const. is the quotient of the Jacobian of u, v, w with respect 
to x, y, 2 by 

(v2 +02 +07) 4 (w?+w?+w)? sin 6 
where @ is the angle et which the surfaces v=const. and w =const. 
intersect at (zx, y, 2). 
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16. If the Jacobian of n functions of n independent variables is not 
identically zero, show that the notation of functions and variables may 
be so chosen that the functions may be represented by 

Ur ἘΞ (ὦ Loy ene 9 Vn) rl, 2, ens 9 7}. 
while none of the Jacobians 
O( fi» Sos eee tr) ‘ r=l1, 2, ‘ 


O( Wy, Loy... 9 Ly) τ a 
is identically zero. Then prove that we may write 

Yy = P(X, Lay 0+» Ln)> Yo=PalYr> Vor Lys ....» Ly) 

Ys Ξε φείψ.» Yar Tar ...» Δ)» «εν Un =PnlYr> Yor «+9 Yn—v» 34)» 
and deduce that 


δίψι» Yor «++» Un) ὅὄφι OP2 Og ὄφῃ 
OL 4s Way nis gy) OL OL, δας OL” 


17, Prove that if the functions /,(2y, 2, ..., X,) and f(a, Xa, ...5 Lp) 
are to be connected by an equation in which none of the variables 
Ny, Vy. ..., XH, appears explicitly, it is necessary and sufficient that the 


corresponding partial derivatives 0/,/0x, and Of,/d%,, r=1, 2, ...,n, 
should be proportional. 


18. The roots of the equation in A 
(A—u)3 + (A—v)? + (A—w)3=0 
are x, y, 2; prove that 
O(x, ψ. z) _ (Ὁ -- το) (w - 4) (u- υ) 
δι, υ, w) (y -- 2) (2 -- 2) (2 -- ψ) 
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CHAPTER VI 


INFINITE SERIES. COMPLEX FUNCTIONS OF A 
REAL VARIABLE 


59. Infinite Series. It is necessary, in view of applications 
in later chapters, to supplement the sketch of Infinite Series 
given in the Elementary Treatise and to discuss briefly the 
theory of Infinite Products. An excellent treatment both of 
Series and of Products will be found in Bromwich’s Treatise 
on Infinite Series, and the student should consult that book for 
further developments. 

Derangement of Terms. The sum of a finite number of terms 
is the same in whatever order the terms be taken in calculating 
the sum, but the word “ sum ”’ as applied to the ““ sum of an 
infinite series’ is not a ““ sum ᾿᾿ in the same sense as that of 
the ‘‘ sum of a finite number of terms’’; it is the limit of a 
sum of a finite number of terms and in the case of infinite 
series the commutative law of addition is not true unless under 
certain restrictions. 

Let 2a, and Xb, be two infinite series; if every term that 
occurs in one series occurs once and only once in the other, the 
one series is said to be formed from the other by a derangement 
of the terms of the other series or, simply, to be a derangement 
of the other series. The following theorem, usually called 
Dirichlet’s Theorem, will now be proved. 

DrtrRicHLET’s THEOREM. The sum of an absolutely convergent 
series 1s the same in whatever order the terms are taken; the 
sum of a series that is not absolutely convergent may be changed 
by a change of the order in which the terms are taken. 

(1) Let the terms be all positive and let Xb, be a derangement 
of Σα,. If 8, αι τας Ἑ... ας, 6,=6,+6,+...+6, and if 
8,—>8 when n-> it has to be proved that o,—>s when n—>o . 
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Since every term of Xd, occurs in La, it is possible to take 
n so large that every term in g,, is a term in s, and therefore 
Om <8, 80 that o,,<s, a fixed number. Hence g,, (or σα) tends 
to a limit that cannot exceed s; in other words, Σὸ, is con- 
vergent and its sum, o say, is less than or equal to s. 

We may now reverse the process. 2b, is known to be 
convergent, with a sum a; 2a, is a derangement of Xb, and 
therefore is convergent and has a sum not lessthan o. But the 
sum of da, is s so that, from the two parts, we have oS s and 
s<o and therefore o=s. 

(2) Suppose there is an infinite number both of positive and 
of negative terms in Za,. (If there were only a finite number 
of terms of the one kind these could be neglected so far as the 
question of convergence is concerned (H#.7. p. 380, Note) 
and the series would fall under case (1)). Let P, be the sum 
of the positive terms and -Q, the sum of the negative 
terms in s,; then ~+v=n and when n tends to infinity so 
do μ and ». 

Now Σα, is absolutely convergent and 

| a, | + |@,| Fee Ὁ |a,| =P, +9,, 8s, =P, -Q,, 
so that both P, and Q, tend to limits, P and Q say, when 4 
and ν tend to infinity, and if sis the sum of Za, then s=P -Ο. 
But the series ΣΡ, and ΣΟ, are series of positive terms and no 
derangement of their terms alters their sum. Hence s, the 
sum of a,, is not altered by any derangement of the terms 
of Σα,. 

If Xa, is convergent but not absolutely convergent both of 
the series ΣΡ, and XQ, are divergent. For, if s=2a,, (ἢ, --Ο,) 
tends to s while (P, +Q,) tends to +# when n>. Ii we 
suppose that, for example, P, tends to a limit P when n> 
then Q,, which is equal to P, —s, would also tend to a limit, 
namely Ρ --8, and this is impossible since P, +Q, tends to 


infinity. Hence 
= ΑΙ Σα.-- 4 Φ, -Ο)), 
n—>oo 


N— PO 
but s is not equal to L | - J. QQ; 
μ--Σοῦ ν--ροῦ 


the difference is — οὐ, a meaningless expression. 
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Of course it has not been proved, nor is it the case, that every 
derangement of terms produces an alteration in the sum of a 
conditionally convergent series, as a non-absolutely convergent 
series is often called, the reason for the name “ condi- 
tionally convergent’ being now obvious. The typical example 
of a series whose sum may be changed by derangement of its 
terms is the usual series for log 2; see Exercises II. Exs. 10 
and 11. On the general theory see Bromwich, Infinite Series 
(2nd Ed.), pp. 74-77. 


60. Tests of Convergence. The following, known as 
Kummer’s Test, is of wide application, the terms of La, being 
positive. 


Kummer’s Test. Let Xa, be a series of positive terms and 
(d,) α sequence of positive numbers such that the series X(1/d,_) 
1s divergent ; further, let g, be defined by the equation 

ay, 


Jn =a, — 


cole ἃ, 
+1" 
On+1 


The serves Xa, converges if there 1s an integer m such that 
In >&2>0 when n= Mm, but diverges if there ts an integer m such 
that 9n<—-a< 0 when n=m (a a positive constant). 


Suppose first that g, >a>0ifn=2=m; then since a,,,>0 
Ann — ὦκα Ong > LAy, 4. 
In this inequality put n+1,7+2,...,(n+p-—1) successively 


in place of n and add corresponding members of the p inequali- 
ties; then 


Ann — πεν κω» L(Bnyy +Ongg Ἔν... +On py), NSM. 


The expression on the right side of this inequality is positive ; 
therefore the expression on the left side is also positive and, 
further, it is less than d,a,. Hence, putting m in place of n 
we find that, whatever integer p may be, 


ἄγει ται κα +... +Omiy < AmGm/o, a constant independent of p. 


The sum Gy; +@my2 +++» +Qmsp increases as p increases, but 
is always less than the constant d,,a,,/a; this sum therefore 
tends to a limit when p tends to » and therefore the series Σα; 
is convergent. 
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Suppose next that g9,<—-a<0 if n2m. In this case d,a,, 
<Ani1 Oni, 11 n= ™m, and therefore 


* 


mip _Am+1  Im+2 τὰ Amip > dn Amt τς αἰγπιεν-1 
Am Am m+ amtp-1 m1 Om Om+p ᾿ 
so that Gini > Oe gigs DS li 2: Oye 
Now d,,@,, is independent of p and the series X(1/d,) diverges ; 
hence also the series Xa,, diverges. 


Note 1. Ifg, tends to a limit 1 which 18 not zero, the sign of 9, 
for sufficiently large values of n will be that of J, and therefore 
xa, will converge or diverge according as | is positive or 
negative. Or again if the minimum limit of g, is positive La, 
will converge, while if the maximum limit of g, is negative 
Xa, will diverge. 


Note 2. The proof for divergence shows that if a,,,/a,, is greater 
than δ, ὃ, for n =m, the series La, diverges if Xb, diverges. 
It may be proved in the same way that if a,,,/a, is less than 
δι... for n= m the series La, converges if Xb, converges. 

When a,,,,/a, tends to unity the Test Ratio fails ; Kummer’s 
Theorem leads to a test for this case, usually called Raabe’s 
Test, the terms a, being all positive. 

Raabe’s Test. The series Xa, will converge or diverge 
according as 


n( On ~1)>1+a>1 or n (2 -1)<1-a<1, 
On+1 Oniy 


when n = m, a fixed integer (or, according as the limit for n tending 
to infinity of this expression is greater than | or less than 1). 

In Kummer’s Test let d,=7; the series X(1/n) diverges and 
therefore we have for convergence or divergence (« > 0) 


ji —(n+1)>aor<-a@; 
On41 


that is, n (7 -1)>1+a>1 or <l-a<l. 
n+1 


Gauss’s Test. Suppose that a,,/a,,, can be expressed in the form 
Fn =—l]+ i ΜΝ A, [ A>1 
gis n mn’ ||Aq|<&k, a constant for every n. 


The series Xa, will converge if uw>1 but will diverge if μΞΞ1, 
the terms a,, being all positive. 
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Raabe’s Test proves the theorem for ~>1 and for w< 1. 
For the case n=1, let d,=n log n; the series X(1/d,) diverges 
(Ex. 2 below). Now 


9n=dq—"- — dnyy=(n +1) log —— ee 
Onit nN 
log 7 _ 
But [2-7 =0 (§ 26, Ex. 6) 
ἃ {(n+)1 “= Δ 1) log (1 -1.)- Al 
an + a a (n +1) log\ 1 -- ao ? 


and therefore g, is negative when v is sufficiently large so that 
La, diverges when w=1. 

The test in Ex. 1 is often useful; the test in Ex. 4 is eo 
cally important. 


Ez. 1. Cauchy’s Condensation Test. If =f(n) is a series of positive 
terms and if f(n)>/f(n+1), show that >f(n) converges or diverges 
according as the series {2"f(2") converges or diverges. 

Of course the inequality f(n)>/f(n+1) need only begin when ἢ is 
greater than some integer m, but there is no loss of generality in suppos- 
ing it to hold from n=1. Proceed as in the case of the series X(1/n*), 
(Z.T. pp. 380, 381) and take the terms in groups of 2, 2?, 23, ..., 2%, .... 

If 2"°<= nw < 2571 we have 


ΟΣ Δ) Ξ- [[(2) +f(3)] + Χ.(23) --..(5) -ὐθ6) τ.Χ.(7}] 
+ [f/(23) +/(9) +... :}(15}] +... + [f(2") -)ι2π +1) +... -.}]} 
<2f(2) + 27/(22) + 23f(23) +... +2"f(2%). 


When n->o so does yp, and therefore <f(n) converges if 2"f(2") 
converges. 
By grouping as follows 


[1(9) +f(2?)] + (f(5) +... +£(23)] + (709) +... +f(24)] +... 


we see that these groups of terms are respectively greater than 
ἃ. 22f(27), ἃ. 28f(2%), 4. 24f(24), ... 


so that >f(n) diverges if >2"f(2") diverges. 
It is easy to prove that >/(n) converges or diverges according as 
2u"f(u") converges or diverges where μ is any integer not less than 2. 
In ὃ 148, Ex. 6, itis proved that 4 may be taken tobee. (See Chrystal’s 
Algebra, Part IT. p. 124.) 
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Ex. 2. The series Damen n> 1, converges or diverges according 


asa>lorasl. 
f(n)=——t—_; anpcany ae ΦὋΠἃ ΞὮ 
(7) ~ n(log n)*’ F(2”) ~ 2"(log 2%)% ~~ n% (log 2)4° 
But (Ε.Τ. pp. 380, 381) 2(1/n*) converges or diverges according as 
a>1oras1; so therefore does the given series. 


Here 


Ex. 3. The Hypergeometric series. The following series 


+e τοὶ op chet 1). BIB +1) κα, (a Ἐ]1)(α +2). B(B+1)(6 +2), 
1.2. y(y+4+1) 1.2.3. γ(γ Ἐ1)(γ- 2) 
i: α(α, +1)... (α τὴ —1). B(B+)).. .(Bp+n- 1) on 


1.2... y(yt+l])...(ytn-1) 


is called the Hypergeometric Series and is usually denoted by the 
symbol F(a, β, y, x). The numbers a, f, y, x are called the elements 
of the series and 2 alone is here considered as a variable, the elements 
a, B, γ being taken to be constants. 

The series is symmetric in α. and β so that F(a, 8, y,x)=F(B, a, γ, x); 
and if either a or β is a negative integer, the series terminates. The 
element y must not be a negative integer because, after a certain stage, 
each term of the series would have a zero denominator. 

Take the term in x” as a,,; then 

Gnii (α +n)(B +n) 

a, (n+1)(yt+n) 

so that the series converges absolutely if | « | <1 and diverges if | x |> 1. 
If 2 =1 we find that 


an 


x2 —->x when n> 


ΞΞἨ 1 -ἰ l+y-a-B “ An 
Anat n n 
where A,—> o?+a8+ B2-(y+1)(a+8)+y when n>o. When n is 
large all the terms are of the same sign since a,,/a,,, differs little from 1 
for large values of n. Gauss’s Test may therefore be applied since | A,, | 
is finite for every value of n. Hence the Hypergeometric Series, when 
x=1, converges if 1+y-a-f£>1, that is, if y>a+ 8 and diverges 
if y= a+ β. 
The student should study this example carefully as the Hyper- 
geometric Series is of very great importance. 


Ex. 4. The series Ya, of positive terms converges or diverges 
according as the maximum limit G of a}/" is less than or greater than 
unity. 

(i) Suppose @<r<l. There is therefore at most a finite number of 
values of a,/" which exceed r; let all such values of a}/" be included 
in the first m values. Hence aJ/"=<r, that is, a, <7", if n>m, and 
therefore the series converges. 

(ii) Suppose G>r>1. There is therefore in this case an infinite 
number of values of ας, greater than r™ so that the series must diverge. 
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, This test is often called Cauchy’s Test and, though not so useful 
in ordinary applications as the Ratio Test (which is often called 
d’Alembert’s Test), is of great theoretical importance. See Bromwich, 
Inf. Ser. (2nd Ed.), p. 32. 


Ex. 5. Show that the power series a,x" converges or diverges 
according as |x|<R or |x|>R where 1/R is the maximum limit 
of [ας | 5, 


61. Tests of Abel and Dirichlet. An inequality that is very 
useful in the discussion of convergence is given in the Lemma 
(#.T. p. 451), known as Abel’s Inequality, namely: if (c,) is 
a decreasing sequence of positive numbers and if, for r <n, 

A>uU,+Uegt...+u,>B 
where A and B are constants 
CyA > CyUy +Cgtly +... +CgUn > CB. 

If A>0 and B= -A the inequality may be expressed as 

| yy +Cgg +... + Cylln | <C,A. 

In the following tests the terms of Du, need not be all of the 
same sign. 

Abel’s Test. A convergent (not necessarily absolutely con- 
vergent) series Lu, remains convergent if each of its terms 
Uy, Ug, Ug, ... 18 multiplied by a factor a,, ας, ας, ... provided 
the sequence (a,) is monotonic and | a, | is less than a constant k 
for every n. 

The sequence (a,), being monotonic and bounded, converges 
toalimit,asay. Let c, =a -- ας if (a,) is an increasing sequence 
but c,=a, —a if (a,) is a decreasing sequence ; the sequence 
(c,) is therefore a decreasing sequence of positive numbers 
which has zero as its limit. 

NOW Qpytln=QUy — Coy OT Onlin τες +CnUy according as 
Cy =a -- ͵ἴᾷῃ OF C,=A,—a; since Lu, converges it is sufficient to 
prove that Xc,u, converges. 

Let Ry τεῦ, εχ ει +Cniglinag +++» +CnspUnsy- The series Ltn 
is convergent and therefore there are constants A and B such 
that 

A> ἀρ +Unze tees +Unyp > B, p=l, 2,3,.... 
Hence, by Abel’s Inequality, 
Any) > pR, > Bens. 
But c,,,—>0 when n->o and therefore ,},-» 0 when n->o 
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whatever integer p may be so that xc,u, and therefore also 
Da,u, is convergent. (For the notation ,#, see #.7’. p. 379.) 
Dirichlet’s Test. If the series Xu, oscillates finitely and if 
(c,) is @ decreasing sequence of positive numbers which has zero 
as its limit, the series Σιν, 18 convergent. 
Let Rn =Unay tUnse tee + Unep > 
then, since Lu, oscillates finitely, there are constants A and B 
such that A >,R,,>B for every value of n and p. If the rest 
of the notation is the same as in the proof of Abel’s Test we have 


pn Ξε, χη +Cn+2tnse +++ Ὁ Cntptn+n- 
ACniy - phn, > Bens, 
and therefore ,f,,->0 when n->« for every integral value of p 
since C,,,—~0 when n>. Hence 2c,u, converges. 


Ex. 1. If @ is neither zero nor a multiple of 27 the series 


© cosnO τα sin nO 
3 Se, 
Du n 2, n 


are convergent. (The second series is zero if 0=0, +2, +2n,....) 


Ex. 2. Discuss the convergence of the series 
> (-- 5 cos ηθ >> (-1)"1 sin n6 
i ν 4 nm 


62. Uniform Convergence. When the terms of a series are 
functions of a variable x, each term u,(x) being defined for the 
range aS<a<b, that is, for the closed interval (a, δ), the sum 
of the series when convergent will be a function S(x) of «. 
For any given, or fixed, value of x in the interval (a, δ) the 
condition for convergence is, if ,R,(~) denote the partial 
remainder after n terms (Z.7'. p. 379) and S,(x) the sum of the 
first n terms, 

| B,(2) | =| Snap(t) —Sp(w) | <e if n= m, p=1, 2, 3, ...(1) 

When x changes so, as a rule, will the integer m ; if m is 
such that the inequality (1) is true whatever value x may have 
in the closed interval (a, δ) the series is said to converge 
uniformly with respect to x in the closed interval. 

Instead of the partial remainder ,f,(7) we may take the 
complete remainder R,(x); the two forms of the condition 
are equivalent, that is, given one of the conditions the other 
may be deduced from it. 
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If. | BR, (x) |< ε when n= m and a=xz=5b, then, p=], 2, 3,... 
| pR,(x) | = [8,6] -- ρίαν) |S | B,(e) | + | Pn p(X) | < 2e. 
If |,R,(x) |< ε when n=™m, p=1, 2, 3,...and a=x2=6, then 


|By(2) |= S| pRa(x) |Se< 2. 
pe 

On pages 385, 386 of the Elementary Treatise some important 
theorems are proved. Theorem III, on p. 386, may in substance 
be stated in the following form and this test of uniform con- 
vergence is frequently cited as the ‘‘ 1/-Test ”’ or ‘‘ Weierstrass’s 
M-Test.”’ 

The M-Test. If each term of the series Xu,(x) ts defined for 
the range axx<b and if, for each term, | u,(x) |< M,, a number 
independent of x, the series Xu,(x) converges uniformly for the 
range αΞξ αϑϑῦ provided the series UM, 1s convergent. 

m+p 


"SS unl) <2, Mn, 


and if the second sum is less than « the choice of m that makes 
it so does not depend upon x so that the inequality (1) is satisfied 
for the range ὦ ΞΞ α ΞΞ ὃ. 

The Tests of Abel and Dirichlet are easily adapted so as to 
be tests for uniform convergence ; the following statements 
are from Bromwich (l.c. p. 125). 

Abel’s Test. The series La,(x)u,(x) converges uniformly in 
the closed interval (a, δ) if the following conditions are fulfilled : 
(i) Xu,(x) converges uniformly in (a, δ); (ii) a,(x) 38, for a fixed 
value of x in (a, b), positive and does not increase as n increases ; 
and (111) a,(x)<k, a constant, for the rangeasSasb. 

By condition (i) 1 α ΞΞ α ΞΞ ὃ, 


| Un41(Z) ΕΣ Un+9(X) Ἔ ... 4,,.,»(1) l< elfn=m, 
and therefore, by Abel’s Inequality, with A =<, B= —s, 


Obviously 


n+p 
Da, Hel) Uy) < On, (2) <ek if n=m,aszsb, 
r=n 
since @,,;(%)Sa,(v) anda,(z)<k. Hence 2a,(x)u,(x2) converges 
uniformly in (a, ὃ). 
Special cases of this theorem arise if a,(z) is independent of z 
or if u,(x) is independent of zx. 
6.4.6. G 
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Dirichlet’s Test. The series Lan(x)up(x) converges uniformly 
in the closed interval (a, δ) if the following conditions are fulfilled : 
(i) Lw,(x) oscillates, its values lying between —k and k, where 
k is a fixed constant ; (ii) a,(x) is, for a fixed value of x, positive 
and does not increase as n increases ; and (iii) a,(x), when n>, 
tends uniformly to zero for all values of x in the closed interval 
(a, ὁ). 
By condition (i) ifa<2s<b, 
| Un+1(2) +Unso(%)+ ae +Un4p(2) | < 2k 
and by condition (iii) m can be chosen so that a,(x)<e if n=m 
and aX<x2x<b. Hence by Abel’s Inequality 
n+p 
Dy trl) tr 2) <2kifn=am,asasb. 
r=n 
Particular cases arise if u,(x) is independent of x while Xu, 
either converges or oscillates finitely or if a,(x) is independent 


of x. 


Hz. 1. Theseries =x"/n! converges uniformly in the interval ( — a, a), 
where a is arbitrarily large. | 

Let a be any positive number, however large, and let M,,=a"/n!. 
The M-Test shows that the given series converges uniformly if |x | Sa. 
The series is often said to converge uniformly for every value of x, or 
‘for every x.”” 


Hz. 2. The series 2n-* and Z(logn).n-* converge uniformly if 
ΦΙΞΙ ἘΚΡΊ. 

For the first series let M,,=1/n!*+* and the M-Test applies. 

The second series is obtained by differentiating the first. Now 
(logn).n-*-> 0 when no if a >0. Therefore there is an integer 
m such that 0< (log n).n~*< C, a constant, ifn=m. Nowlet α. Ξε ἐζ, 
and we have, if x=1+k>1, 

log n _ logn 
“nt = yitk 
If M,, =C/n'+4* the M-Test applies. 


Hu. 3. If 2c, converges the series 2(c,/n*) converges uniformly in 
the closed interval (0, 1). 
In Abel’s Test, let α, (5) =n-* and u,(x) =c,, independent of x. 


l 
«Οἁ τε’ n=m. 


Ex. 4. The series D>, — , > — 
zx if a>I1, but if 0<a=1 they converge uniformly for the range 
0<0=275 22-8. 

If o >1 apply the M-Test; if 0< a1 apply Dirichlet’s Test, taking 
u,(x) equal to cos nx and to sin nx respectively. 


converge uniformly for every 
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63. Tannery’s Theorem. The following theorem, stated by 
Tannery in his Fonctions d’une Variable, 2nd Ed., ὃ 183, and 
called by Bromwich ‘‘ Tannery’s Theorem,” is closely related 
to the M-Test for uniform convergence and is, in fact, proved 
by Tannery as a particular case of that test. 


Let F(n) = συ Νὴ ΤῊ (1) 
r=0 


where u,(n) is a function of n, and N is also a function of 7 that 
tends to infinity with ἢ. If u,(n), when r is fixed, tends to a 


limit, v, say, when n>, will the sum F(n) tend to >, when 
n> ? 

An example is given by taking F'(n) equal to (1 +1/n)" and deducing 
the value of e as a series (H.7'.§ 48). The problem occurs with sufficient 


frequency to justify the statement of a general theorem that will save 
repetitions. 


Tannery’s Theorem. Suppose that the following conditions are 
satisfied : 


(i) Lur(n) =v,, when r is fixed ; 


nr—-> © 


(ii) | 6) |= M,, where M, is independent of n ; 
(iii) ΣΝ, is convergent. 
When these conditions are satisfied F(n) div, when n-> 0 . 


By (i) and (ii) | v, | S M, and therefore by (iii) Lv, converges. 

Again, since n and therefore Ν is to tend to infinity we may 
always suppose that N is larger than m, whatever integer m 
may be, and we may therefore express F(n) — Xv, in the form 


F(n) - So, = Situ-(n) - vr] +> 4 u,(n) — -> ἊΣ 


Now =U, converges ‘and therefore m ae be eee so that 


> νυ, 3 > M,< 6, Σ ὦ u,(n)is ς 


r=m+1 r=m+1 r=m+ 
where ε has the usual meaning. 
The value of m in the equalities (3) depends only on the 
series XM, and is therefore independent of n ; when m has been 
chosen so as to satisfy the inequalities (3) let it be kept fast. 
The first sum on the right of equation (2) contains a finite 
number of terms and therefore by condition (i) the number n, 


 p=m+1 
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can be chosen so that, if n>n,, the first sum on the right of (2) 
will be numerically less thane. Hence if n>n, 


οῦ m > οὐ 
Τρ - δὴν, 3 | >) (u-(n) — »,] | + 3 wn)| + D> els 
r=Q r=0 r=m+1 r=m-+-1 
that is, | F(n) - 212s < 3c ifn >n, 
and therefore L F(n)= Dr 


Ex. If F(n) =(1 15} show that the limit οὗ F(n) when n tends to 


infinity is the series 
Sea 
ri’ 
r=0" 
Here ty(n) =(1 -=\(1 -=). (1-2 


at 
N=Nn, v,=— 


M,=—=> 
ri? Tr 


where a is any fixed positive number. 


64. Abel’s Theorem. When the interval of convergence 
(H.T. p. 384) of a power series is (— R, 1) the interval may be 
changed to (—1, 1) by substituting x/R for x; we therefore 
suppose that in this and the next article each power series 
converges for | x | < 1 and diverges for | z|>1. The behaviour 
of the series when x->1 or when x-> — 1 from within the interval 
will now be considered ; for definiteness x will be supposed to 
tend to +1. 


Let f(X) = δὴ Ayt", 8, =Ay +A, +... τά, 
n=0 
the series for f(x) converging for |z| <1. 
Abel’s Theorem. (i) 1} s,->s (a finite number) when n->« 


the function f(x)—+>s when x—>1; (ii) 1} 8, - οῦ (or to—@) when 
n> the function f(x)-> (or to— ©) when x—1. 


If 0<2<l, 1 -- α) -- δ) 2", 
0 
and therefore, if the series for f(x) and 1/(1-— 2) are multiplied, 


f(z)/(l-x)= De ΟΣ > Sy” 


n=m+1 
where the series Xs,2" converges “tor [5 -1. 
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(i) Let s,—s. Itis then possible to choose m so that, given ε, 
S—-e<is,<s+e if n2=™m, 
and when m is thus chosen it is to be kept fixed, Next let 


Fm(x) = Pe ce a ΥΞΞ > 8,2", 
n=0 n=m+1 
and therefore f(x) =(1 —2)f,,(”) + (1-2)F,,(%) ; 
then f,,(x) is finite if x>1 so that (1 -- 2) f,,(z)— 0 if x1. 


Again, F,,(x)<(s+e)>) 2" but > (8—&)>) 2", 
m+1 m+1 


that is, F (2) < (5 +e)a™1/(1 — 2) but > (8 -e)z™*1/(1—2), 
and therefore f(x)<(1-2)f,,(x) +(s +e)a™+! 
but f(x) > (1-2) fn (x) +(8 -- e)am, 

Hence Lia) <s+e but 358 --ε. 


and as δ is arbitrarily small f(x)» s when x1; therefore 


ΟΣ a2") -- >) an = > ( La, ; 
%—>1 ‘n=0 n=0 n=0 \a—->1 

(ii) Let s,— so that the series Xa, is divergent; if s,— — 0 
the sign of every term in Xa,x" may be changed so that there is 
no loss of generality in this restriction on the limit of s,. 

Let G be any given arbitrarily large positive number; m 
may be chosen so that s,>G’'>G if n2m. In this case, x 
being positive and less than unity, 


οο 


F,(2)= >> 5,5: Ο' δ) 2 =G@'x™41/(1 -- 2), 
m+1 


n=m+1 
and therefore, since (1—2)f,(z)>0 when x1, f,,(1) being 
finite, 
J. fix)=Q’>@. 
z—t 


As G is arbitrarily large, f(x) when z->1.. 


Hz. 1. log(1+2z)=2 —f024+408 -de44..., [af <. 

The series converges for s=1; the series for log 2 is therefore 
obtained by putting x=1. The series diverges for x= ~-1 and 
log (1+2)—> -# when x> --Ἰ. | 
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Ex. 2. If the series 2a,2" and 2b,2" converge when !x1<1 their 
product is (H.7'. p. 388) Yc," where 

Cy =Agdy, +4,b,_, + a,b, 2 +... +a,Bp. 

Show that if the series Yc, converges the product of the convergent 
series Da, and Xb, is >c,, whether 2a, and +b, converge absolutely or 
conditionally. 

The statement follows at once from Abel’s Theorem because the series 
tend to Sa,, 2b, and Xc,, respectively when x->1. 


65. Cesaro’s Theorem. This theorem deals with the limit 
for x—>1 of the ratio of two power series which diverge when 
x—>l. 

Let f(x) =2Xa,2", g(x) =Xb,2" where the series 2a, and XO, 
are both divergent ; we suppose that each diverges to + οὐ, 
as in case (ii) of Abel’s Theorem, and that the coefficients ὃ, 
are all positive for n > n’, some given number. 

There are two cases. 

(i) If the quotient a,/b, tends to a (finite) limit | when n-« 
the quotient f(x)/g(x) will tend to | when x—>1. 

We can choose m so that 1—e<a,/b,<l+e if n2m and 
therefore, since b,, > 0 and x2"> 0, 


fe a] 


(l-e) δὴ b,am™< δὴ α,5-«- ([ -τεὶ >) 5,2". 
2. ζῶ 


n=m+1 n=m+1 n=m+1 
m re) 
Let > Ayxt" = Pm(2), D2 Ayx” =®,,(2), 
n=0 n=m+1 


δ b,x" = Wm(2X), > Ont = V,,(x) 3 
n=0 n=m+ 

then (1 —e)Vin(%) < &,,(2) < (1 +e)¥m(2). 

P m (2) _f(&) ~ Pm (x) _ f(z) : 1 - Pm(X) [f (2) 


meee V (ὦ) ᾿ 9(5) = Wm(X) g(x) ] -- W(X) /g(x) ᾿ 
so that f(%) Φ,,(α) 1 -- Pm(&)/9(2) 


When x->1 both f(x) and g(x) tend to +0 (by Abel’s 
Theorem) while ¢,,(x) and y,,(x), being each the sum of a finite 
number of terms, remain finite ; the fraction 

{1 -- Pm(X)/9(%)} {1 -- Pm(x)/f(x)} 
therefore tends to 1 when z->1. Again the fraction ©,,(x)/¥,,(x) 
cannot when x->1 fall outside the interval (J -- ε, 1+). Hence 
gince ε is arbitrarily small, f(x)/g(x)—> 1 when #->1. 
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(ii) If the quotient a,/b, tends to » when n->o, the quotrent 
F(x)/g(x) will tend ἰο οὐ whenz—->1. 

We can choose m so that a,/b,>G’' ΣΟ for n = m, where G is 
any given arbitrarily large positive number, and therefore 

®,,(z)/¥,,(z) >G@’. As before, the limit of f(x)/g(x) when 
z—>1 is seen to be greater than G and therefore f(x)/g(x) tends 
to © when 5-»]. 

For the proof compare that of Theorem II, p. 420, of the 
Elementary Treatise. 


La τ +at+o2t... ταπῦς ..ὴ =$,/n. 


t—>1 
The symbol [./n] is used to denote the greatest integer contained 
in./n. For example, 
[V2]=1; [v4] =25 [v7] =25 [v29] =5, ... 
Let Q(x%)=x4+x44+27°+... erry, 
and 7) Ξ [ν 1a + [2 ]a? +... + [na + 


then (1-2) f(2)=9(x) ; (1-2)? (a) =F). 
( -αγὸ 
Now (1-2)? ὃ-- δ: oa a ay 6,2", say, 


and the series for f(x) and (1 —-x)~ ὃ diverge when x—1. Hence, by 
Cesaro’s Theorem, 


L0-at g(x) = eh = Loe [Μη] 


t—> 1 Φ--» εί n—> 0 
provided the limit for n— exists. 


From Exercises II. 29, ὁ, =(2n+1)a,//n where α,-» πὲ when 


n—-o and therefore, 
& r/n 
[ Ἢ ΞΡ 


n—-> cd 


The above proof is that of Cesaro ; for another proof see Bromwich, 
Infinite Series (2nd Ed.), p. 150, Ex. 4. 


He. 2. If f(x)=2a,2", 8, =dy+a,+a,+...+a,, and if 
(8 +8, +8,+... +8,)/(n +1) 
tends to ἢ when n->#, prove that f(z) also tends to 1 when 2->1. 

(Frobenius.) 

[μοῦ 6 +8, +8,+...+8,=t,; th (see the proof of Abel’s Theorem 
(i)), | 

26,0" Lhe" Σέ, 
(1 -αὐι!δῬ (α -αὐτ S(n + 1). π᾿ 
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and therefore, by Cesaro’s Theorem, 


Lim= {mrt 


t—>1 N—> οὦ 

If s,—l the mean é,/(n+1) also tends to l, by Cauchy’s Theorem 
(§ 20, Ex. 3) and in this case Frobenius’s Theorem gives no more 
information than Abel’s ; but it is quite possible that the mean may 
tend to a limit though s, does not, and Frobenius’s Theorem does then 
give new information about the behaviour of f(x) when «1. 

The process may obviously be carried further. Suppose that 
neither s, nor the mean #,/(n +1) tends to a limit and take a second 
mean, namely o,/4(n +1)(n +2) where 

On =(n  1)80 +8, +(n -- 1)5, +... +28, _, +8, 
τε tt, tty +... +b, 
If this means tends to / when n->» then f(z)>l whenz->1. For 


7) --αὐτ = δὴ age” 5 (1-2) = S$) a(n +1)(n +2)0", 
0 0 


Lone” 
and therefore f(x) κι χω ’ 
so that Lfe= Leanne CEE CES ra) a 
a1 


by Cesaro’s Theorem. 


66. Derangement of a Series. It has been seen (§ 59) that 
when a series Xa, is absolutely convergent no derangement 
of its terms affects its sum. Suppose now that 24,, is a 
convergent series whose sum is S and that each term 4,, is 
itself an infinite series, say 


Am= > jm, n= Fm, 1+ Gm, 9+ ++ + Om, ἢ ee ea ee (1) 
n=1 
where m=-1, 2, 3, ..., and therefore 
S= >) An= Cer ) ΤΠ (2) 


If summation is fede first with respect to m, so that for 
n=1, 2, 3, ... we find 


i] 
Ὁ σαν ἐγλτο φυδιήος (3) 
=] 


and then, the new sum pene denoted by 8’, 


=>) B= >>| Pee ) ak) 


n=1 
will the new series Ἢ sanveiead and, if so, will S and S’ be 
equal ? 
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The following are sufficient (not necessary) conditions that 
the series (4) should be convergent and have the same sum as 
the series (2): 

(i) the series (1) converges absolutely for every m say 

hin =| Om, 1 | + [Oma [t---+ [Oma] +--+; 

(ii) the series Xa,, is convergent, its sum being o, say. 

When these conditions are satisfied the series (4) is con- 
vergent, S’=S and the series (3) is absolutely convergent for 
every 7. 

The proof follows from the theorem of § 59; because the 
terms a,,, of the series (2), which may be called a double 
series, as containing a “‘ doubly infinite ’’ number of terms, may 
be arranged so to form a single series 6,+6,+6,+.... The 
arrangement may be effected in many ways, but there are two 
ways of special importance. 

Let the terms a,,,, be arranged 44,1, 4,2, G%,3, 1,4, «τονν Ὶ 
in tabular form (1) so that in δὴν α,;, Ge,9, (5,5, Bog, ++: 
one row m is constant and in 8) zu, 1, 5,5, 3,54, (5,4, «eee 
one column 7 is constant. Am iS 4,1, Qss2, G3, U4, «τονις 


the sum of the mth row while B,, is : : : Ri ἀκ τον 
the sum of the nth column. : : : τοι alee 


constant, taking successively the terms for which (m+n) is equal to 
2, 3, 4, ... and, for each group in which (m+n) has the same value, 
arrange the terms in descending order with respect tom. We thus find 


1,1 | 2,1, A, 2 | 3,1, ἄς, 5, 21,3 | ἂς,., ἄς, 2, 22,3, Aa | .-- 
Each group lies on a “ diagonal ”’ of the array (T). 

Arrangement by squares. The terms common to the first m rows and 
the first m columns form a square array. In the arrangement by 
‘squares *’ the terms are taken from the mth row and the mth column 
of the square array, beginning with the term a,,,,, going on to the term 
Qm,m and ending with the term a,,,,... Thus we find the successive 
groups 

It is clear that both methods give a single series in which each term 
occurs once, and only once, in the table (T), while each term in the table 
appears once, and only once, in the single series. 


Now let 7,,=6b,+6,+...+6, and S,=|6,|+|5,|+...+]| 4, | 
so that S, is the sum of the moduli of the terms of 7,. It 
is possible to choose m so large that all the terms of the sum 
S, occur in the sum 0,+0,+...+a@,, which is less than a; 


Q4,1 | Qe, Is ας, 2» Q,, 2 | ας, 1: 3, 25 as, 3» Qe, 3 Q1,3 | sees 
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therefore S,, which increases as p increases but is less than σ 
for every value of p, tends to a limit when po so that the 
series &b, is absolutely convergent. But, by hypothesis, to 
every term ὦ, there corresponds one and only one term a,,, 
and conversely to every term a,,, there corresponds one, 
and only one, term b,, so that the series (2) and (4) are both 
derangements of Xb, and therefore both converge and 
ΞΘ = 20,5. 

Further, if Bn=| ας,,. [Ὁ ἄρ, ᾳ [-Ὁ -..-ῸῬΔ msn | the sum £,, 
is less than Σ | 6,|, and therefore, by the usual reasoning, the 
series (3) is absolutely convergent. 

Again, if S,,,, is the sum of the terms common to the first m 
rows and the first m columns of the array (T) the sum S,,, μι is 
the sum 7’,, if p =m?, when the terms of the array are arranged 
in squares; S,,,,, is the sum when there are m terms in the 
‘“‘ side’ of a square and S,,,, the sum when there are n terms 
in a side, and both S,,,,, and S,,, tend to S when m and n tend 
respectively to infinity. Now S,,,, lies between S,,,,, and Sy 5 
in the sense that the difference between S,,, , and either S,,, "ὶ 
or S,, is a sum of terms 5b, ὃς, b,...; but the sum 
[b,[+]6,|+[5,| +... tends to zero when m and n tend to 
infinity, and therefore when m and n tend in any way to 
infinity S,,, , also tends to VS. 

We thus have the result that when conditions (i) and (ii) are 
satisfied S,, , tends to the same limit when m and tend to 
infinity in the following three ways : 


@L(£8m»)= Sam,» 


m—>o \n—> a2 m=ln=1 
ns 
OL LSmn)= > Om, a 
n—>ao \m— oo n=lm=l1 
(ἡ) Lo Smn= Lo Sams 
m, ἢ. -- ὦ M,N - ὦ 


where in (0) m and n tend independently ὕο οὐ, that is, the only 
restriction on m and 7 is that each becomes and remains larger 
than any given integer JV. 

The series in (a) and (δ) are said to be formed by ‘“‘ repeated 
summation’; one of the numbers m, n tends first to infinity 
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and then the other and the two repeated summations give the 
same sum. In case (c) the ““ double series ᾿᾿ Xa,,,, 15 said to 
converge. 

It is possible, when conditions (i) and (ii) are not satisfied, 
that the limit given by (c) may exist and yet the series 4,, 
and B, may not converge, but into such cases we do not enter. 
See Bromwich, Infinite Series, Chapter V. 


Cor. Multiplication of Series. Tf an,,=6,c, and if the 
series Lb, and ΣΟ, are absolutely convergent with sums B 
and C' respectively the terms in the mth row of the array (T) 
will be biyCy, OmCe, --- ; OmCn, --- and therefore 


A mn = Om (Cy +0g τς... +n +...) =O, 
and S= pa me bP ν,)σ-- BO 
m=1 1 


because conditions (i) and (ii) are satisfied. If now the terms 
in (T) are arranged by diagonals we find 

BC =S =b,c, +(bec, +64.) +(bgc, +O2C2 +5,¢3) +... 
which is the usual rule for the multiplication of two absolutely 
convergent series. 

It would be more symmetrical to take a, ,=0mX™ . Cy” 
and to let m, n take the values 0, 1, 2,...; by this notation 
we should get the form given on p. 388 of the Elementary 
Treatise. 

The following examples 1-4 are from Bromwich, p. 86. 

Ea. 1. If an,_=CmC, Where the numbers are positive, the double 
series 2A, , converges if 2c,, converges (say to C). 

Here —— Sin, m = (Cy + 6g +... +lm)? < C%, 
so that S,,,, and therefore also S,,,,, tends to a limit. 

Hu. 2. If m+n=p and if ay, ,=C,/p, the terms being all positive, 


the double series 2a, ,, converges if Tc, converges (say to C). 
Here, if we take the arrangement by diagonals, we have for the single 


series . , 
ἐσ, + 2(heg) + 3(Zc,) +... + (p - (2) Ἔνι. «Ὁ, 


and the result follows. Τὸ may be seen similarly that if a,, ,,=d,/p and 
if Σά, diverges so does 2m. a 


Ex. ᾿ The double series (m+n)~* converges if « > 2 and diverges 
if a = 2, while Sm-*n~6 converges if a > 1, β > 1. 
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Hu. 4. Ifa, c are positive (and ac> δ3 if b<0) the series 
S(am? + 2bmn + en?) ~* 
converges if A> 1 and diverges if A=1. 
When A is the greatest of the three numbers a, c, |b |, we have 
A(m +n)? > am? + 2bmn + cn? > 2[6 +./(ac)]mn 
and the result follows from Ex. 3. 


Ex. δ. Show that, if |2|=é, |[y|=n and 2&7 +77<1, 


(1 -2Qey +y2) F=1+ >) P,(x)y 
n=1 


where P,,(x) is a polynomial in x of the nth degree. 
If |y(2x% -y)|< 1 the Binomial Expansion gives 


= 11.3. 2 
(1 -2ey ty τὶ + Se Ὑ5Π7 ὑ" (Qa -- ψ)ν΄ «νον (1) 


Let |x|=é and |y|=7; then, if 267 +7?7<1, 


ᾳ -- 2ξη - η) tA + 2) 31-6 πη nf (2E +7) ccceeeee. (2) 


Now the series in (2) is what the series in (1) becomes when every 
term in it ἐδ made positive, and as the series in (1) when thus treated is 
convergent (by (2)) its terms may be deranged and rearranged in 
powers of y. When so rearranged the coefficient of y" is P,(x), the 
polynomial of the nth degree, 

1.3.5.. fon = NN gn n(n —1) gna, (m= 1)(n—2)(N= 8) ong } 

1.2.8 ~ 2(2n—1) 2.4.(2n—1)(2n—-3) ne Ae 

Now 2ξη τη < 1 if 7<(1 4 &2)2 —é and this inequality is satisfied if 

&= 1 and 7<,/2 -1=0-414. Hence the series 


eo] 
1+ Ds (x)y” 
n=1 


converges absolutely and uniformly with respect to zx and absolutely 
and uniformly with respect to y for the ranges 
|x |Slandly{=c<v2-1. 
The polynomials P,,(x) are called Legendre’s Polynomials of degree ἢ 
or Legendre’s Coefficients of degree n or Zonal Harmonics of degree n. 
(See, for example, MacRobert’s Spherical Harmonics, Chapters IV, V.) 


Ex. 6. Show that P,,( -x)=(- 1)” Pz). 

From the value of P, (2) i in Ex. 5 it is obvious that P,(x) contains only 
even powers of x when ἢ is even and only odd powers of « when n is odd; 
the result then follows. The relation may, however, be proved jade: 
pendently by expressing (1 + 2zy +y2y 2 in the two forms. 

[1 -2(-x)y+y*]# and [1-22(-y)+(-y)? 
which give the identical equation 


c iv 3) 
1+ >)P,(-x)y*=14+ ΝΡ, (αὐ -- ψ)" 
No ΩΣ n=1 


and therefore P,,( -- α) =(-1)" P, (2). - 
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Ex. 7. Prove the following values where, for symmetry, Po(x) =1. 


-ὅ: 7 43-5 1.3. 
7.9 5.7 3.5 
P,(a) =2; P(x) =§a5 ~ $2; P;(«) τσ Ἷ a§ τ ΝΕ 


EXERCISES VII. 


1. Prove the conditions (#.7'. p. 395) for the convergence or diver- 
gence of the Binomial Expansion of (1 +2)™ when x= +1. 


2. Τῇ u, =(n!)*2"/(2n)! the series >u,, converges or diverges according 
as |x| is less than 4 or greater than 4. 


3. If u,=1.3.5...(2n —1)/2.4.6... 2n the series Du, diverges. 


; e+ α(α -- 1) α(α -- 1)(α - 2) ; 
4. The series ἘΣ; (δ ΕἸ ἢ δ εἰχδ- 5) Τ᾿ +1)(6 +3) . converges or diverges 


according as ὃ —a (or the real part of ὃ -a) is greater than 1 or not 
greater than 1. 


5. If 0< x=c<1 the remainder after n terms of the series 
Ia + 27.353 + 31χ,8 + 


is less than (n + 1) ἜΤ] —(14+1/n)rz}. 
State any restrictions on 7 and 7. 
J J I 
6. If τῷ το a, τη; τα, στρ T= then ym =log 2. 
1. If u(x) =2?(x? + 23)(53 + 42) .., [3 +(2n — 2)?]/(2n)! the series 


1+ >) u,(x) 
1 


converges uniformly for every x. 


8. If u,(x) =1/(n* +n*xz?) the series 2 u,,(x) converges uniformly for 
every x. 


9. If Sa,, is convergent the series 
4 x” x” ~ nal --αἢ 2na,x"(1 — 2) 
δ, Any ΠΝ Dj + απ" Lyn l-a" ’ >> loam 
converge uniformly for 0=2=1. (Hardy.) 


10. If the series Ya, is convergent and if c is neither zero nor a 
negative integer show that the series 


τ ο(ς -- 1)... (6 ἘΠ -- 1) 
ay "e(x+1)...(%+n-1) 


is uniformly convergent if ὦ -c=6 > 0 and z neither zero nor a negative 
integer. (If c and x are complex, then the real part of x —c will be 
greater than ὃ.) 
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11. If Su,(2) converges uniformly for a<a<b and if each of the 
functions u,(2) tends to a, when x tends to ὦ from within the interval 
(a, δ), show (i) that the series ta,, converges, say to A, and (ii) that 


L, Sale) =A ἘΣ L, unh2). 


t—~—>a ta 
(Note that the value of u,(x) for x =a is not in question ; u,(x) may 
or may not be defined for x =a so long as u,(z) tends to a limit when 
x—->da.) 
{With the usual notation, m can be chosen because of the uniform 
convergence so that, for every x such that α «ὦ « ὃ, and for n=™m, 
| p&,,(x)|< ε, and therefore, if n and p be kept constant while «a, 


L, \ oat) | Sie, that is, | Ons, +Onya t+. +Ongn | Se. 
w->a 
Thus Xa, is convergent. Now take the complete remainders R,,(z) 
and £&,,, in the series 2u,(x) and 2a,, respectively, and write 


> U,(x) -- eS ay =>) ἴω, (5) -- ας} + Ry (2) - Ran; 
1 1 1 


we can choose m so that both | R,,(x){ and [R,,| are less than ε 
(a< x< δὴ) and then, m being kept fixed, h may be chosen so that 


m 
δ) {ω,(5) ΤᾺ ay} 
1 


>) U,(X) = > an 
1 1 


that is, Du,(x)>Xa,, if xa. 
Of course a like theorem holds for x->b.] 


<eif r-a<h, 


and therefore <3e if x~a<h, 


12. L (5 —-a4+n9 --αοἷθ ες...) Ξ ἢ. 
a—>1 
(If f(x) =a -x*+... thecoefficienta,, of x” in f(x#)(1 -- α) 1151 οὐ Oaccord- 
ing as the greatest integer in ,/n 15 odd oreven. If [,/n] = A4=greatest 
integer in ./n, then 
αι ας Ἔν. +4, =H{1 -(-1)4(n +1) +4(-1 A At D). 
7 (α)]( --“ | £2 +d,+... +a, =}. 


~(1V-2)2 n+1 
2—->1 n—-> 0 


τ z that i 
Ἔτπ:εττο τ τ; prove tnat 10 con- 


13. Lambert’s Series is = 


verges if |~|<1. Express it as a double series and show that it may 
be transformed into the series (Clausen’s Series) 


1. ,lta® .1 8 
ἄγ te a tO pcg te 
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14. Prove that Lambert’s Series may be expressed in the form 
“θ(1) +2%0(2) -- αδθ(3) +... +2"O(n) +... 
where 0(n) is the number of divisors of n, including 1 and n. 
15. If |z|<1, show that 


x ἃ 5 a8 _ xe ὧδ τ α΄ 
Loatt Pratt Poet πὰ Ἱπαὸδ Te 
16. If |2|<1, show that 
x cad x x αν x 


re 


Ταῦ j ast [+a 
17. If |x |<1, show that 


x 2x? SO a pA el ye I a 
Toa 1+a2? Tsai ταὴ} (1 ταῦ)ὲ (Teas 


+... Ξτ τὰ P_gst [Po σ΄ eae 


οΌ 8) 
18. If f(x) = >) Anz" and g(x) = bats both series converging for 
n=1 m==1 
{x |<1, show that 
© οΌ 
Sy ὃ, 706") = S$) tng"). (Knopp.) 
n=1 


n=) 

67. Series of Complex Terms. If ὃ and ὁ are real numbers 
and ἡ is ‘the imaginary unit ,/(—1),” the number a where 
a=b-+ci is called a complex number. The student will be 
supposed to be familiar with the usual nomenclature and with 
the method of representing complex numbers on the Argand 
Diagram, as well as with the laws of operation. 


For definiteness, it may be noted that when ὃ and c are given and the 

numbers r and 6 are determined by the equations 
rcos 0=b, rsin #@=c 

subject to the conditions that r is positwe and -—-7<0=2, tho 
number r is called the modulus of a or b+%c and is denoted by [αἱ] 
or |b+ic]|, being equal to the positive value of (δ +o2h, while 6 i3 
called the amplitude of a. If θ is one solution of the equations so 13 
6+2nzx where n is any positive or negative integer ; the value of 6 as 
above restricted is called the principal value of the amplitude of a. 
Again, the principal value is often taken to satisfy the condition 
0= 0< 2x but, unless otherwise specified, the principal value will bo 
supposed to be such that -2<6= π. 


If b,, and c, are real numbers and a, Ξε, +1c, the series 
La, or X(b, +2C,) 


is called a series of complex terms or a complex series. It is 
plain that if the series Xb, and Xc, are both convergent the 


174 ADVANCED CALCULUS [CH. VI. 


number X(b, +7c,) or La, is a definite number and in this case 
the series Xa, is said to converge. If either Xb, or Xc,, is not 
convergent the number 2(6, +ic,) is not a definite number 
and a, is said to be not convergent. The convergence of La, 
may therefore be tested by seeing whether Xb, and Xc, are 
both convergent. 

The most important type is the absolutely convergent series. 
The series Σὰ; or X(b, +%c,) is said to be absolutely convergent 
if each of the series Xb, and Xc,, is absolutely convergent, and 
it is easily proved that Xa, is absolutely convergent if, and only 
if, &|a, | is convergent. For 

| an | =(62 +68)" S | bn | +1 cn | 
and therefore X|a,| converges if both X|6,| and Z|c, | 
converge. 

Again, |b, |S (b2 +¢2)# =| a, |, | en |S an | 
so that both Σ |6, | and Σ | 6, | converge if Σ | a, | converges. 

The convergence of &|a,| may be tested by the rules for 
series of positive terms. 

For example, the series 2", where x is complex, converges absolutely 
if |x |<1 because |a,., |+|a, |=|2 |. 

The series =x"/n! converges absolutely for every x ; because 
_ 12] 
~n+1 


nti | 
“feel 


When a,,/a,,, can be expressed in the form 
Gy _ 1 .α +06 ἐς A,, Bates 
where | A,,| and | B, | are saute we have 


=((a+ge4s)+ (Ge 50} 


=1+= ες [6.1 bounded, 


Ont 
ay, 


17? if n—>o. 


Qn 


Ansy 


and therefore (§ 60) Xa, will converge absolutely if o>1 but 
2|a,| will diverge if a1. Instead of (A,+7B,)/n? we 
might have (A,+7B,)/m, A>1. 

Ex. Ifa, B, y, x are complex, «=a, +txg, B=B, +t Po, y=, +42, 


the hypergeometric series will converge absolutely when x=1 if 
ἰγιπα, — βι), that is, if the Real Part of (y -- α — β), is positive. 
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Tannery’s Theorem, § 63, holds for complex terms as for 
real; the proof needs no change when the terms of Lu,(n) 
are complex. 

Derangement of Series. Here too no change is required ; 
when the conditions (i) and (ii) of § 66 are satisfied the proof is 
the same as when the terms are real. 


68. The Exponential Function. Let F(n)=(1+2z/n)" where 
n is a positive integer and z is complex, z=2 +iy, x and y being 
real; it will be proved that, when n tends to infinity, F(n) 
tends to the limit expressed by the series 

gage 27 
1+ a+ ota te pt. =P); BEY νοις λων νον (1) 
which converges absolutely for every z. 

Expand (1 +z/n)" by the binomial theorem, which is appli- 
cable when n is a positive integer, and express the coefficients 
as in § 48 of the Elementary Treatise ; thus 


2 "ἘΞ ι 
F(n)=1+2+(1 = ae ea ΠΕ --)(1~2)...(1 fo 1 +... 
n/ 2! n n n 7γ1] 


τινα - )(ι -Ξ)( -5: ὩΣ, (ἡ) 


Let u,(n) be the term of the expansion that contains 2’, and 
let |z|=a; then we have 


(i) L u,(n) =z" /r!, when r is fixed ; 
(1) |u,(~)|Sa*/r!; (iii) Sa"/r! is convergent. 
The conditions of Tannery’s Theorem, § 63, are therefore 


‘satisfied and woe 
L F(n)= > 5 = 00) Ee eee (3) 


n—>oO r=0 


and this series converges absolutely for every z. 
The limit may, however, be expressed in another form, 


namely 
L F'(n) =e" (cos y +2 sin ψ). 
For, if 1+2/n=r cos θ and y/n =r sin 6 (n a positive integer) 
so that 1+2/n=(1+2/n)+iy/n=r(cos θ +2 sin 6), 
rcos θ will, for large values of n, be positive while r sin 6 will 
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have the same algebraic sign as y; hence 9 may be chosen so 
that it lies between — 2/2 and 2/2. By De Moivre’s Theorem 


(1+2/n)" =r"(cos 6 +74 sin θ)" =1r"(cos nO +7 sin n8). 


Now, 


= my? y2)3_/, 2)" ψ 13 
πος .[( +5) 3] =(1 +5) {3 ih Yat ‘ 
But ny?/(n +2)?-> 0 when n> and therefore by ὃ 25, Ex. 2, 


3 


Ή. 
{1 +y?/(n +2x)?}2 >1 when n>, 
so that r?—>e* when n>. 


Again, tan @=y/(n +z) and therefore 6+0 when τ προ. 
Also, 
_ ὃ. my 8 _Y¥ 
~tanOn+x tandl+ajn 


γθ 


—+>y when n> 


if we assume the usual theorem that 6/tan6—1 when 0-0. 


Hence L F(n)= L(a ἘΞ TWY <e(cosy +7SIMY) ....06. (4) 
and therefore 
eae +2) —e*(cos y+? sin ψ) a> = = 9(2). 


When z is real, z=, the series is equal to e” ; the definition 
of the exponential function is now extended to complex 
values by saying that e* means the series X2"/r! or (2) or the 
function e*(cosy +isiny) when z= +1ty. 

69. Trigonometric and Hyperbolic Functions. If z, and 2, 
are any two complex numbers the power ε΄ satisfies the index 
law e4 x e%2 = eu τς 
as may be verified either by finding the product 9(21) Χ P(22), 
which is easily seen to be (2, +2), or by taking the product of 
e and οἴ: when these are expressed in the form 

e4(cos y, +7sin y,) and e*(cos yp +7 SiN Yo). 


If n is any positive or negative integer (e’)"=e”™, but when 
n is not integral or not real the function is no longer single- 
valued. (See § 72.) 
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Suppose x=0; the series for y(z) then gives, by equating 
real and imaginary parts, 


which are the usual power series for cosy and siny; by 
equation (4), § 68, y is the number of radians of angle. 
In the equation e”=cosy+isiny put -y for y; the 
equations e*”=cos y +7 sin y, οὐ" =cos y —7 sin y 
ἐν 4 giv iv οἷν 


give COS Y =——g—— 5 SIN YF ee eteeeteeeeees (1) 


which are known as Luler’s expressions for cos y and sin ψ. 
The direct trigonometric functions of a complex number z 
which, as yet, have no existence, are now introduced by 
definitions suggested by equations (1), namely, 
et ἘΞ ρ-ὖξ tz οἷς 


cos 2 = —_——_,, sin z= — | 
2 ᾿ ϑ 5, ὦ 


while the other functions tan z, cot z, cosec z, sec z are defined 
by the equations tan z=sin z/cosz, ... see z=1/cosz, which 
hold for real angles. 


᾿ ᾿ tz ,.--ἀἰὸξι ὃ οἷς —tz\ 2 
Again, sin? z+cos?z= (=e) + (=) =] 


21 2 ᾿ 
the fundamental identity for real angles. Similarly it is seen 
that 1+ tan? z=sec*z, 1+ cot? z=cosec? z, 


and it is also verified very easily that the Addition Theorems 
for cos(z,-+2,) and sin(z,+2,) hold also for complex values. 

It should be noted, however, that, when z is complex, the 
familiar relations |sinz|<1,|cosz|<1 are no longer true 
In general. 

Periodicity of ο΄. The function e’ is periodic, with the pure 
imaginary period 271; for if n is any positive or negative 
integer, 

er +n. ont — @? x ρξηπὶ — e* (cos 2Inz+isin 2nz) =e’. 

The trigonometric functions have, however, the same real 
periods as when the angles are real; for 

ette-+n.2r) — ptiz Ff et2nni — ettz. 
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so that an increase or decrease of the argument z in sin z or 
cosz by 2x makes no change in the value of sin z or 008 2. 

The zeros of the trigonometric functions are the same as 
when the angles are real. For example, if z=a-+iy and 
sin z=0 we must have 

eft-v —e-tety or ὃν --ρϑῖα —cos 2x +2 sin 22. 

This equation requires, since x and y are real, 65" -- 1 or y=0 
and cos 2x=1, sin2x=0 so that r=nz, n=0, +1, +2,.... 

The Hyperbolic Functions. The definitions are the same as 
when z is real (#.7'. p. 140) ; for example, 


cosh z=4(e* +e’), sinh z=4(e* -- €%). 
The relations 
cos iz=cosh z, siniz=isinhz, sinh iz=72sinz 
should be noted as they are often useful. 


Ex. 1. Show that, x and y being real, 
(i) cos (x+ty)=cos x cosh y#? sin x sinh y ; 
(ii) sin (x+y) =sin x cosh y+? cos & sinh y ; 
sin 24+7 sinh 2y 


(iii) tan (et1y)= cos 2x +cosh 2y © 


Ex. 2. Ji x and y are real prove that 
(i) | sin (εἶν | =(sin? 2 +sinh? ψ)Σ ΞΞ cosh y but = sinh | y|. 
(ii) | cos (w+ ty | =(cos? x +sinh? y)2 = cosh y but = sinh | y|. 
Ex. 3. Ifx+dy=tan (u+%v) where 2, y, τι, v are all real, show that 
(i) 2% + y? =(cosh 2v — cos 2u)/(cosh 2v + cos 2u) ; 


2x si ee ae 
Toa -ῃ ; (111) tanh 2u “Tye yi? 


(iv) ef? = (ὦ +(y + 1) /{a* +(y -- 1). 


(11) tan 2u = 


Ex. 4. If zis complex, | e?-1|<|z|(1+4$]z|e'*'). 
Let |z| =r; then |e* —1| is less than or equal to 


ἐγ. ee ne 
r+4r {1 ἘπΈς τ Ἐπ πατεῖ) 


2 ΓΙ 
< r+grt{l +r +5 +s. +74. τα +4rer |. 


70. Logarithms. If e’=z, where w and z are complex, w 
is defined to be a logarithm of z; when z is real there is only one 
real logarithm of z, but when z is complex new considerations 
come into play. 
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Let z=x +1y=r(cos θ +7 sin 0), where -2< 60S π, and let 
w=u +tv, where wu and v like x and y are real; then 


e” = e+ =x +iy=r(cos θ +7 sin 6), 
or e“(cos v +7 sin v) =7(cos θ +7 sin 6), 
and therefore e*=r,v=0+2nza, n=0, +1, +2,.... 
Hence, since r is positive, u=log r, a real number, and 
w=u +w=log τ --ἴἰ(θ +20). ...(οννννννννννννννον (1) 


This value of w is ““ the general logarithm of z ”’ and is denoted 
by Log z, so that Log z has an unlimited number of values 
that differ by multiples of 2x1. The value of w for which n 
is zero is called the principal value of the logarithm of z and is 
denoted by log z. Hence 


Log z=log z +2nai, n=0, +1, +2, 2... νννννννον (2) 


If χα εἶν, then r=(z?+ y?)?, log r= log (x?+y?) while 6, 
the amplitude of z, is the angle which satisfies the equations 
rcos 6=2, r sin 0=y and also the inequalities -x1<0< π. 

Tf 6,, 62, ..., 4, are the principal values of the amplitudes 
Οὗ 2,29,---,2, and φ the principal value of the amplitude of 
the product 2, 22,...,2, then g is not, in general, equal to 
0,+6,+...+6,, but to 6, +6.+...+ 6m +2kx, where k may be 0 
but, in general, is a positive or negative integer which must be 
chosen so that -xz<qwSx. Hence 


log (222... 2m) =log z, +log 2,+...+log z, +2kzt. 


Ex. Let m=2. 
a 2 Q7 2x 
6,=3,; O,=5 > k=0; 0,=6,= 7, k= -ΙἸ, g= π᾿’ 
na 22 52 
θ.- -, ie k=], ΩΣ ὩΣ 


71. Inverse Trigonometric Functions. If 2 is real and 
tan y= we find by expressing tan y in terms of οἷ" that 


οἷν — οτὖν . ] τς 
ΞΕ. CF 


tan ITE" $e) 1 $x 


and therefore — ψ -Σ Log (2 ). sei συν oes eres (1) 
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Let. (1 +72)/(1 -- 1) =r(cos 6 +2 8in 0), -x<@0S2; then 


1-z 22% 
r=1, cos θ΄ -ον Lag n0e τις» tan $6 =2 
1 1 +72 ΝΗ 
and 5; Log (Ft) <5. =: X4(0+ 2η)πὴ =46 +02. 


The principal value of y is therefore $0 and is the value to 
which the symbol tan—!z is restricted (#.7'. p. 133). 
The general value of tan-1 z, when z is complex, is defined to 


be 1 1 +22 
3; Los Ge) ee re eer (2) 


Thus if x+iy=tan(u+iv) so that uw+iv is a value of 
tan-! (xz +2y), it follows from ὃ 69, Ex. 3, that 
2 2 
ut+w=nn + tan Cae, +4. log (Bre (3) 
where n=0, +1, +2,..., and therefore, as when z is real, the 
values of tan~! z differ by multiples of z. 

As we shall make very little use of these inverse functions 
it is sufficient to state that all can be expressed in the form 
o+¢8 where « and β are real functions of the real variables 
z and y. For fuller information the student may consult 
Chrystal’s Algebra, Chapter X XIX, or Hobson’s T'rigonometry, 
Chapter XVI. 

Ex. If sin“(a+iy)=a+%8, 2+ty=sin a cosh β +1 608 « sinh 8, 
prove that 

(i) cosh B=4{(e +1)? Ἐν} Ἐπ - 1)? +y9# =u; 
(ii) sin a =4{(w + 1)? Ἐν - 4(@ - δεν δτου; 
(iii) βίῃ (ας +iy) =n +( —1)" sin“v τὸ ( — 1)" log {u + (u3 -- 1)3}. 


72. The Generalised Power. The power z* is defined for all 

values of z and ἢ, real or complex, by the equation 
gn — en Logz 

and ‘e”>g2 is the principal value of 25. 

The general power 2" is single-valued if, and only if, » is zero 
or an integer, positive or negative ; because 

n Logz=nlogz+n.2kxi, ὅπ, +1,+2,..., 

and in this case ei is unity. If 7» is a rational fraction, 
n= -+p/q, where p and q are positive integers and p/g is in its 
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lowest terms, 2” has φ different values. In all other cases the 
general power 25. has an unlimited number of different values. 


σ. 
+. 


Ex. 1. (i) log(-1)=2%; (ii) log t= 54 ; (iii) log (-4) = - 5 


Ex. 2. The principal value of ἐὲ is e~*/?. 


Ex. 3. If tan ὦ ξο sin «/(1 —c cosa), show that if z=0 when c=0 
x Ξ: lo — as “6 5) 
δὲ C8 UT - δῖα )᾿ 


Ex. 4. If x and k are complex, |z|<1 and k=o+12f where « and β 
are real, find the modulus of the principal value of (1 +). 
The principal value of log (1 - 5) is that value which is zero when x 
is zero; for if x=r(cos θ - ὦ δίῃ 0), -a1<@=2, and 
1+rcos@=pcosqg, rsin§=psin 9, 


cos ¢ is positive and therefore —2/2<9<2/2 and y=0 when r=0. 


Next, log (1+ 2x) =log ρ +49, 
so that k log (1+2) =(a log 9 — By) + B log ὁ + aq) 
and therefore | (1 +22)* | =e loge - B = 9%e - B+ 


where 9 =(1+2rcos 6 +72)f, 


Since [φ| m2, |(1+ax)e| < ote! FF, 


73. Complex Functions of a Real Variable. If u and v are 
real functions of the real variable z—that is, functions in which 
the constants are real numbers—the function u +1v is called a 
complex function of the real variable x. 

A polynomial f(x) of degree n (n a positive integer) in which the 
coefficients are complex numbers may, by separating the purely real 
and the purely imaginary parts, be expressed in the form u+w. The 
quotient of two such polynomials is of the form (u, +7v,)/(u, +) and 


=U+W., 
Ustw,  uz+v3 uz τυ 


Again, if a=b +ic (ὃ, ὁ real) e% is of the form u +tv where 
u =e> cos cx and v =e” sin cz. 


From the definitions of logarithms and of the circular functions, 
direct and inverse, it will be seen that they are all of the form u +2. 
The definition therefore includes all the ordinary functions. 


The derivative and the integral of a complex function f(x) 
of the real variable x are defined, when f(x) has been expressed 
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in the form «u+iv where u and τ are real functions of x, by 
the equations 


df(x) du ἀν 
ate) _ =a, tia ὃ and [fede = uda +ifvde +C, 


where Οὐ is a constant, in general complex, C=C, +iC,. 
The definite integral is defined by the equation 


ὃ b b 
[ flc)de =| udx +i vax, 


where the limits a and b are, of course, like xz, real numbers. 

The rules for differentiating a sum, a product or quotient, 
and a function of a function (both variables being real) will 
obviously be the same for the complex as for the real functions; 
the rule for differentiating an inverse function will be proved 
for the standard formulae, as the general proof really requires 
the concept of the complex variable. 


(I) e”, where w=u - ἦν and τ, v are real functions of the real 
variable x. 
By definition, οἷ =e"(cosv +7 sinv) ; therefore 


d.e” du And sap ae : dv 
~~ = e"-—(¢ ἢ 510 υ) +e"( —sin v +7cos v) —— 
ae "τη osv + ) +e"( v+ ) Tx 


tien, NO 8 .. av 
=e"(cos v +7sin v) —— +2e"(cos v +7 8in ”) Te 


dx 
Ν .dv 
=e"(cos v -ὖ 510 υγ(σε: +i 
d.e” dw 
so that daz =e" age 


We thus have the same rule as if w were real. 

(II) Trigonometric Functions. By expressing sin w, cos w, 
tan w, etc., in terms of οἷ" and applying (I) it is readily 
found that the derivatives have the same form as when w is 
real. 

For example, 
d.sinw_ 1 d(e—-e™) 

dx 2% da 
d.sinw 


da 


iw 4 pew GW 
=4(e +é "7." 


so that 


dw 
=cosw ——. 
dx 
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(III) logw. In this case let w=op(cosy+tsing) where 
0 and 9 are real functions of x; thenlog w=log 0 +1 so that 


d.logw 1 4e,; dp 

dx ; ἄχ da" 
Now 2 (cos +2s8in φ)ὴ +70(cos φ +7 sin =e 
dx =% φ φ᾽) τῦρ φ φ 
ldo -ἀφ 
Ξωίς da" =) 
and therefore 

d.logw_1 dw 

dx wax’ 


Since Log w=log w+2na1 the derivative of Log w is the 
same as that of log w. 

(IV) Inverse Trigonometric functions. The forms are the 
same as when w is real; for example 

d.tantw 1 ἃ ( τι 1. dw 
dx 2Wwdzx —iw/ 1 +w* dx’ 

(V) w". Let logw be the principal value of Logw and 
w" =enlogw where w is a complex function of the real variable 
x and ἢ a complex constant. We find by (1) and (IIIT) 
A.W" niogw AUnlogw) _ . dw 
“ἄς ° da dx’ 
αἰ. εὑ" n-1 dw 

ee πτο: 


Cor. If the same value of Log w is used for w" and w"-1 


so that 


d .w” ~ wt dw 
dx da’ 
(VI) In respect of integration we may assume (as will be 
fairly evident from consideration of the definite integral as the 
limit of a sum) that 


| f +ioyde| τς [τ το] dz 


ὃ ὃ 
or | | ade <| |wlda, 


where a and 6 are real numbers and a <6. 
It is also assumed that the integral of df (x)/dx is f(x)+con-. 
stant. 
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Ex. Find the integrals of e**cos bz and 655 sin bz, (a, ὃ real). 


e(atibj= § ¢2%(cos bx +4 8in bx) 


(a+ ἰδ)χ = = 
|e Oh a 46 


and | e(a+)z da = |e cos δα ας + ies sin bz da. 
Equate real and imaginary parts. 


74, Logarithmic and Binomial Series. The series for 
log (1 +x) and (1+2)*, where x and k are complex, will now be 
established. 

I. log(1+z). When ¢ is real, OS¢<1, and x complex, 
|~|<1, the principal value of log (1+2t) is that for which 
x (or t) is zero (ὃ 72, Ex. 4). 

Now, let | x|=@ <1 and let ἐ be real; the binomial 1 + zt can- 
not vanish if 0<t< 1, and therefore 

[ ae = Principal value of Log (1+2). 


Again, by elementary algebra, we have 
=S\(- Uta f414(-p 22 
r=1 


and therefore, log (1+2) denoting the principal value of 
Log (1+2), 


gett 


5 Ὁ 
1- χί T4+2t’ 


x 
log (1 +a)=>(-F +(-1)" R,(z), |2|=o<l,...... (1) 
γε: 

1 gntl i” 

where R,,(x) - fon 
Now | 1+a2t|=1- o> 0 when |2|=e<1 and OS#<1 ; hence 

te 1 
| Ra(z) |< 2 [evar | Ry(2)|< ἘΞ". yee) 
and therefore f,(z)—>0 when »—-. We thus find that 

log(1 +a) =x — 422 +423 —fatd..., | 2] <1, .......(3) 


so that the series for the principal value of log (1 +z) when 
x is complex and |x|<1 is the same as that for log (1 +z) 
when zx is real and | «|< 1. 

He. 1. If |x| <4, Jlog(l+2)|=S2|[2]. 

In the ἸΠΘΟΘΒΗΣΥ (2) let 
: ; then 1-o9>4 and |7,(2}ΞΞ} α« [3ΞΞ5]» 
so that "Hog (1 +2) |=] x] +] Bylz) |= = 2) 2]. 

(The sign = occurs only for x =0.) 
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Ex. 2. |log(1+x)|=|2|+4[2]?+3|2[?+ 
and therefore |log(I+2z){=-log(1-|z|), [2[-1. 

Ez. 3. Show that |-3$+42 -407?+}0%-...| <1 if |a|<4 and 
deduce that log (1 +z) =z Ὁ θα where | θὲ] « lif|z|<}. 

II. (1+2z)*. Suppose that x and k are complex, | x|< 1, and 
let ¢ be a real variable, OS¢S1; the principal value of (1 +2t)* 
is that value which is equal to 1 when ¢=0 and the principal 
value of (1 +x)* is that value which is equal to 1 when x=0. 

Let F(t) be a complex function of the real variable ¢ defined 
for the range 0< ἐξξ 1 by the equation 


κῃ ἤγσα ταῆρτα 8)" esceeeesseeernseeee (4) 
where (*) = = τ . 4 Ss, ca (5) 


Now the rules of differentiation with respect to the real 
variable ¢ are the same as if x and k were real ; differentiating 
F(t) we find (compare #.7'. pp. 390, 391) that 

ou =n(") 2 BOC -ἰ ἀαὐἠ) (1 - τι aeioewsicawdes (6) 

Since |z|<1 the binomial (1+2t) cannot be zero for 
O<tS1 and therefore every power of (1 +2#) is finite; we may 
therefore integrate with respect to ¢ from 0 to 1 and then 
equation (6) gives 


1 
F(1) - F(0) =n(*) xn) (1 +at)*-"(1 —1)"-1dt = R,,(z). ...(7) 
0 
Again, from (4) we find that 
ἢ--} k 
F(1) -- F(0) =(1 +2)* - ἦν 
)- FO) =(1 +2) -ἰΣ (,)- 
and therefore, by (7), 


n-1 
(1 +”)* = ΣΟ) α΄ + Κὶ,(α) 
τε] Εὖχ τ “ἘΞ ἢ 
εἰ - es —n +2) 
1.2... (υ -- 1) 
where R&,(x) is given by the integral in equation (7). 
It may now be shown by a method analogous to that given 


on Ὁ. 394 of the Elementary Treatise that R,(x)--0 when 
n—->o if |xrj/<1. 


BPP RAL). ϑεξοζονος: (8) 
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Let k=a +718, x=0(cos 0 +7 βίῃ 0), -x< 6S, and put the 
integral for #,(z) in a) form 
l-t . 


n k—1 
hit) = κί x nen. (1 +2) (5 a 


Now, since ¢ is real a |x|= @<1 we have, ifOStSl, 
[1 τα [1 -- ΟΥ̓ ΞΞῚ -tsothat |(1-t)+(14+at)| <1, 
and therefore |{(1 -- ἢ (1 +zt)}}"1|<S1lifOS#S1. 

Again, since 1 + xé cannot be zero when |7|<1 and 0S#S1, 
the power |(1+2t)*-1| must be finite, say less than M, for 
ΟΞΈΊΞΙ. 

Further, if | &| τ, /(a? + β5] =x, we have 

κ( ©) =| eC 1) | <2. SEE ee) 
(n -- 1) 
Py n— 
Hence [ (Ι -- σὴ)" ΜῈΝ dt] «ΜΓ ἀι- =M 


,«(13[},ὦὁ}ἑἐ +2)...(e+n-1) 
1.2....(n—1) 
where a,_, is the nth term of the convergent series 
(κ -- 1)(κ +2) 
1.2 


and | R,,(x) |< Mo" =xoM .a,_; 


1 ἘΠ {κ Ἐ1)0Ὁ OP Pisses 


Therefore, since α,...- 0 when n->» , being the nth term of a 
convergent series, the Remainder f,(z) in the expansion (8) 
also tends to zero when n->». The principal value of (1+ )* 
is therefore given by the series 
oll 1) 

. 2 


(l+a2)®*=1l+ke+—~ 2? 4+... [2|ς1, 


so that the expansion has a same form as when ἃ and k are 
real. 
1\* ay 
Ex. 4. If x is complex and /, =(1 +5) (1 +=) » prove that 
L, υ, - V) πα ~ 1). 


i> Ὁ 
lf n>|z|, we have 


ΕΣ; +2, 25> b+. 1- 245 -...) 


ἘΠῚ pee μην ..[4,.|-Ὁ ξ[π(ωϑ -- 1)]}» 
ἐδ that L n*(f, -- 1) =42(a -- 1). 


Cor. The series (/, -- 1) converges absolutely for every value of x. 
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75. Uniform Convergence. When z is complex, z=2x+v1y 

where x and y are real, a series Lw,,(z) will be of the form 
Lv,(r, y) +4 Lw,(z, y) 

where »,(x, y) and w,(z, y) are real functions of the real 

variables x and y. 

If when | z|< ὁ or, more generally, when z is any point within 

or on the boundary of a closed curve C, the term w,(z) is such that 
(i) | u,(z)| <M,, where UM, is a positive constant 

and (ii) the series 2M, converges, 

the series Xw,(z) converges absolutely and uniformly for such 

values of z. 

The series converges since 2M, converges; further, the 
convergence does not depend on any particular value of z so 
long as z is in the region specified, because the convergence of 
the series of constant terms XM, is independent of z. The 
property of uniform convergence is therefore maintained. 

It is not hard to state theorems corresponding to those of 
Dirichlet and Abel, but for these and other developments we 
refer to Bromwich’s Infinite Series (2nd Ed.), Chapter X. 


EXERCISES VIII. 


1. Show that the points on the Argand Diagram that represent the 
roots of the equation (z + 1) =32z2° are concyclic. 


2. Ifz, a, B are real, show that the two series 
n-1 . n-1 
C= Σ, ἢ cos(a+7rf), S= >= sin(a +7) 
r=0 r=0 


may be expressed in closed form by summing the geometric progression 
n—1 
2, at ei(a +r8) 
‘= 
and equating real and imaginary parts. 
nm 
3. a sin ᾿ +nB) _ 


7 C088 sin (o +a sin B). 


οΌ 
4. From the equation (1 -- 2) 1-:- oe: [2| <1, deduce that, if |z| <1, 
n=0 


1 —z cos @ 
(i) τι» τα +x cos θ --- “Ξ cos 20 +...; 
- sin 0 ; 
te eka aes ° ἃ οἱ : 
(ii) forcast es sin 0+2 sin 20 +2* sin 36 +...; 
1 —x? 


(iit) τ΄ ς- 


κα πα ΤΥ tae “ας cos 6 + 22? cos 20+... 


188 ADVANCED CALCULUS (CH. 


5. Show that (1 - 2x cos θ +2*)-! is equal to 


] eff e-t0 . 
δὲ sin 0 (Se =aew Ts) and deduce Ex. 4, (ii). 
6. If =r (cos θ Ὁ ὦ sin 6) andr<1, ~2<0@=a, prove that 


@= |1l+2a2| =./(1+4+2r cos 6 +72), 


and yp =amp(1 +2), where g cos y=1 +r cos 6, g sin φ = rain 6, 
so that p= tan "{r sin 0/(1 + r cos @)}, -ξεφαξ. 
Deduce from the series for log (1 +2) that 
3 θ᾽ τῶ 
(i) $ log (1+2rcos θ- γϑ)-- S(- 1)"4— cos n0 ; 
n=) 


" af _rsnd \ ὦ, ee 
(ii) tan Gish ne 6)= δι 1)π τὶ sin nd. 
7. In Ex. 6, let r->1 and show, by Abel’s Theorem, that 
οΌ 
(i) log (2 cos 46) =) (- yyn-a S08 μι —-n<O0< 2; 
n=1 


or, 20 being put in place of 8, 
Ν = _, cos 2n6 π π 
(ii) log (2 cos 6) = δ) S15 -3<9<5 


a=] 2" 
a “ sin n6 
(iii) ἐθ-- ΣΣ(- ρα ΠΕ, -n<o<a; 
n=} 
or, π -- θ being put in place of 6, 

wo « 
(iv) Hx - 0) =>) Sane 0< O< 2x. 

n=1 


In (iii) the value of the series for 6 =2 or —2 is zero but the limit of 
the series when θ - στ is ἐπ, and when θ-» -- πὶβ -- 42. 

In (iv) the value of the series for 6 =0 is 0 but the limit of the series 
when θ-»0 is 32. 


8. Show that in the notation of ὃ 74, II, x =g (cos 0 +i sin 0), 9<1 
and -2<0=2, if k=m a real number, the principal value of (1 +2)™ 


is (1 +20 cos 6 + 9*)? (cos mp +7 sin my) where 
φ =tan™ {0 sin 0/(1 +90 cos 6)}, -3< φεξ. 


9. Convergence of the binomial series for (1 +2) when m is real and 
[e| =1, x=cos6+isin θ where —-2<O π. 

(i) Convergence absolute if m>0; (ii) convergence conditional if 
0>m> —1, and also 6 not equal to z ; (iii) divergence if m= - 1. 

[Let a, be the coefficient of x" or (cos nO +4 sin n6) ; then 
Gy |_| m+1)_),mt1, 4 | 
Anis | |m—n 
If m+1>1orm>90, the convergence is absolute. 
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If m<0, let m= -—y, u>0; the term in 2” may now be written 
b, [cos (nO +nz) +¢sin (nb +nz2)], b, _ ue ΤΙ x os =e | : 


b,->0 when n->© if, and only if, 4<1. Now apply Dirichlet’s Test to 
the two real series. ] 


10. Deduce from Examples 8 and 9 that, when m is real and [2 [Ξ351; 
x=cos9++sin@, —2<0=7, the series 


] τ(1)- +(3 +(e $2, 


is equal to (2 cos $6)™ (cos $m +4sin 5710) for all values of m for which 
the series converges. 


11. Show that the value of P,(x), defined in § 66, Ex. 5, holds when 
x is complex provided | | = 


12. If x =cos 6 (6 real), express (1 -- 2y cos 0 +y2) in the form 
(1 — yet’? x (1 -ye- wey, 
expand each binomial in powers of y, find the product of the two series 
and show that 


@ ΟΌ 
1+ > P,,(cos 6)y" =1 + > U,,(8)y” 
n=1 n=1 


where «,,(9)—which is equal to P,,(cos 0)—is equal to 
(2n)! 


Fema 3.908 no+ 1" ἢ 2098 (n -- 2)0 


1.(2n 
1.3 —1) 
1.2 (2n —1)(2n — 3) 
where the series ends, if n is odd, with the term which contains 2cos 60 
as a factor, but, if n is even, with the term which contains cos (0.6), 
that is, unity as factor. 

Since the coefficients are all positive P,,(cos @) has its greatest value 
when g= 0 and then P,,(cos θ) =1 so that, when @ is real, 


-1=P,,(cos 0) =1. 


1 3 2 cos (n -- 4)0 +...} 


CHAPTER VII 


SUBSTITUTION OF A SERIES IN A SERIES. REVERSION 
OF SERIES. LAGRANGE’S EXPANSION. MAXIMA 
AND MINIMA OF FUNCTIONS OF SEVERAL VARIABLES 


76. Power Series. The theorem of § 66 on the derangement 
of a series will now be applied to the expansion of functions in 
ὃ power series. 


Substitution of a Power Series in a Power Series. 


Suppose the function f(y) to be given as a power series, 
convergent for | y|<<s, 


SY) =A) + AyY + Ay? τ... + OmY™ +000, |Y [KS ore (1) 
where y is a power series in x, convergent for | x|<r, 
Y =b) t+ δια + bu? +... + O,aP + ..6 [BIT wceeeeeee (2) 


If f(y) were a series in powers of (y — Yo) and (y — yp) ἃ series 
in powers of (ὦ — 9), these could be reduced to the forms in (1) 
and (2) by substituting y for (y—y,) and x for (x — 2) so that 
there is no loss of generality in using the given forms; this 
simplification of notation is frequently used. 

The values of y?, y?,... y™... may be found as series in 
powers of x by the rule for multiplying series, applied to the 
series (2) and all these series converge for |z|<r. Now 
substitute for y, y?, ... in (1) and rearrange in powers of x ; the 
rearrangement can be effected when the conditions of § 66 
are satisfied. The series A,, of § 66 will take the form 


A, =AmY” =Am(Am, 9+ 4m, 1 2 + Om, g θεν. + Om, n Ἀπ Ὁ....)...(9) 
where the series in brackets is the mth power of the series 
(2). (For m=1, Gm, 9 =, 9 =o, +++ Gm, n=%,n=5,; for m=2, 


Ase, 9 = 02 ας, 1=2bob,, ας, = 2bgb. +O}... and so on.) 
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Now the series given by 4A,, is absolutely convergent for 
|z|<~r, but the conditions of §66 demand that the series 
en =| Amn {{ Om, 0.1 + 1m, 11 | & | 
+ |aq, 9] [a [P+ + Om,» | [2 +.) 
should converge and also that X«,,, not merely | A,,|, should 
converge and a smaller value of |z| may be needed to secure 
this, because «,, and |A,,{ are, as a rule, very different 
numbers. 

We now use the symbol x,, in a different sense from that given 
to vt in this reference to ὃ 66. 

Let | a,|=a,, |0,|=6, and |x|=é. We try to satisfy the 
conditions of § 66. 

The first condition is plainly that 8,<s because y=6, when 
x=0. 

Again, the series (2), and therefore also the series (3), 
converges absolutely if |z|<@<r so that £,0", being a term 
of a convergent series, is finite for every value of n, say 
Bne"<M. From (2) we find 


ly |SBot βιξ- BoG*@+... + Brett... 
a én 
M(=+-54+...¢24.4. 
and therefore |y|<f,+Mé/(o-&). 


If then ὃ is chosen so that £, + Mé/(o — &) is less than s, that 
is, By being less than s by the first condition, if ¢ is such that 


the series (1) will converge as required when the series (2) has 
been substituted in it for y and rearrangement is allowable. 
The series B,, of § 66 will be 


iv ὁ] 
—™ 

B, =( δ , AmAm, a =Cyt", Say. 
m= 


and then {(ψ}ΞΞ- Caw eeieiad tenet (5) 
n=0 


The substitution and rearrangement are therefore valid if 
ὦ Pass, Gi) [2 < ft PO, oer νου 


where M is an upper limit to the values of £,0" and £, =| 6, |. 
6.4.6, Η ᾿ 
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Cor.1, If 6)=0 only one condition is necessary, namely 
12} <se/(s+) ; 

this case is of special importance because the coefficient of 


x" in (5) contains only a finite number of terms and is not an 
infinite series. | 


Cor. 2. Again if s=oo there is only one condition, 
|jul|<e<r 
and, since @ may differ as little as we please from r, the trans- 
formation is valid simply if | z|<r. 

In proofs of Existence Theorems it is usually the possibility 
and not the full range of a transformation that is in question; 
in the above case it is frequently possible to verify that the 
range of the variable x may be greater than the inequalities (6) 
would allow. It may be noted further that conditions (6) are 
merely sufficient, not necessary. 


Ka. 1. The expansion of log (1 +sin x) in powers of x. (H.T.p. 398.) 


Here S(y) =log (1 Ἐν) =y — fy? +4y8 -—dytt+.nlyl<l on... (1) 
: ee 2 αἵ 
where y=sint =%- a, Ἐπ|π πη τ ca: 0 ἐι λων ννδ νον ον δ ὠνὰς μεθ ἂν (2) 


If |«|=o and all the terms in (2) are made positive the series 
becomes sinhe. Now sinh 0:88 =0-998 <1 and the transformation is 
valid if || < 0-88. | 

Ex.2. f(y)=e", y=klog(1+2). 

In this case the series for f(y) converges for every value of y while the 
series for y is convergent if |a|<1. Therefore the transformation 


holds if |z|< 1. Further 6,=0 so that the coefficient of 2” is a poly- 
nomial. Show that 


] 
on =F) k(k -—1)(k ~-2)...(k -n +1), 
and, since f(y) =(1 +2)*, deduce the binomial theorem. 


77. Division by aSeries. If the quotient u/v.is required where 
wis a polynomial or an infinite series in powers of x, and v is an 
infinite series in powers of x we may first express 1/v as an 
infinite series and then find the product of w and 1/v by 
multiplication of series. 

Tf v=by+b,x+6b.x2+... we may suppose b,=1 when by is 
not zero ; for b) may be taken out as a factor of the series and 
then ὃ, written in place of 6,/b,. There are two cases. 
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(i) b9=1. Let yb εὐςδ-... al <r οὐ δος εἰς χορ {1} 
then = ss fv =1/(l+y)=1l-yty?—-y8 t+... [yl]. «60 ...0(2) 
By § 76, we may when | | is less than some number, ρ΄ say, 
substitute the series (1) in the series (2) and rearrange in powers 
of x; the product of u and 1/v will then be of the form 2,2". 
(ii) Suppose 6,=0 and let the lowest power of x that occurs 
in v be x”, its coefficient being taken to be unity, say 
Tt rae on OPT ala os ES eles RES | 3 cae eee (3) 
=27(1+6,,,;0+6,,9074+...). 
Express (1 +.6,,,2 + 6,,.%7+...)-1as a power series Xc,2" ; then 


U Φ I m\ — i Ss . 
bye x UX (Bent ) =e 24 Gat 3 | 
so that uo aa +. 7 τ Ἑάρρα + dy, 9" T. 


zon 


In practice it is usually simpler, now that the validity of the 
transformation is established, to apply the method of un- 
determined multipliers (#.7. p. 388, Ex. 10.) 


Ex. Expansion of z/(e” -- 1). 


οΌ 
τ} 
ef --1- δ) ΤΊ and therefore a where 
n=1 °° 
x2 2 ” 
poe  τ χε EER eg δ τόν τὰν τὸν (1) 


2°31" 4! (n+1)! 
and the value of x/(e* — 1) for x =0 is taken to be unity. 
Now express 1/v in the form 
| Lo S65 ACh Ἔσδρα da HO RO as. νννννννννν ον σεν οοον (2) 


where Cp, 61» ... have to be determined. Multiply the series in (2) by 
the series for v in (1); then as following equation 


2° 3! 


must be identically true for |2|< 9, where @ is not definitely known 
except that it must be positive, not zero. Hence the absolute term cy 
on the right of (3) must be equal to 1, the only term on the left ; while 
the coefficient of each power of x on the right of (3), when the multiplica- 
tion has been effected, must be zero. Thus we find 


1=(145 eee cai 1.) (Co +o, +6524 +...) seeihcoelgeoren (3) 


—n. fo, “1 
+Cy=0 ΔΈΟΙ ἘΣ 


Co _n. σ σι 


2 
and, in general, | 


Cn—1 es 
ania τῆς Ἢ “Dit eG +c, =90. 
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These equations, when solved, give : 
Co=l, 6. Ξ --Ὃ, ορ, τεῆς, €3=0, = —zhy, 65=0,.... 
It is hopeless to seek by this method the value of c, except for the 


smaller values of n ; it may be proved, however, that no odd power of z 
above the first occurs in the expansion. For, if we write 


fa) τες εξ +48, 


we find that /( -- “) =/(z) so that f(x) is an even function and contains 
only even powers of z. The fact, however, that there is a power series 
has been established. 

See further § 94. 


78. Reversion of Series. If y is defined as a function of x 

by the convergent series 

ψΞεαχα +0,27 +... +0g@™ 4+..., | BIST, oo. e eee, (A) 
the problem of reversing the series in (A) is, in general terms, 
that of expressing x as a convergent series in powers of y. 
It has been pointed out in § 76 that there is no loss of generality 
in taking 2, y instead of x-—2), y—Y, as the variables, and 
further, that no importance attaches to the particular value 
of r (provided r is not zero). In the following discussion, 
therefore, the essential point is that the series converge ; the 
determination of the maximum range of convergence of the 
various series is a separate problem. 

It is, however, desirable to reduce the equation (A) to a 
standard form before defining more precisely the problem of 
reversion. | . 4 

Suppose in the first place that the coefficient a, is not zero 
and make the substitutions : 

yla,=y', a,/a,=0,, n>1, 
Equation (A) becomes 
ῃ ΞΕ 5 cele ec έρνγος, ὠρφοινςς κῶν (A,) 

Suppose next that the coefficient a,, is not zero but that 

ly, Ay, ..., An_, are all zero and make the substitutions : 


ψ[α,. Ξε ψ', Om+-p|Om =Aniy, P=l, 2,.... 
In this case equation (A) takes the form 
yy! =a + a et (αἱ pS + lees ence (A,) 
The series in (A,) and (A,) will still be convergent; the fact 


that the coefficient of x in (A,) and of x” in (A,) is unity is an 
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important simplification. The accents may now be dropped 
and the discussion will proceed on the basis of equations (A,) 
and (A,), as thus changed. The two equations require 
separate consideration. 

First Case. Coefficient a, in (A) not zero. The equation to 
be considered is 


Y =H + gh* + δας, τα, + vce. cvevcccceseers (1) 


The problem of reversing the series in (1) may now be stated 
as follows: to show that there is one, and only one, convergent 
series for x in powers of y, say 


= Yy + day? + bay? + 0. + DgY™ + ee «οννννννέννοόνον (2) 


which satisfies the two conditions that 7=0 when y=0 and 
makes the equation (1) an identity when the series (2) is 
substituted for x in the equation (1). 

We must first show that when |x| is sufficiently small, y, as 
determined by equation (1), cannot be zero unless x=0. For, 
Y =2(1 + ἀρὰ + Agu? +...) =x(1+4+ v) say. 

The series v, that is, a,x + a,z7 +... , is convergent and there- 
fore defines a continuous function of x (H.7'. p. 386); further 
v=0 when x=0, and therefore, by the continuity of v, it is 
possible to choose |x| so small, say |x|<7,, as to make 
|v|<1. Hence 1+v is positive if |%|<r, and therefore 
ΧΑ] + 0) is, if [ἃ  «-- 11, zero if, and only if, x=0. 

Let it be assumed for the moment that there is at least one 
convergent series which when substituted for x in (1) makes 
that equation an identity. Since the coefficient of y in 
equation (1) is unity its coefficient in the series for x must also 
be unity; the equation (2) may therefore be taken as defining 
the assumed series for x The solution of the problem of 
reversion consists in showing that this assumption is justifiable. 

When the series (2) is substituted for x in (1) and the co- 
efficients of y*, y®, ... calculated, each coefficient must be zero 
because the equation is then an identity ; thus, the following 
equations connecting the a’s and the b’s are obtained. 


ὃς τ --ας, ὅ4- - ας(284) -- ag, 
διΞΞ -- ακα( δὲ + 2b,) -- a,(3b,) -- a4, ..... ΤΕ Γ Ρ ὙΠΣ (3) 
boa. 34 ee ἦ 
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These equations determine, in succession, bg, ὃς, b4,... 
uniquely as polynomials in ας, dz, a4, ..., the coefficients of the 
polynomials being positive or negative integers; that is, 
b,, is of the form, 

b, =P (ἄς, Gy, ννος An). 

(If the coefficient of x in (1) were not unity P, would be a 
polynomial, not in ας, a3,..., @, simply, but in a, ds,..., Ap; 
divided by a power of a,.) This determination of the coefficients 
6, proves the important result that if there is a series of the 
kind assumed there is only one such series. 

The next step is, by a method due, like so much in the 
theory, to Cauchy, to solve a particular case of the problem 
and then by means of this solution to pass to that of the given 
problem. 

Suppose that the series (1) converges for |%|<~r; then it 
converges absolutely for |«|<o<r and therefore there is a 
positive number M such that |a,|o"< M for every value of 
the integer n. Let a,=M/o0" and consider the problem for 
the particular case, where for distinction &, 7 are used in place 
of x, y respectively : 


HOH Ogb = Oh ki | FS PSP deceit: (1a) 
Sy Bae ΜφψἑἝδἕψΒΕοέΨἐὁΕΨἍψὁἝὥ“ιὅ“ἜὥἔἜὦὃἅἂἁ ee: (2a) 
The equations corresponding to (3) are 
βεξεα,, Bg =A_(2f,) + Xs, 
By = Mel BZ + 28s) + ας(8 β2) + Og, ....ὁἀεννννννενένον (3a) 
BeSises: “Ppa icss 
and therefore, since each « is positive, so is each β. 
Now |a,|<a, and therefore 
[bz [=| ας] «ας; [ὃς «β.. 
| ὃς | S| ας | (2 | ὃς 1) τ | a3 |< α,(2β,ι) τας; | 3| « Bs, 
and so on, | 6,|<fB,, n=2, 3,4,.... 


If then the series (2a) converges, say for |7|<s, the series 
(2) will converge for |y|<s and then by ὃ 76, Cor. 1, the 
substitution in (1) of the series (2) for x will be justified; the 
equation (1) will be identically satisfied and the problem of 
the reversion of the series (1) will be solved. 
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We now determine the series (2a). | In (1a) put M/o” for a, ; 
then if | £| < we find, as another form of (1a), 


ες ee eee es 
| γπὲ - Αἰ Ξε εἶς ε...)}-Ὲ o(0 -- ξ) tate a eee wae (1a) 
so that (IM + ργξ3 - (0 η)οξ + 077 =0. 


Solving this quadratic for é and taking the negative sign of 
the square root since é=0 when ἡ =0 we obtain the equation : 
2(M + e)€ =e(e +7) - of¢? — (4M + 2ρ)η τη". 
Let o?=s,s, and 4M+20=s,+8,; 81 and s, are positive 
and we take s,<s,. Thus 
2(M + ργξτεοίο +7) -- 0%(1 —n/s,)*(1 —n/s9)*. 
If |7|<s,<s, the binomials (1 -- η4.)} and (1 - η[89)Σ may 
be expanded in convergent series of powers of 7 and when these 
series are multiplied we obtain the equation: 


Sy Ὁ 8 
2(M + 0)€=o(e +7) - οι - ἘΠΕ τη -- can? -- ορεῦ —...| 
152 


2M + 
=o(e +1) - ὁ - 0 θη — ογη- 047° —...} 
i C20" 2 C30" 3 
so that S=1+ 50M +9)” +3 +0)" ap apudaihwteerades (4) 


(There is no purpose to be served by evaluating Cg, cs, ... in 
terms of s, and s, since the series is known to be convergent.) | 

It has been already pointed out that if there is one con- 
vergent series of the type (2a) there is only one; the series 
given by (4) is convergent and therefore the series given by (4) 
and by (2a) must be identical. Hence the series (2) is con- 
vergent and therefore solves the problem of the reversion of 
the series (1). 


Ex. If in the series of Equation (1) the signs are alternately + 

and -- so that . 

| Y=x —a,x*+a,2* ~—a,x*+a,25 — ax? +..., 

show that x is given by ᾿ = 
τεῦ — bay? + by? — b,y4+ δεν" — bey® +... 


where bg, ὃ.» b,,... are the same as in Equation (2). 


Second Case. The coefficients @,,@,,:.., ὥ,ι-α In (A) zero, 
a,, not zero. 
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In this case the form of equation (A) becomes (A,) or 
y= am So irs) SAR ah a (5) 
= 2"™(1L+W), WH=Any C+ Amie ¥? +.... 
When || is sufficiently small it may be proved as before 


that 1+ w is positive so that y=0 only if x=0. 
Let y=”; then 7 has m different values, given by 


+(  Qkr .. Eke) a 

n=Yy (cos 7A 4. ¢ sin 22 Ξε 6,, k=0,1,...(m—1), 
where y/™ is the principal value of the mth root of y. Hence, 
by taking the mth root and expanding (1 +w)!/" in powers 
of x by the binomial theorem, we find that equation (5) may 


be represented by m equations of the type 
1 


y” 0,=yn =2(1+¢,0+ ge? 4+...) =2+0,07 + e903 4.... ...(6) 

The work in the First Case is not essentially altered if y is 

complex, and therefore to each of the equations of the type (6) 
¢here corresponds an equation of the type 

Baap di? dan? nec. x. amsadesnvaneovaaseses (7) 

and the different equations of the type (7) are obtained by 

putting 7 equal to y1/™6,. 

Thus in this case there are m different series each of which 

is zero when y=0 and when substituted in (5) reduces it to an 
identity. | 


19. Lagrange’s Expansion. In the equation 
BOA UZ),  cawsuucasssnveusdese cewane. (1) 


let x be considered as a constant (or a parameter) and y as a 
function of z. If f(z) can be expressed as a convergent series 
in powers of (z -- 2), say | | 
f (2) Hg + Ay (Z — XW) + Ag(Z -- L)BRt 0... ἀν ννννννννεκονν (2) 
where a,=f(x) and is not zero, y may, by expressing 1/f(z) as a 
series in powers of (2 -- x), be represented by a convergent series 
of the form | | | | 
y =b,(z -- α) +b,(2 — x)? +... δι ΞΞῚ [ἀρ «Ὁ. Ὑονννννννν (3) 
and then, by reversion of this series, 
Ζ -- L=CY + Coy? + CgyF +... Cy=1/by HAy. «00... eee (4) 


§§ 78, 79] LAGRANGE’S EXPANSION 199 


Again, if o(z) may be represented by a convergent power 
series in (z—2) the substitution of the series (4) for (2 —2z) will 
give for y(z) a convergent series of the form 


y(z) Ξε Ἔ ἄν + doy? TH eG: ar τρυφῶν φιυ balaien sears’ (5) 


When f(z) and (z) satisfy the conditions stated both f(z) 
and (z) possess nth derivatives with respect to y for all values 
of n and therefore the series in (5), which, by the conditions 
satisfied by f(z) and ¢(z), is unique must be the same as Taylor’s 
expansion of ¢(z) in powers of y. 

The range of y for which the series (5) converges cannot, as a 
rule, be found by the theorems at our disposal but it is certain 
from the theory of reversion of series that the series does 
converge for |y|<s, where s is positive. A rule for deter- 
mining s in certain cases will be stated at the end of the article. 

The calculation of the derivatives of g(z) can be effected by 
a method due to Lagrange by which the derivatives with 
respect to y are expressed in terms of derivatives with respect 
to the parameter ᾧ and when the coefficients d,, in (5) are ex- 
pressed as derivatives with respect to x the expansion (5) is 
generally called Lagrange’s Expansion of ¢(z). 

From the equation (1) we find 

ὅς -Ἰ ἘΜ Ose. SS) tut Ose, 


and therefore, by eliminating /’(z), 
dz az 
aa T (2) pe (a) 


: ὃ 
Again, “τι ) = (3 δ, Ξε φ' (2) ἤ ΗΝ (ὁ) 


Next let »(z) be any differentiable const of z; then 


ὃ az dz dz of 
ay (Yaa) =P Cae get PO) geae—anl VO Sey 
and therefore by (a) 


a {vse} προ νον = oe teeta eee (c) 
Now let — y(z) ee ; then by (δ) and (c) 
ϑὲφ() 


ay? “ ΣΙΝ, π[φ ΘΠ] 55) - -..00] 
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Similarly by putting ¢’(z) eed ᾿ y(z) in (c) we find 
a A ὃ of , 202\ Of , ΖΞ ny 
_ Let it be now assumed that the law suggested by (c’) and (65) 
is general, that is, that 
ee). δ {φῶ 586}. (d) 
ay - alo sacleciauseieana 
After putting o’(z)[f(z)]" for y(z) in (c), differentiate with 
respect to y and we obtain the i 


not nl 
Toe =F ὃ UCN" 55) = ἐς oun ag} 


so that the (n +1)th derivative of g(z) with respect to y is of 
the same form as the nth derivative. Hence the form given by 
(4) holds for all values of ἢ greater than unity ; the form (δ) may 
be treated as the zeroth derivative of ’(z)f(z)dz/dx so that 
the law holds if n >0. 

The variables x and y in these differentiations are inde- 
pendent. The value of the nth derivative of y(z) with respect 
to y for any given value of y may therefore be obtained by 
substituting that value in the right-hand member of equation 
(d) either before or after the differentiations with respect to x 
have been made. If the given value of y is zero then z=z 
and 0z/dx =1 so that 

n n—] 
i oe 
Now expand ¢(z) by Maclaurin’s Theorem : 


δι εἰν 9+ | S| tet ἜΣ: " 


= (2) + yp (wfa) + F (ow) fa) +. 


εὖ Ye (a) PAE oie. ae (I) 


where the form d/dz may be used since p pa) [Κα] "is a function 
of x alone. 
The special case in which ae =2 ere the expansion 


rae tufe+ GS. et+..+4 Sayers... a) 
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If x=0 equation (I) takes the form 
φ(α) τε φίο) + ¥le'@f@ 0+ Hew] « 


+2 [jms (o'(a)Ef(2)] ΟΝ ae Sache (IIL) 


In all cases z is the value which satisfies the condition that 
z=0 when y=0. 

For another form of the Expansion, see § 80, Ex. 13. 

Note. Lagrange’s Expansion requires for a complete 
discussion the theory of functions of a complex variable. 
Reference may be made to MacRobert, Functions of a Complex 
Varwable, ὃ 54, or Whittaker and Watson, Modern Analysis, 
§ 7-32. 

Hermite’s Cours, rédigé en 1882 par M. Andoyer, contains on 
pages 182-197 a valuable discussion of Kepler’s Equation (see 
Example 5, ὃ 80). Serret’s Algcbre Supérieure, 6th Ed. Vol. I. 
pp. 466-484, gives an exposition based on memoirs of Cauchy 
and Rouché. 

An excellent presentation of Lagrange’s method is given by 
Bromwich, Infinite Series, 2nd Ed., pp. 158-160, and pp. 265- 
266. 

A rule for determining the range of y for which Lagrange’s 
Expansion converges when z=yf(z) may be stated as 
follows: 


Let |z|=r and let y(r) be the least value of | y|, that is, of 
|2+f(z)| when |z|=r. If 8 is the maximum value of y(r) 
Lagrange’s Expansion converges when | y|<s. 

If the equation is z= +yf(z) let z=¢ +2 so that 


=Yyf(o τα) =yF (ἢ 
and proceed as before. 

The rule is by no means evident but the application of it 
in the examples of § 80 makes its meaning clear; there are 
many cases, however, such as Example 5, in which the deter- 
mination of s is laborious. 

_ The proof of the rule depends on the theory of functions οὗ 
the complex variable ; see Bromwich, l.c. p. 265, or Goursat, 
Cours, Vol. II, pp. 123-4. 
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Serret (l.c. p. 480) states the rule in the form: If 8 is the 
least value of |y| for which the equations 


z=« +yf(z) and 1=yf"(2) 


have a common root—that is, for which the equation 
z=x2+yf(z) has two equal roots in z—Lagrange’s Expansion 
converges when | y |<<. 

In whatever way the range of convergence of the series in 
(I), (II) and (III) may be determined, the corresponding 
expansions are valid for that range. 


80. Examples. The following examples furnish illustrations 
of Lagrange’s Expansion ; some of them are worked out in full 
to indicate the general method of solution. The numbers 
(I), (II) and (III) refer to the equations of § 79. 


Ex. 1. If y=2(1+z)™ where m is a positive integer expand in 
powers of y that value of z which is zero when y =0. 

Write the equation in the form z=y(1+z)-"; then «#=0, 
f(z) =(1l+z)-™, g(z) =z. Hence [/(x)]" =(1+2)-™; when the deriva- 
tives of [f(x)]" have been calculated the value 0 is to be put for z, and 
equation (11) gives 

2m 3m(3m + 1 4m(4m +1)(4m 4+ 2) , 
z =Y - Piya 4 SSF ys — Seen Te tt 

_, nm(nm +1)...(nm+n -- 2) 

1)" 1 nl y+ 

The least value of | y| when |z|=r> 0 is r(1 —r)™, and the maximum 
value of r(1 —1r)™ is easily found to be m™/(m+1)™+1; the series just 
found converges if | y| is less than this number. 


+(- 


Ex.2. y=z-az™+, m a positive integer; find the series for that 
value of z which is zero when y is zero. 

Proceed as in Ex. 1. f(z) =(1—az™)-! so that [f(x)]" is (1 - ~ax™)-n, 
The only derivatives of the powers of f(x) that are not zero when ὦ -Ξ 
are the mth, (2m)th, (3m)th,..., (nm)th... and therefore the only 
powers of y that occur in: thio: series after y itself are the (m+1)th, 
(2m +1)th,.... The values of the derivatives are easily found by 


expanding ( 1 —ax™)-" by the binomial theorem. Hence 
2m +2 
2 


z=ytay™ti+ ἀπ τευ, 


,_ (rim +2)(nm +3)... (nm +n) 
n! 

- Again, the least value of {0 when |z| =r isr δ Ὁ ὦ =|a]), and 
the series converges if _ ee ἢ 


anryhmtis |. 


lyl<;aq _ {(mm +1) A} m- 
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Ex. 3. 2=x"+y2™t1; χε for y=0, m a positive integer and x 
positive. ΠΡ 


(ii) log z=log 2+ ya™ + —~— 2m oT ἜΣ --πτν -- yam + (0m:+2)(3m +1) am tesa 


Both series converge if | y| < m™/(m +1)™t1a™, 


Ex. 4. Expand e% in powers of y when y =ze®. 


Here z=ye% so that f(x) =e", y(x) =e%* 
and y’(x)[ f(x) ]" =ael(e—")*, Equation (III) gives 
_np)\n-2 
6625 =] pay +A) ay Henny +. 


and the series converges if | by| <1/e. 


Cor. Ifa=1, b= —1, x =e’ then log x =xy, and we find 


_ 3, 42. δὲ (n +1)" 
t= Ἐν ον την Ἐν τ... ae aa 


ψῆ +... 

ἔχ. δ. z=x+ysinz. (Kepler’s Equation.) 

The determination of the general term in the expansion is a matter of 
difficulty and the student should consult the section in Hermite’s Cours 
(see § 79, Note). It is easy enough to calculate a few of the earlier 
terms. 

d y* . ee : 
(1) 2=2+ysine Ἐς sin 2a Ἐπ (3 sin 835 —sinx)+.... 


2 
11) 81} 2 =sinz εἶ sin 2x +2 (3 sin 3x — sin 2) 


ye : 
+*¢(2sin 4x -- βίῃ 2x) +... ‘ 
3 
(ili) 1 -ycosz=1 -ycosx + Κα -- cos 3.) +24 (cos -- cos 85) 
+¥ (cos 22 -- cos 44) +.... 


ἔκ. 6. Ifz=2 -y/z expand z~? in powers of y, that value of z being 
taken which is equal to 2 when y =0. 

Here f(z) = —x1 and 9(z)=2-?, Apply equation (I), putting 2 for xz 
in the evaluated derivatives ; the result is 


pest? Y 4 Pe (4) Peetu 


27° 2?°4° 27,9! \4 2?. 3! i 
_  p(pt+n+1)(p+n+2)...(p+2n—-1)/y\" 
the general term being Pre ee FS age Se Se σοι σε ς τς (2) ᾿ 


and the series converges if | y| <1. 


Since z =1+(1- y)t the expansion may be stated in the form 


(Leda y* 1 + (t)4 ee +B). 
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Cor. Let (1 ~y)t=1 -2u, p= ~n; then 


(uy ad Fut τῷ +9 Sac — uy -565 - (6 - ὅκα aye... 
where - ξἔ(ν2 -- ἢ « «2. 


Ex.7. In Ex. 6 let ν᾽ =4t, where | 4¢| <1, and let p= -—k where k is 
@ positive integer ; show that if P(t) is given by.the equation 


PU) =o sss cd (3 =e oo, 


P(t) is a polynomial of degree $k or 4(k — 1) according as k is even or odd. 
Then prove that 


P(t) =1-—kte +25! 


Note that {2-0-4 why τι τὸ nee aay 


so that the expansion of this part of P(t) will cancel all except the terms 
of the polynomial that arise from the first part of P(¢). 


alls ~ 3) 12 EAE sy 


Ex. 8. Prove that if | 4¢| <1 
1 -- —4¢)t 4. ὅ 
log {{:-:591 =t+3t? tr {8 Ἔν... 


(η -- 1)(η -- 2)... (25 -- 1) in 


the general term being Py 


Ex. 9. Theorem. The derivatives of (z) with respect to x 
are obtained by differentiating Lagrange’s Expansion term by 
term with respect to x. 

y(z), by hypothesis, can be expressed as a convergent series 
Xc,(z2-x)" and the derivatives 0”y(z)/dz” are obtained by 
differentiating the series term by term (H.7. p. 400). But the 
form of the series shows that 0”9(z)/dx™ is simply 

(— 1)" (2) 22” 
so that 0%g(z)/dx™ can be expressed as a convergent series in 
powers of 2-72. 
Now, ω ec (d) of ὃ 79, 

SA) IR A A ὦ nO 

iF Be Aaa age aa aa (PUM Ze) 
and therefore 

- δ" a” p(z) qmtn—1 ) 


ay" δα | ~ damien | P (x) (f(x)] “Γ᾿ 
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so that the expansion of es /ax™ by Maclaurin’s Theorem is 


POE). ἀν [Ωγ Ω}} +... εἴ Forel PUI" τ. 


and this is the series obtained by differentiating the series for 
g(z) term by term. 


Ex. 10. Prove that if m is a saenls integer and |y| <1, 


ὑπ 


Let z=x+y(z-1) so that ζΚ( Bae and in the series for 0(z)/ox 
let p’(z)=2™. ; 
2 
Ex. 11. If z=a+y (=): expand in powers of y that value of z 


which is equal to x when y=0. 
Here f(x)=4(z?—1) and equation (II) gives at once 


Pe (Ξ: 1 y? d (ΞΞ *)) ψ" απο (FA ὍΣ ] 
= +y the τὸ ΣΎΝ ΠΡῚΝ eon ( ) 
If we solve the quadratic equation for z, choosing the negative sign 
of the root, since z=2x when y=0, we find 
z={1—-(1-22y +y*)*}/y, 
and therefore, differentiating z with respect to x, 


εἶ =(1—2ry τ 8) -- ἢ ἘΣ Paley" Pret ene (2) 


by § 66, Ex. 5, P,(x) being Legendre’s Polynomial. 3 
Now differentiate (1) with respect to x; therefore by Ex. 9, 


Oz vy ἀπ (3 —1\" 
= ai ae | : ) ee ee (3) 
so that by equating coefficients of y” in (2) and (3) we find 
1 a” 
P,(@)= 5a Gan (a? —1)". ΝΥ ree ee (4) 


Equation (4) gives Rodrigues’ Formula for P,(2). 
Ex. 12. By differentiating the equation 


ο 
v =(1 --ὼν +y2)-4 = +> P,,(x)y” 
n=1 
with respect to y, show that 


(w —y)(1 --ὃὸν εὐ =(1 — 2ary +?) 2 nly", 


and, by equating coefficients of y”, prove that 
(n+1)Pyii(2) —(2n 4+ 1) Ὁ, (α) +nP,_3(x) =0, n=0, 1, 2, 
where P_,(x) is taken to be unity. , : 
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Again by differentiating with ca to xz, show that 


Ag 


that is, if P(x) ἀδμθὲο adP,,(x)/dx, 
οο 
(2-9) Silay =y SnP,la)y, 
m=] N=] 
and deduce, by equating coefficients of y”, that 
2 P(x) -- Pa_y(%) =nP,,(@), τ Ξε 1, Zee cccecececcesece (ii) 
Ez. 13. Show that 


(i) ζ FEE) = oe x) f(s) + Σ ἢ τ᾿ 5 gen PLF(ey) 


and, if y(z) can be expressed as a convergent series Xc,(z -- x)", 


(ἢ >A Onto) ΣΝ favor} . 


The expansion (i) is obtained by differentiating with respect to y 
the series (I) for y(z). The expansion (ii) is then found by putting y(z) 
for ’(z)f(z); by the conditions for Lagrange’ s Expansion 9’(z)f(z) 
can be expressed as a convergent series in powers of (z -- 2). 


Ez. 14. Prove that 
] Ν᾿ ου yy” ee 
Mia By ayy tt 2 da 
Apply Ex. 13 (ii) taking f(z) =1+2+2z? and y(z)=1; the expansion 
begins with the terms 
1l+y+3y? + Ty? + 19y4 + 


x=Q 


81. Implicit Function of One Variable. It has been proved 

in Chapter V, § 52, that under certain conditions an equation 

F(x, y) =0 defines y as a function of x. We shall now consider 

a special case in which F(x, y) is given by an infinite series and 

then sketch the proof of the corresponding general theorem. , 
Let M be a positive constant, uv, the homogeneous poly- 


nomial 
Un =X" + arly + gr—2y? +. + wyt 1+ yr, 


and YR MEM Do, «ἐενωροι νυν εἰν τος τς ούςο τῶ ρους (1) 
2 


the series in (1) being convergent, as will be proved, when 
|z|<l and |y|<1l. Itis to be proved that if y=0 when x=0 
the equation (1) defines y as a single-valued function of zx. 
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To each side of equation (1) add M +My; the equation thus 
becomes, if w)=1, hud 
M + (M+ l)y=M (ug + Uy + Ug t vn Ug tice). νέες (2) 

The series in brackets contains every product of the type 


a™y" where both m and n take every positive integral value, 
including zero. The terms in (2) that contain 7” form the 


series Mx(ltyty?+...+y%+...) 

and the series formed by the moduli of the terms, namely, 
M\x|\™(l+ly|+ly|2+...+]y |*+...) 

converges if | y|<1, itssum being M|xz|™(1-—|y|)4. Also 


2, ΜΠ|]58 - Ἰψ]| ΓΞ - |x| =| yl), 


provided |z|<1. Hence the double series in (2) is convergent 
if |x|<1 and | y|<1 and its sum is therefore given by 


M 2,2” Dy ψ'-- ΜᾺ - αὐ -ψγ! 


m =0 
so that M+(M+l)jy=M(1 -2) (1 -y)74. 
This equation 15 a quadratic in y, 
(M+ 1)y2?-y+ Mau(l—ax)4t=0 ....«νννννννννος (3) 
and, when solved for y, gives 
2(M +1)yy=1—(l—a) ?{1 — (2M + 12x}? oo. (4) 


where the negative value of the root has been chosen so that we 
may have y=0 when z=0. 

If | x|<1/(2M + 1)? (and therefore also | 2 |<1), each binomial 
can be expanded in a convergent series of powers of x and, when 
the series have been multiplied, y will be given by a convergent 


series ἘΞ CRC OFF ων Sidielieventad aan (5) 


The theorem is therefore proved. The general theorem of 
which this is a special case may be stated as follows : 


THEOREM. Let u,, denote the polynomial 


Un =An, 9 2" + On_3,1 UY + An_g, 9 TAY? +... + Ayn γ5. 
oS 
and let F(x, Y) = -- κν τ Oy pA δ) Uy «ονννννννννννννν (I) 
n=2 


where the coefficient of y 1s —1 and the series converges for 
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[z|<l and |y|<1. The equation F(x, y)=0 defines yas a 
single-valued function of x by a convergent series, say 

y = b,x + box? + byx8 + 20. Ὁ Dg G+ oe cece cee ee ees (TI) 
which satisfies the condition that 520 when 2-0 The series, 
when substituted for y in F(x, y), makes F(x, y) identically zero. 

The coefficient of the first power of y in F(x, y) must not be zero, and 
there is no loss of generality in assigning the stated form to F(x, y). 
If the series converges for [2] < K, and |y|< R, put x=R,2’, y= Ry’, 
and if the coefficient of y’ is not —1 but k, say, divide the equation 
F(R,x’, Ry’) =0 by —k; the new form of the function is that assumed 
in the above statement. When the transformation has been completed 
the accents may be dropped from 2’, y’ and the coefficients denoted by 
the symbols given. Again F(x, y) may be a polynomial, that is, after 
a certain stage each coefficient a,,,, may be zero. 

The method of proof follows the lines of that used in the 
theorem of the Reversion of Series. Suppose, to begin with, 
that the coefficients ὃ, in (II) are undetermined ; substitute 
the series for y in F(z, y), and, if possible, choose 0,, ὃς; ... 
so that when F(z, y) is arranged in powers of x the coefficient 
of each power will be zero. If this choice can be made, and if 
the values of b,, b.,... so found are unique, the condition that 
F(x, y) vanishes identically will be formally satisfied, and the 
theorem will be formally proved since y=0 when x=0. To 
make the proof complete (that is, a real proof) it must be shown 
that the series (II), with the values of 5,, ὃς, ... that have been 
found, is a convergent series ; when it is convergent the various 
transformations are valid. 


Now, the equating of coefficients determines ὃ}, b2,... in 
succession (compare ὃ 78) and 6, is given by a polynomial 
b, =P (a; 9, Qo, 0, a4, 1. Qo, 2,°°° Qo, 4) “οοοοοοοσοοο (IIT) 


in which the coefficients are positive integers. This deter- 
mination is unique and therefore if there is one convergent 
series such as (II) there is only one. 

Next, the general term in the series (I) is a,,,,7"y", and since 
the series converges for |z|<1 and | y|<1 there is a positive 
number, M say, such that |a,,,,|<U/ for every value of m 
and n. Take now the equation φίξ, 7)=0 where 


p(é,n) = —n + ME +M(E? +&y τη +3 +88 +...) ...(1α] 
and let ητεβιξ + Bob? +BgSF t+... + βιξ toe ceeeeeeeees (IIa) 
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Substitute this value of 7 in φίξ, 7) and choose f,, fo, ... 80 
that y(é, ἢ) may be identically zero. The value of β, is given 
by the polynomial in (III) when MM has been substituted for 
each of the numbers @, 0» @,9,--. ; since the coefficients in 
P, are positive integers and |a,,,|<M the number , is 
positive and greater than |b,|. It has, however, been proved 
that equation (5) with &, 7 in place of xz, y gives a convergent 
series which makes (&, 7) identically zero and therefore the 
series in (5) and (IIa) must be the same. Hence the series (IIa) 
and therefore the series (II), since | b,|<£,, converge, so that 
the proof of the theorem is now complete. 


Factorisation. In F(x, y) substitute P(x)+z for y, where 
P(z) is the series in (II), and arrange as a series in powers of x 
and z; the function F[x, P(x)+z] is identically zero when 
z=0 and therefore F[x, P(x)+z] is of the form 2zP,(z, 2) 
where P,(z, 2) is a series in powers of x and z. Let z be now 
replaced by y — P(x) and we find 


B(x, y) =[y - P(x)] P2(2, y) 
where P,(x, y) is a series in powers of x and y, the absolute 
term being -1 because the coefficient of y in F(z, y) is —1. 
The analogy with the usual expression f(x) =(x —a)f,(x) when 
f(a)=0 is obvious. This Factorisation Theorem is due to 
Weierstrass. 

Cor. If F(x, yo) =0, the substitution =x) + σ΄ andy=y,+ Ψ' 
reduces the problem of finding a series for y in powers of x which 
is such that y=y, when x=2, to the problem just discussed 
for the function Κ᾽ (20 Ὁ σ΄, y+ y’) or F,(x’, y’). 

For applications and extensions of the above theorem 
the student is referred to Chrystal’s Algebra, Part II, 
Chap. XXX, pp. 373-397. Some illustrations are given in 
Chapter XII of the Hlementary Treatise (§§ 106, 107, and 
Exercises XX). 


82. Algebraic Forms. As a preliminary to the consideration 
of the Remainder in Taylor’s Theorem for a function of several 
variables it is necessary to prove two theorems on the behaviour 
of the ratio of two algebraic forms. The number of variables 
that appear in the statements will usually be three, x, y, z, but 
the definitions and the theorems are quite general. It is to 
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be understood that the variables and constants are all real 
numbers. 

A polynomial that is homogeneous and of the nth degree in 
two or more variables is called a Form or a Quantic. A form 
f(z, y, 2) is a continuous function of its variables and therefore 
(§ 43, Th. IT) if it has opposite signs for the values a, ὦ, c and 
a’, b’, c’ respectively of x, y, z—or, as will be often said, at the 
points (a, ὃ, 6) and (α΄, 6’, c’)—it will be zero for an unlimited 
number of values of x, y, z, or at an unlimited number of points 
(x, y, 2). 

A form is said to be definite if it is not zero unless its variables 
are all zero and to be indefinite if it is zero for values of its 
variables that are not all zero. 

For example, z*+ y*+ χ᾽ is a definite form. Every form of 
odd degree in the variables is indefinite because in that case 
f(-2, -y, —z) and f(x, y, z) have opposite signs for all values 
of x, y, 2 (not all zero). 

A definite form has the same sign for all values of its variables 
(unless these are all zero) because, as has just been seen, if it 
had opposite signs at two points it would be zero at an unlimited 
number of points. The form is called a positive definite form 
or a negative definite form according as the sign is positive or 
negative. 

It is possible, however, for a form to be neither definite 
nor indefinite; it may, like a definite form, have the 
same sign when it is not zero and yet be zero when tts 
variables are not all zero. In this case the form is said to 
be semi-definite. For example, the form (x + 2y—z)* is semi- 
definite ; it is never negative but it is zero at all points in the 
plane z=2 + 2y. 

Let Q=f (zx, y, z)/9(x, y, 2) where f and g are two forms of 
the same degree ; though each form is defined and continuous 
for all values of the variables, Ο is not defined for values of the 
variables that are all zero. The point (0, 0, 0) is a limiting 
point of the region for which Q is defined but does not belong 
to it so that the region is not closed (§ 40). The proof that a 
continuous function attains its upper and lower bounds, 
however, requires that its region of definition should be closed 
and, as the proof is important for the applications to be made 
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of the properties of forms, it will be shown how a closed region 
may be obtained. 


Let x=ré, y=rn, 2=rl, r= | (x2 + y2 + 2%) | ; 
then Q=f(é, ἡ, O)/9(4 n, ζ), 
where π ρας as caine Souastasteiannses (5) 


Q is not defined for 2 =0, y=0, z=0, and r is not zero unless 
x,y, 2 are all zero; all the values for which Q is defined may 
thus be obtained by assigning to &, ἡ, € values which satisfy 
equation (S). Now the region defined by (S), which for three 
variables is the surface of a sphere, contains its limiting points ; 
for, if P(a, ὃ, c) is a limiting point of a set P’(a+h, b+k, c+) 
which lies on (S) then 

(a+h)?+ (b+k)? + (c+])?=1, 
and therefore when h, k, I all tend to zero the numbers a, b, c 
satisfy equation (S) so that P lies on (S). In other words the 
region defined by equation (S) contains all its limiting points 
and is therefore closed; the reasoning is clearly applicable to 
the case of » variables x, y, z, w,.... 

Now equation (S) is not satisfied when ἕξ, ἡ, ¢ are all zero, 
and therefore when g(a, y, 2) is a definite form σίξ, ἡ, €) cannot 
be zero for any admissible values of £, η, ¢. 

Two theorems will now be proved which are essential for 
the discussion to be given of the Remainder in Taylor’s 
Theorem and these, with the whole discussion of the Remainder, 
are based on the exposition in the Calculus of Genocchi-Peano 
(German Translation, pp. 170-189). 


THEOREM I. If f(x, y,z) and g(x, y, 2) are forms of degree n 
the ratio f(x, y, z)/9(x, y, z) has an upper bound M and a lower 
bound m which are attained and are therefore maximum and 
minimum values of the ratio, provided g(x, y, z) is a definite 
form. 

Let the ratio be transformed in the manner just shown 
to f(é, 7, 2)/g(é, 7, £). The ratio is a continuous function of 
&,, ¢, since g(é, 7, C) is not zero at any point (&,7, ¢), and 
therefore has upper and lower bounds, M and m respectively, 
which are attained and are therefore maximum and minimum 
values of the ratio. 
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THEOREM II. Let g(x,y, z) be, as in Theorem I, a definite form 
of degree n and let f(x, y, z) be expressible as the sum 


σχία, Y; 2) fila, συ: 2) Ἔ σρία, Ψ: 2) Fo(x, Y; 2) ieee + σφεα, Y; 2) fm(X, Y) 2) 
where f,, for+++,fm are forms of degree n while the coefficients 
Cy Coy +20 Cy, are functions of x, y, 2, each of which tends to zero when 
all the variables tend to zero. The ratio f(x, y, z)/9(z, y, z) tends to 
zero when all the variables x, y, z tend to zero. 


For f(x, Y, 2) ἘΞ Ξ a C, x. Ε 2 F(z, Y, 2) 

g(x,y, 2) » τῶ ga, y, 2) 
Each ratio f,/g is bounded, by Theorem I, and each of the 
coefficients c, tends to zero when 2, y, 2 all tend to zero so that 


f/g also tends to zero. 


Ex. 1. Find the condition that the form az? + 2bxy +cy? should be 
definite. 

If y=0 the form becomes az? so that a cannot be zero if the form is 
definite ; similarly c cannot be zero and must have the same sign as a. 
Again az? + 2bxy +cy? =a(x + by/a)? + (ac — b?)y?/a 
so that if ac> 6? the form has the same sign as that of α (or c) and is 
therefore definite. 

If ac =b? the form is semi-definite. If ac< b? the factors of the form 
are real and different and the form is then indefinite. 


Ex. 2. Tf φία, y, 2) =ax? + by? +2? + 2fyz+ τα + 2hxy, the form φ 
is definite if (i) a, b, c are all of the same sign, (ii) A, B, C are all positive, 
where 4, B, C are the co-factors of a, ὃ, c in the discriminant A of the 
form, and (iii) A has the same sign as a (or 6 orc). 

y(1, 0, 0) =a, φίο, 1, 0) =b, (0, 0, 1) =c and therefore a, ὃ, c must be 
all different from zero and have the same sign when the form is definite. 
Again 2 

- P(X, Ψ, ε)γτ-α(α. EH) ἐζ(ν- δ} +324 
and therefore C must be positive and A must not be zero and must 
have the same sign as a. 

Also aA =BC -- ΚΞ, bA=CA --α3, cA=AB — H? (where ἢ, G, H are 
the co-factors of f, g, h in A). But αὦ is positive and therefore BC, 
and therefore B, is positive ; similarly A 1s positive. 

In general, when a form of the second degree in any number of 
variables is given the terms in one variable, say x, are brought together 
(as has been done above) into one term a(x+b’y+c’z+d’w+...)?; 
the terms left give a form in which the number of variables has been 
reduced by one and this form is treated in a similar way. Finally, a 
form in one variable is left. 

The student may consult treatises on Higher Algebra, such as Bécher’s 
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Introduction to Higher Algebra. Bromwich’s Quadratic Forms is useiul ; 
see also Hilton’s Linear Substitutions. 


Ex. 3. Show that (x? —y?)/(z?+y?) and (a? + y? —2?)/(x? -+ y? +2?) 
have +1 as the maximum value and - 1 as the minimum value. 
Ex. 4. The forms 
(i) zy +y* + 2yz + 32a + wy + wz, 
(1) wy +2yz + ὅχα + wy + wz ; 
can be expressed as 
AX? + BX? --ΟΧἕ -Dxi 


where A, B, C, D are positive numbers and X,, X, X,, X, are linear 
functions of 2, y, z, w. 


83. Remainder in Taylor’s Theorem. Suppose that f(x, y, z) 
is continuous at (a, b,c) and can be expanded near (a, b, c) by 
Taylor’s Theorem; let z=a+ht, y=b+kt, z=c+lt, where 
111, |&| and |Z| are small, and f(z, y, z)= F(t), f(a, ὃ, c)= F(0). 
In the notation of ὃ 157 of the Elementary Treatise, when t=1 
and therefore x,y,z equal to a+h,b+k,c+l respectively 
and f(x, y, 2) =F (1), the expansion is given by the equation 


F(1)=F(0) + F’(0) +... .2 FO(0) +... Ὁ ᾿ FO (0) ...(1) 


where 0< 0<1 and F(™(6)/n! = R,, the Remainder after n terms. 
F(0) is a form of degree r in the variables ἢ, k, 1, namely 
FO) =(ho w +h PS ae £) fla, b, c) 


+9 καρ. 9 mae 
=h oS 4 hth ate +. are 7 (A) 


“ων KBP, a+Bt+y=r 
where A... 1s a function of a, b,c. F(6) is of degree n in 
ὦ, k, | and the coefficients, Aj, , say, in this case are functions 
of a+ 0h, b+ 0k, ὁ +6. 


The equation (1) may be written so as to contain an addi- 
tional term with the remainder R#,,,, namely, 


F(1) =uy) + uy + er ter coe FH UQ t+ Rast eee ΤΥ (2) 
where u, = F(™(0)/r!, r=1, 2,..., n, and u, + R,,,=R,, so that 
Ry = By — Uy ={PO(8) — FOO) nl oe. (3) 
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TurorEM I. If the term u,, is a definite form in the variables 
h, k, l the ratio of Ry, to u, tends to zero, and the ratio of R, to 
u, tends to unity, when all the variables h, k, 1 tend to zero. 

The expression for #,,, given by (3) shows that &,,, is a 
form of degree 7 in the variables h, k, 1, namely 


Rosa =a) 2 (Aa, ον — Ag, β, yhtker, & + B +y=n; 


but (Aj, 3,,—Aa,s,,)~ 0 when all the variables h, k, | tend to 
zero and therefore by Theorem II of ὃ 82 the ratio of R,,, to u, 
tends to zero. Hence when all the variables tend to zero 


Fost. 9 Ae-Ue 9 thatis, Ba oy. 
Un Un Un 
It should be specially noted that the proof is essentially 


conditioned by the assumption that τι, is a definite form. 


THEOREM II. Suppose that f(a, b,c) or F(0) is zero and that 
the first of the terms in (1) or (2) that does not vanish tdentically 
is u, or F0)/r! There are two cases. (i) If F(0) ts a 
definite form f(x, y, 2) is not zero and is always of the same sign 
in the neighbourhood of (a, ὃ, c) (that is, when h, k,l are not all 
zero). (ii) If F(0) is an indefinite form f(x, y, z) takes positive, 
negative and zero values in the neighbourhood of (a, ὃ, c). 

Case (i). In the equation (1) let n=r; then f(x, y, 2) or 
F(1) is F™(6)/r! The form F (0) is definite and therefore 
by Theorem I F”(6)/F@(0) tends to unity; since F™(6) is 
continuous in h, k, 1 and F“(0) is not zero and is always of the 
same sign so is F“(6) and therefore f(z, y, 2). 

Case (ii). In this case the form (0) is indefinite and 
therefore there are values of ἢ, k, 1 for which it is positive and 
also values for which it is negative. But F“(6)—>F(0) when 
h, k and 1 all tend to zero, and therefore, since it tends to 
values that are positive or negative according to the choice of 
h, k, | it must itself take both positive and negative values. 
Further F((6) is a continuous function of ἢ, k and ἰ and 
therefore must also take zero values. 

If f(a,b,c) and g(a,b,c) are each zero the fraction 
f(x, y, z)/g(a, y, 2) is not defined for the values a, ὃ, ὁ of 
x,y,z and (compare H.7'. § 161) f(a, ὃ, c)/g(a, ὃ, c) used to be 
called an ‘‘ Indeterminate Form.’ The following theorem 
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throws some light on the possibilities of what may happen 
when z, y, z tend to a, ὦ, c respectively. 

It is understood that f(x, y, 2) and g(x, y, z) can be expressed 
near (a, 6,c) by Taylor’s Theorem. Let G(¢) have the same 
meaning for g(x, y, 2) as F(t) has in the preceding theorems for 
f(x, y, 2); then F(0)=f(a, ὃ, c)=0, G(0) =g(a, ὃ, c)=0 and 

FL) = ty + Ug + οος + Up tone 
G(1) = 01 + Vg 4 0. + Up Ἔ ες 
where wu, = F©(0)/r! and v, =G(0)/r! 

Suppose that F‘(0) vanishes identically, that is, for all 
values of h, k, 1, when r has the values 1, 2, ... (γι -- 1) but not 
when r=m and that G(0) vanishes identically when 
r=1,2,... (n—1) but not when r=n. Further, let w denote 
the quotient f(x, y, z)/g(x, y, 2). 


THeorem III. If G™(0) is a definite form the quotient w or 
f(x, y, z)/g(x, y, z) behaves, when all the variables h,k,1 tend to 
zero, in the way specified in the following cases : 

Case (i), m>n: w tends to zero ; 

Case (ii), m=n: w oscillates finitely unless the ratio 
F(0)/4(0) tends to a limit, K say, in which case w also 
tends to K ; 

Case (iii), m<n: w does not tend to any finite limit. 

Case (i). Let g(x, y, 2) Ξ: 6 (1) =G™(6')/n!, 0< 0’<1; then 
G8’) /G (0) +1 because G0) is a definite form (Theorem 1). 

Next let f(x, y, z)=F(1)=F™(6)/n! as in equation (1); 
though £0) is identically zero since m>n the form F(6) 
is not zero because F(1) is not zero. When all the variables 
h, k,l tend to zero the coefficients Aj,,, in the form F(6) 
tend to the coefficients Az, ,, in the form F™(0) and therefore 
to zero since #™(0) is identically zero. Hence by Theorem II 
of ὃ 82, since G0) is a definite form, the ratio F(™(6)/G™(0) 
tends to zero and therefore w also tends to zero when A, k, l 
tend to zero because | | | 

ΠΝ F)(6) _ #6) G8") 
 GO)(6") G0) > G0) 
and G™(0’)/G™(0) tends to unity. 

Case (ii), m=n. Let F(1)=u,+R,,, where R,,, is given. 
by equation (3). By the same reasoning as before the ratio 


216 ADVANCED CALCULUS [CH. VII. 


of (n! R,,,), that is, of {1 0)(0) -- F™(0)} to the definite form 
G™(0) tends to zero when all the variables h, k, 1 tend to zero 
and therefore the behaviour of the ratio #™(6)/G@™(0) when 
h, k. 1 tend to zero is the same as that of the ratio F™(0)/G(0). 
_ FM (6) _ Τρ). G9") ) 

~ G6") ) ~ Gi(0) * G@)(0) ’ 

and G™)(6’)/G (0) tends to unity so that w behaves in the same 
way as F (0)/G™(0) when all the variables h, k,1 tend to 
zero. But, by Theorem I of § 82, the ratio F™(0)/G™(0) has a 
maximum value M and a minimum value m and therefore w 
oscillates between M and m unless the ratio F™(0)/G@(0) tends 
to a limit Καὶ in which case M=m=K and then w tends to K. 

Cases (iii) m<n. In this case take the functions F(t) and 
G(t) instead of F(1) and G(1) ; we now have 

ω- Κῶ 1 nt Fn) 
τ Gt)" γι} AO (θ΄) 

If the form F(™(0) is definite F(™(0t)>F(™(0) when t—0 
and F(™(0) is not zero unless ἢ, k, 1 are all zero. If #0) 
is indefinite h, k, 1 can be chosen so that F‘™(0) is not zero 
since #(™(0) is not identically zero. Therefore whether 
F(™ (0) is definite or indefinite, the ratio of 7 (θὲ) to G™(6’2), 
when t->0, may be made to tend to #(™(0)/G™(0), or N say, 
where N is not zero. Hence w cannot tend to a finite limit 
when ¢->0, since m<n and therefore 1/t"-” tends to infinity 
while the factor N is not zero. 


84. Maxima and Minima. The difficulty noticed in § 159 of 
the Elementary Treatise can now be to a certain extent cleared 
up. When f(z, y) is continuous near (a, b) the derivatives 
f, and f, are both zero and, in the notation of the preceding 
article, we have for two variables h, k, 

f(iat+h, b+k) —f(a, 6) = F"(6)/2. 

The conclusions of Theorem II of § 83 are now applied. 
If F’(0) is a definite form F’(6) is not zero and is always 
of the same sign in the neighbourhood of (a, δ), that is, when 
h and & are not both zero. On the other hand, if F”(0) is an 
indefinite form 1 (0) takes both positive and negative values 
in. the neighbourhood of (a, δ). Hence, when F"(0) is a 


Now 
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definite form f(a, δ) is a maximum value of f(z, y) when the 
form is negative and a minimum when the form is positive 
but if #'"(0) is an indefinite form f(x, y) is neither a maximum 
nor a minimum for the values a, ὁ of x, y. 

It is seen in the same way that if F'”(0)/r! is the first term 
in the expansion of f(a+h, ὃ -- 1) —f(a, 6) that is not identically 
zero f(x, y) will be a maximum or a minimum for z=a, y=6b 
if #”(0) is a definite form but will be neither a maximum nor a 
minimum if £”(0) is an indefinite form. 

These conclusions obviously hold for functions of any number 
of variables. 

Nothing has been said of what conclusion may be drawn 
when /'"(0) is a semi-definite form ; this is the case of Peano’s 
example (£#.7. p. 413). All that can be said in this case is that 
the above tests for a maximum or a minimum fail and further 
examination is necessary to decide the question of a maximum 
ora minimum. In many of the cases that occur in ordinary 
work it is often possible, as with Peano’s example, to decide 
the question by use of purely algebraic methods but any general 
method usually involves complicated expansions, and even 
then may not lead to a definite conclusion. See, for example, 
Jordan’s Cours d’ Analyse, Vol. I, §§ 399, 400; Stolz’s Differen- 
tial- und Integral-Rechnung, Vol. I, Abschnitt V. (with the 
references) ; Hobson’s Functions of a Real Variable, Chapter VI. 

He, f(z, γ) τεῦ ἐγ --2(5 -- ν)". 

The equations /,=0, f,=0 give the points (ν 2, —./2), (-- "3, 2) 
and (0, 0) as points for which f(z, y) may have a maximum or a mini- 
mum value. The test from the character of the form F”’(0) shows 
that f(z, y) is a minimum at (/2, —./2) and at (—./2, ./2); the test fails 
for the point (0, 0). 

But f(A, 4) =2A4>0, f(A, 0) = λξ(.λδ -- 2) <0 if 42<2; since f(0, 0) =0 
the function f(x, y) takes both positive and negative values in the 
neighbourhood of (0, 0), because [λ[ may be arbitrarily small, and 
therefore f(z, y) has neither a maximum nor a minimum value at (0, 0). 


In this and similar cases the consideration of the surface z=/(z, y) 
is often useful. | 


It may, however, be remarked that the determination of 
maximum and minimum values can frequently be effected by 
the use of algebraic inequalities, as noted in the Hlementary 
Treatise (δ 76), and the discussion in Chrystal’s Algebra, Vol. IT, 
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Chapter XXIV, will repay careful study. The methods of the 
Calculus are powerful, but it is a great mistake to neglect the 
resources of comparatively simple and straightforward algebra. 


85. Absolute Maxima and Minima. When a function, f(z) say, 
is defined for the range aS 23b it does not follow, of course, 
that even when more than one maximum value has been found 
the greatest of these is also the greatest value of f(x) in the 
range. It may quite well happen that f(a) or f(b) or both f(a) 
and f(b) may be greater than any value of f(x) for the range 
a<a<b; the method of the calculus implies that the values 
of x for which the function is a maximum or a minimum lie 
inside the range. To find the absolute maximum or minimum 
it is therefore necessary to find the turning values, as deter- 
mined by the Calculus, and then to compare them with each 
other and with f(a) and f(0). 

It may be the case that f(a) and f(b) are themselves the 
maximum and minimum values and that f(z) has no turning 
value between a and ὃ. 

For example, the perpendicular p from the focus (ae, 0) of the 
ellipse 2?/a? + y?/b?=1 on the tangent at the point (z, y) is given by 
the equation 

p=b(a- ex)? (a ΠΡ 2 
dp _ . — abe 
ἀπ᾿ (α + ex)(a? — e%x?)? 
so that dp/dx is neither zero nor infinite in the range ( --α, α). As z 
increases from --α to a the perpendicular p steadily decreases from 
a(1 +e) to a(1 -- 6), so that a(1 +e) is the absolute maximum and a(1 -- e) 
the absolute minumum value of p. 


and 


Though the maximum and minimum values of p cannot be 
found by the ordinary rule yet the sign of the derivative settles the 
matter ; even when the derivative is discontinuous the sign 
will often indicate the possibility of a maximum or a minimum. 
Thus the function f(z) where 

f(x) =a+ bY (x - c) 
is ἃ minimum when x=c; f’(x) is discontinuous for x=c but 
f’ (x) is negative when z<c and positive when 7>c, so that f(c) 


is the minimum value of the function. 
In the case of functions of more than one vanibls corre- 
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sponding observations may be made. The type of region 
defined by the equation £7 +7?+¢?=1 in ὃ 82 is of importance 
in some connections, for example, in the problem there treated 
and in the case of the determinant presently to be considered: 
The region has no boundaries in the usual meaning of the term, 
and every maximum or minimum that may occur is given by 
values that are within the region. 

Implicit Functions of one Variable. If the equation f(z, y) =0) 
defines y as a function of x, the determination of the turning 
values of y is of course a frequent problem in the tracing of the 
curve represented by the equation and hardly demands any 
special treatment. 


Since 
the condition that dy/dx=0 gives the equation f,=0 and the 
two equations f=0, f,=0 determine the possible values of 
zx and y. The sign of d*y/dz? has next to be considered ; 
differentiating equation (1) and noting that dy/dz=0 for a 
turning value we get af af d2y 

da?” dy T= = 

What is the significance of the coefficient of dy/dx in (1) and 
of d?y/dz? in equation (2) ? 


νιν πεῖ eecteseesonae: (2) 


86. Hadamard’s Determinant. Let D be a determinant of 
the nth order, the element in the rth row and sth column being 
a,,; if the numbers a,, satisfy the n conditions 

pt lp, + Ung + vce + eg te ove + Big — Op =O ceavceeseree (1) 
where r has the values 1, 2,... , ἢ and 0, is constant, then 
| D |S/(6159 «-- bn) 
when the elements a,, vary continuously. 

The region defined by the equations (1) has no boundaries 
and therefore D, being a continuous function of its elements a,,, 
has both a maximum and a minimum value which may be 
obtained by the usual method of undetermined multipliers 
(#.T. pp. 414, 415). Let A,, be the co-factor of a,,in D; then 

D =A yy + 00. + UpgA yy + 02 + UpnAyn, P=1, 2,..., 2. ...(2) 

Now take the multipliers 41,, 4/,,..., 44, and let 

F=D -- 41,9, — hag, --... — ζλ,φ, — 01 — Anny veers (3) 
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and the values of ας, that determine the turning values of D 
are obtained by equating to zero the differentials of the elements 
in F. The coefficient of a,, in D is A,,, and the only one of 
the functions g in which a,, occurs is y, ; hence we find 

Aye A -=0, TH1, 2,2.0,0, HL, νον Me wioees ...(4) 

From (4), keeping 7 constant, assigning to 8 the values 

1, 2,...,” and multiplying by a,, we obtain the equations 
Oyj Ary + Upp Arg tee + UpnArn = ἜΤ ΡΝ 

that is, DD παι, Ds ea eriaeeeeee tian penene (5) 

_ Again, instead of the multiplier a,, take a,, where ¢ is any of 

the integers 1, 2,..., except r; then keeping r and ¢ fixed 

we get the equation 

yA ny + Ug pat oe + ἀμμά, Ξε λιίαμα,, + UpgMrg + +++ + VinDen)s 
that is, By Bey + pg @yg + oe + Aen Gen =O, cecseresescncerers (6) 
since @,,4,1, +... + @nArn =O. 

From equations (4) and (5) 

Ag τ τ (7) 

In the equations (6), r and ¢ are any two different integers 
from 1 to n so that when D has its maximum or minimum value 
the determinant is orthogonal, that is, the sum of the n products 
of corresponding elements in any two rows (say the rth and 
the ith) is zero. (Compare the equations (1) and (6) with the 
relations between the direction-cosines of three mutually 
perpendicular lines.) 

The determinant which has A,, as the element in the rth row 
and sth column is equal to D"-1; but that determinant is by (7) 
equal to D*+1/b,6,...6,. Hence the maximum and the minimum 
values of D are given by the equation 
| Dn+1—b,b,...b, D1, that is, D?=6,b,... by, 
so that | D |S./(bybg... Bn) 
whatever values the elements a,, may take so long as they 
satisfy the conditions (1). 

Cor. If |a,,|< M, and therefore 6,<n//?, then 

| | D|<(n™)tmM. | 

The above theorem is due to Hadamard and is of great 

importance in the theory of Integral Equations. 
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EXERCISES IX. 
(For answers to some of the Examples, see at end of the Set. ) 


Find the maximum and minimum values of the functions i in Examples 
1-12: ; 


1. xy?(3x + by -- 2). 2. y2+4ay +322 +23, 

3. (x -l1)(y = 1) (a? + y? — 4), hy oct + Qaty — 22 + 3y?. 

δ. yttotytact, Ὁ 6. ψϑ-. 353 -- Sat 4 4058, 

7. t4+yt +24 - dayz. 8. wy tatty, 

9. (@+y —1)/(z? +y?). 10. (x +y)/(x? + 2y? +6). 
1]. (ὦ ~y)/(x? +y2 41). 12. (y+z)?+(z+2x)* + xyz. 


13. If all the letters denote positive numbers, show that the maximum 


value of . 
xy(z — "(ῷ εῷς- =i) 
is (2h/5)'ab/c*. 


14, If 7x5 + 30x*y + 21y* =21, find the maximum and minimum values 
of 27 ιν. 

15. The maximum value of zryz/(a +2)(x+y)(y +z)(z +b), where all 
the letters denote positive numbers, is given by 


ey z_b Gy 


16. Tt 3a*y? + xy® + 4ax%$ =0, show that y has a maximum value, — 3a, 
when x =2 , and that, if 22° + 3ay —a2%y3 =0, y is a minimum, a. 5°’, 
when x =a . 54:3, (α is positive.) (Todhunter.) 

17. If xyz=8, the product (x +1)(y+1)(2+1) is a minimum when 
χ᾽ ξεν =z =2, and if zyz ---ὃ8 the minimum value of the product 

(x? +a*)(y? + a?)(2* Ὁ αὖ) 
is (a? + δ3)8͵ _ | 

18. If xyz =k?, the product (x +aly +b)\(z+c) isa minimum when 

xz Y¥ 2 k | 
a b ς (αδο)!δ 
the letters denoting positive numbers. 
In Examples 19-24 all the letters denote positive numbers. 


19. If f(x, y, z) =alymen and σία, y, zZ)=“2+y+2, apply the tests for 
discriminating maxima and minima to prove that f possesses a maximum 
when g is constant and that g possesses a minimum when / is constant. 

Show that the theorem holds for p variables 2,, Xz) ... Ly», and extend 
to the more general form 


σία, ν, 2) =ax™ + bys ea. 
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20. (i) If 22 +3y +42 =a, the maximum value of xyz‘ is (a/9)°*. 

(ii) If ata? + 2Qby3 + z4=c*, the maximum value of 2‘yz? is given by 
17a*xz? =12c4, 17by® =c*, 1724 = 3c4. 

21. If xyz =abe, the minimum value of bex +cay +abz is 3abe. 

22. If x*/a® + y2/b? +22/c? =1, the maximum value of xyz is abc/3 1/3. 
Interpret geometrically. 

23. If eyz =a*%(x+y +z), the minimum value of yz +zx Ἔν is θα. 

24, If 22+y?=1, the minimum value of (az? + by?)/(a%z? + dty2)t is 
2(ab)* /(a +b). 

25. (x, y, 2)=ax* + by? +022 + Bfyz -ἰ σευ τ δῆαν, and 

p(x, y, zj=elau+my+nz; 
find the maximum and minimum values of r? where r? is equal to 
x8 + y? +2? 
(i) if gp =k =constant ; (ii) if p=k and y=0. 


If u= —k/r*, the values of r? are the roots of the equations 
(i) | atu, Ah, g (1) |}a@+u, A, 9; l 
h, b+u, f =O: h, δι, 7, ™ 
f =. 
9, » στ 9. tS, c+u, ἢ 
l, m, Nn, 0 


When gy =k represents an ellipsoid the volume of the ellipsoid and 
the area of the section by the plane y=0 are 4zr,r,r,/3 and 70,0. 
where 1,, 2, 74 are the roots of Equation (1) and 9), 0, those of Equa- 
tion (ii); these products are easily found. 

26. If (2? + y? +2*)? =a%z? + b2y? + c2z2 and lx +my +nz=0, show that 
the maximum and minimum values of r?(=2?+ y?+2?) are given by the 
equation 12/(r2 — a?) + m2/(r? — b2) + n2/(r? — c2)=0. 

27. If f(x, y, z)=(a%xv? + b2y? + c2z?)/x2y2z?, where az? +by?+cz?*=1 
and a, ὃ, c are positive, show that the minimum value of /(z, y, 2) is 
given by u u u 

GA eae, Gees ie 
2a(u +a) 2b(u - δ) 2c(u +c) 
where wu is the positive root of the equation 
u® — (be +ca +ab)u -- 2abe = 0. (Schlémilch.) 
28. f(x, y, z) and g(x, y, z) are two quadratic forms 
SEAL" + Aggy? + Ag,27 + 2Zay,Y2% + 2A5,2U + Zaz oY, 
9 = by, 2? + δ, + ὃ... 55 + 2δ, να + 25:20 + 2b yy ; 
if g is a positive definite form, prove that the maximum and minimum 
values of the ratio f/g are the values of u given by the equation 
Gy, -- 0,4, αι; -- δι, 3 — δον 
Qs, --ὃςχμ, α5 -- ὃχγι, ας -- ὃ |=. 
As, -- ὃ2)γμ, G32 -- δηγύ, gg -- Dggtt 
where α,;, =r, διε-εῦ,γν. (r=1, 2, 3, 8 =1, 2, 3). 

If f =a? +72? — Qyz —2Qay, g =a + 2Qy? + 522 +2yz-—2ry, show that u 

has the values 2, 1, —1.. 
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29. If f(z, y) =82* ~ Gry? +y4, and if «=At, y =kt, f(z, y) = F(t), show 
that F(t) is a minimum when ¢=0 (ὦ #0, k #0) although (#.7'.. p. 413) 
J(x, y) is not a minimum for x =0, y =0. 

Hence if στὰ ὁ δέ, y=b+kt, f(z, y)=F(t) it is possible that F(0) 
may be a turning value of F(t) and yet f(a, b) not a turning value 
of f(x, y). 


30. From the point B(0, -- ὃ) of the ellipse x*/a* + y?/b2=1 a chord 
BP of the ellipse is drawn ; find the position of P when the length of 
BP is greatest. (Lampe.) 


1. Min. at (}, 4). 2. Min. at (2, -- 4). 


3. Two minima given by 2277+2y%=7+y+4 and “τῷ and two 
maxima given by 2277+ 2y3=2+y+4 and z+y=l. 


4. Min. at (+ , -) and at (- a =, -2). 

5. Min. at (0, 0) if a>}. 6. Min. at (1, 0, 0). 

7 Min. at (1, 1, 1). 8. Min. at (1, 1). 

9. Max. at (1, 1). 10. Max. at (2, 1), Min. at (-2, —1). 


11. Max. at (5, =). Min. at (5, 7a) 


12. No Maximum or Minimum. 


14. The values are obtained from the given equation and the three 
equations z=0, y=2x, y=52; the first two give minimum values and 
the third gives a maximum. 7 

30. Ifa? > 26%, P is given by x= +a*(a? -- 905) [(α -- b*), ν =b/(a? — b?), 
but if a?< 263, P is (0, δ). 


CHAPTER VIII 


INFINITE PRODUCTS. PRODUCTS AND SERIES OF PAR- 
TIAL FRACTIONS FOR TRIGONOMETRIC FUNCTIONS. 
GAMMA FUNCTIONS 


87. Infinite Products. Let f,, fs, fz, ... be a sequence of real 
or complex numbers and let P, be the product f,f,...fn, OY, 
in the usual symbols n | 

P,= lif ἣν 


Definition. If when n tends to infinity P, tends to a limit, 
P say, which 18 not zero unless one of the factors f, is zero, the 
infinite product is said ‘“‘ to converge ”’ or ‘‘ to be convergent ”’ 
and P is called the value of the product or simply “‘ the product.” 
ΤΡ, tends to + «orto —» or (when no factor ἢ, is zero) to 
zero the infinite product is said “‘ to diverge”’ or ‘‘ to be 
divergent.” If P, tends to no definite limit (finite or infinite) 
the infinite product is said ““ to oscillate.” 

It is possible for P, to tend to zero even though no factor f, 
is zero; for example, P,=1/(7+1) when f,=7/(r+1) and 
P,,—>0 when n>. Of course, if any one factor ἢ, is zero so 
is P, when n=r and therefore P,, tends to zero; but, by con- 
sidering products that tend to zero when no factor f, is zero as 
divergent, the property that a product does not vanish unless 
one of its factors vanishes, remains for convergent products. 

Thus, if no factor f, is zero and if P, tends to a limit P that 
is not zero, | P, | must be greater than a positive constant, 
C say, for every value of n; because m may be chosen so that 
| P,, |\>C,>0 when n>m, while | P,,| is not zero when n takes 
any one of the m values, 1, 2, ..., m, since no factor ἔ, is zero. 
Hence | P,,|>C for every value of n, where C is any positive 
constant less than C, or than any of the m numbers | P, |, | P|, 
ΡΝ cree ἢ 
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In testing for convergence the condition that the limit P 
is not zero unless a factor f, is zero must be specially noted. 

The notation for an infinite product is, in analogy with that 
for an infinite series, 


I fn or IIf, or II (1+ wa) or [[(1+4,) 


the brackets being used when the factor contains two or more 
terms. 
In the following work the symbol ε has the usual meaning. 


THEOREM. The product P,, where P,=fif. --- fn, wil, when 
n tends to infinity, tend to a limit P, that 1s not zero unless one of 
the factors f, is zero, provided there is an integer m such that 

(i) | fara μα 9.1...» —l<e if nam, p=1, 2, 3, ... 

This condition is equivalent to the following which is often 
more convenient in practice : 


(1) va (fnsadnse +++ Inte — 1)=0, p=1, 2, 3, on oe 


n> 

The product fi; fins +--+ Sap 18 Prip/Prn- 

(a) The condition is necessary. If no factor ἢ, is zero | P, | 
is greater than a positive constant C for every value of n while, 
if P,, tends to a limit, m may be chosen so that | P,,, —P,|<«C 
when n= m whatever integer p may be. Hence 

lfnsi Snse + Snip Ξ |= egal Fe n2m, 
so that | frit tng -+> Snip ~l|<e if n2=m, p=1, 2, 3,.... The 
condition is therefore necessary. 

(b) The condition is sufficient. Let «=4,; since condition (i) 
is satisfied m may be chosen so that, whatever integer » may 
be provided that n>m, 


lfm Smtes++Fn-1]<, Or, ¥<|fmsa fmse «++ fa l< ὃ, 
and therefore, m being now fixed, 
ae ee -|.. ee .} ee eee (k) 
If therefore P,, tends to a limit that limit cannot be zero unless 
a factor of P,, is zero. We have now 


[Papo lal =|P,,| ἢ Sasa τος Jug — 11. 
But |P,|<32|Pn|<K, a constant, by (k); and, since 
condition (i) is satisfied, there is an integer u (which may be 
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taken greater than m) such that | fini... farp -~1|<e/K when 
n=, p=1, 2, 3,.... Hence 

ΡΞ δ Uo uae, p=, 2,.3).<.5 
so that P, tends to a limit which, as has been shown, is not 
Zero. 

Cor.1. Let p=1. For convergence it is necessary that 
fas, OF (what amounts to the same thing) that f, should tend 
to unity when n tends to infinity ; it is therefore usual to write 
the typical factor f, in the form (1+w,), where u,>0 when 
n>. The form f,, is, however, useful, and u, =f, — 1. 

The condition that u,—->0 is necessary but not sufficient 
for convergence (§ 88, Ex. 1). 


The two Lemmas that follow are often required. 


Lemma 1. 1l+a<e*ifa>0; 1-a<e* if 0<a<l. 
See § 25, Ex. 3. 


Lemma 2. If |u,| =a,, whether u, is real or complex, 
[(1 + ysl +%qyg) ... (1 +Ugyy) -- 1] 


= (1 +4,,;)(1 +a,,2)...(1 +a@,,5) -1. 
Take three factors, 


1+u,1+v,1+w where |u| =a, |v| =b, [ὦ =c; 
then (1+4u)(14+v)(1+w) -l=(u+v4w) + (uv + uw + ow) + uw, 
and therefore 
[(l+uj(l+v)(1+w) --΄ {ΞΞ (α -- Ἐ 6) +(ab+ac +be) +abe, 
that is S(1+a)(1+6)(1 +c) -1. 
The proof is obviously quite general. 


88. Tests for Convergence of Products. Two tests for 
convergence will now be given ; these will be sufficient for the 
applications we make, and Bromwich’s treatise on Infinite 
Series may be consulted for further information. 

Test 1. If a, 18 real and positive for every value of n the 
product II(1+a,) converges or diverges according as the series 
ua, converges or diverges. 

Let s, =a, +a,+...+a, and, when Za, converges, let s, tend 
to s when n tends to infinity. 

(i) Let Xa, be convergent. By Lemma 1 of § 87, 1+a,<e*r 
and therefore 

P,,=(1+4,)(1 + ἀρ) ... (1 +a,)< e% e%.,. 6%, 


so that Po 2 «- ο΄. 
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Thus P, increases as n increases, but is less than the fixed 
number e* for every value of »; therefore P, tends to a limit 
and the product II(1 +a,) is convergent. 

(ii) Let Xa, be divergent. In this case 

P,, =(1+4,)(1+a,)...(1+a,)=1+58, + (positive terms), 
and therefore P,—+0 when n-> since 8, does so. The 
infinite product II(1+a,) is therefore divergent. 

Test 2. If u, 18 any number, real or complex, and if | u, | =n; 
the product II(1 +u,,) converges if the product II(1 + a,,) converges. 

By Lemma 2 of § 87 


| (1+ Unya)(1 + Unig) --- (1+ Ungy) -- 1 | | 
s(1 + Ony1)(1 ΕΣ On+2) ae (1 + Ansy) =I. 


Now (ὃ 87, Theorem) [ (1 + @n41)(1 + @n49)-.- (1 + Gnzp) ~ 1] tends 
to zero when n tends to οὐ if the product II(1+a,) converges; 
therefore, when II(1 +a,) converges, 


| (1-+ Unga)(1 + Unye) --- (1+ Unyn) -- 1 
also tends to zero when n tends to infinity so that the product 
ΠᾺ + u,) is convergent. 

Definition. If u, is real or complex the product JI(1+4,) is 
said to converge absolutely when the product II(1+|, |) 
converges. 

Hence II (1+ u,,) converges absolutely if | u, | converges and 
ΠῚ, converges absolutely if &| 7. -- 1] converges. 

Again, since II(1+4,) cannot converge unless u,—0 when 
n->©, it may always be assumed in testing for convergence 
that |u,|<1; the omission of all factors in which | u,|21 
would at most affect the value of the product and not the 
property of convergence or divergence. 

Suppose now that II(1 +w,) is expressed in the form 


Pxe[I(1+uq)=11(1 τὰρ x TT (1+ 24) ΞΡ, Qn 
1 mil 
where O.= Π (1+4,). 
m+1 


The product P will or will not converge according as the 
product @,, does or does not converge. Further, we may 
suppose | w,| to be not merely less than unity but less than 
any positive number ὁ when considering the convergence of 
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Qn, the integer m being taken large enough to make | u,,|<c 
when n>m. 
An expression for log P will now be found and the assumption 
is expressly made that every logarithm has its principal value. 
Suppose (i) that the series 


Ss) 16S Cl ρον φοὺς  θονοε εν tice swaass (α) 


m+1 
converges, its sum being /; (ii) that m is so large that |1|<a; 
and, therefore, (iii) that 1 is the principal value of log Q,,. 
It follows that 
P=P,,-Qm=(1+u,)(1 +4.) ... (1 +um)e 
since Q,, =e’. 
Again, by § 70, 


log [(1 + u,)(1 + ua)... (1 + i) log (1 + u,) + 2ka2, 
1 


where & is zero or a positive or negative integer. Hence, since 


L=log Qm, m 
log P= >) log (1+ u,) + 2ζπὶ +1 
1 


= 2, log (1 4062) He DUI sinsndoamceraecicnaean’ (B) 


The number ὦ is not zero, in general, but it is finite (not 
greater than m numerically); even when w, is real the factor 
(1+u,) may be negative and therefore log (1+u,) may be 
complex for several values of n. 

If there is no value of m for which the series (~) converges 
then the product Q,, and therefore also the product P cannot 
converge. The existence of the number J, that is, the con- 
vergence of the series (a), is therefore both sufficient and 
necessary for the convergence of the product II(1 + u,). 

Note. In testing the convergence of &|u,| a useful com- 
parison series is U(1/n?). Thus | u, | converges if n? | u,| —&, 
a constant, when n-> ©; for if k’>k and n sufficiently large 
n? |u,| will be less than k’ and therefore |u,|<4%'/n?. But 
=(1/n?) converges and therefore Σ᾽] wu, | will also converge. 


Bel. ὦ W(t) Gi n(1255); (iii) 1(1 +5). 


The products (i) and (ii) converge absolutely («© may be real or 
complex) because 2(1/n?) converges. The product (iii) diverges because 
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2(1/n) is a divergent series. The product (iii) is an example of a 
divergent product II(1+4u,) for which u,—0 when n-o so that, as 
for infinite series, the condition that u,—0 when n->o is necessary 
but not sufficient for convergence. 


Ex. 2. If a,, is positive and less than unity for every value of n and 
La, divergent the product II(1 -—a,,) diverges to zero. 
Of course it would be the same thing if a, <1 for n =m, some fixed 
number. Now 
ie 


az _ ] 
rea so that 0<1 —a, ᾿: ia and therefore 


1 --α,ΞΞ 


O< Π (1 --α,) «-1-- Π (1 +a,). 
r=1 r=! 
n 
But the product [] (1+a,) tends to +0 when n—o and therefore 

1 

n 

the product 7] (1 -- α,) tends to zero when n>. 
1 


 αί(α -- 1)(5 -- 2)... (« - Ἢ) 


yy ἘΊ1)(ν +2)... (y Ἐπ) 
P,— 0 when n> o. 


Ex. 3. lt P, , where 0< x< y, show that 


Here 77" 1 -¥=%, ι 95:3. =a, and the result follows from 
yn yt+n yn 
Ex, 2. 
Ex. 4. If 3“ =1 +20 and if b,>b>0 when ἢ -" οὐ, show that 
nti 
a,—>90 when n>. 
212% αν, ἀκ ἀφ... ἢ (142), 
Gyn ας, Gy α,.. = 


When r is large 6, differs but ΠΝ from the limit ὃ, say 6, δ΄ >0 
when r>m. The series 2(b’/n) diverges to οο so that a,/a, diverges 
to o and therefore ας - 0. 


Ex. 5. The product II (μ +3) 6.1} converges absolutely for every 


value of z, real or complex. 
By § 68 we have 


x x 
=l-dpa tty 
a 2 3 
Hence J, -1Ξ (1+ w)e*-1= -$ 5485, -..., 


and therefore n?|/f,-—1|—~>4|]z|? when n> so that the series 
> | f, - 1 | converges and therefore the product II /,, converges absolutely 
for every value of 2, real or complex. 

This example is of fundamental importance for what follows. 
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89. Derangement of Factors in Product. It is proved in § 59 
that no derangement of the terms of an absolutely convergent 
series alters the sum of the series; it will now be proved that 
no derangement of the factors of an absolutely convergent 
product alters the value of the product. 

Let the sequence g, 99, 9s,... be a derangement of the 
sequence f, f/f. fs... In the sense that every element in one 
sequence occurs once, and only once, in the other. 

Suppose that IIf, converges absolutely; then the series 
2(f,—1) converges absolutely and, by ὃ ὅθ, no derangement 
of its terms alters the sum of the series. Hence the series 
X(9,-1), which is derived from the series X(f,—1) by a 
derangement of its terms, is absolutely convergent (with the 
same sum) and therefore the product Ilg, is absolutely conver- 
gent. It has now to be proved that II f, and IIg, are equal. 


Let P,,=IIf, and Q,=I1 9,. 
s=1 r=1 


However large m may be, n may be chosen so that Ὁ, 
contains all the factors that occur in P,, ; but whatever integer 
r may be there is one, and only one, integer s such that g, =f, 
and therefore the quotient @,/P,, contains only factors 
fas fg, ..., fy such that the integers a, f,..., A are each greater 
than m. Thus 


Be |= [fafa fe 1 


and, since [[/,, is absolutely convergent, | fa fs... f, —1| tends 
to zero when m->«. But when m-> 50 does n and there- 
fore Q,/P,, tends to unity and P,, and Q, tend to ΠΥ, and 
Πρ, respectively ; but II f,, being an absolutely convergent 
product, is not zero so that Ig, =IIf,,. 


EXERCISES X., 
1. Show that. 


” U0 agen} =3" () ἡ τη) ma 


κεν εξ τ Ἄν 
ὩΣ she Oh 6 δεν 


n> 
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3. If 0< x< y prove that 


1S __aet))...(vtn =) 1 


yA yyth)...(yrn-Nytn) ν τ α᾿ 
4. If the factors (1+1/r) and (1 —1/r) are multiplied by 6 and 
ef respectively, prove that the products 
00 1\ -! οο Δ 1 
Il (1 +5)e r+ and {f{ (1-5)er 
Tt ᾿ } iit μ } 
are convergent while the products 
. ] 5 1 
Il (: + 3) and [[(1 -5) 
r r 
r=2 7:2 
diverge, when n->«, to infinity and to zero respectively. 


5. Prove that the equation 


σία -- 1) σία -- 1)(5 -- 2) a(x—1)...(27—-n+1) 
ΝΣ 3! 


n! 


l-x+ +...+( 1)” 


=(1 -2)(1 - -3) τ (ι -ΞὉ 


holds for all values of x and investigate the relation, when n>, 
between the series and the product. 


n 
6. If P,,(2) = Πα + XtUy) 
yf me 
n 
show that P,,(z) =1+ δ) σ,α 
r=1 


where o, is the sum of the products of u,, 102» ... U, taken r at a time, 
and deduce that if Du, is absolutely convergent 


on οΌ 
ἢ α +2u,)=14 3) 0,2", 
n=1 n=) 
the series being absolutely convergent for every value of z. 
[If S, =|u,| ἜΤ} +...+|u,| and if S,+S when n>, then 


n 
| P,(z)| Ξ: ὁδ15], L Π (1 +] xu, |) ΞΞ 515]; 


N>O r=] 

also |o,| - SZ/rt if r>1.] 

7. If |v | <1, show that 

(1 +2)(1 +2%)(1 +ar4)... (1 +22")... =1/(1 -2). 
8. Prove that if |q|< 1 the four products, n=1, 2, ..., 
. 40 Ξ- ΠΑ] -- αἴ), 9g, ΞῚὧΠ( +9), 
45; Ξ- ΠΑ] ἐφ);  g, =II(1 -g**-2) 
are absolutely convergent. Further, 
Goa τε ΠῚ -9"), 19g ἘΠ +9"), 119292 = 1 
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9. If f(x) =11(1 +9¢?*"z), show that (1 +9¢2)f(q*x) =/(z), 


and if Λα) πὶ Ὲ >) Ay no 

show that q+q@’A,=A,, ἘΣ 14,1+@"4, Ξ 
2 

and A A ti 


iat _ —_ 
51 -ὐ᾿ 5 (1 = 9?)(1 -- φῇ... (1 -- 9) ° 


10. If F(x) ΞΙΠΤ( πἰ φῆπ 1x) (1+¢2""/x)}, show that φα (432) is equal 
to F(x); then prove that F(x) may be represented by a series 


F(z) =By+ >) By(x” + 1/2") 
n=l 


where B,, = Byq"’, Bo=1/¢o, 40 being the product in Ex. 8. 
11, If [a| >1, prove that 
eee Ξε oJ ae 
Ge a) 1+ > (a -- Ἰ)(α3 -- 1)... (a® -1)° 
12. If [ἃ] <1 and |x| <1, prove that 
οο l ad an 
Π € ~a) =) oa (1 —a)(1 —a@?)... (1 -a”)" 


n=0 


90. Uniform Convergence. If the factors f, are functions 
of a real variable x, say f, =1+u,(x), the question of uniform 
convergence arises. It is sufficient for our purposes to consider 
the case that corresponds to the convergence of series when the 
M-Test applies. It is assumed therefore that 

(i) each function Un(2) is defined for the closed interval 
(a, 6) ; 
(ii) | u,(x) |< M,, for every n, where M,, is independent of z ; 

(i) XJ, is convergent. 

If P(x) =]]{1 +4, (x)} the convergence will be uniform, and, 
further, if each function u,(x) is continuous for ὦ ΞΞ ὦ ΞΞ ὃ the 
product P(x) will be a continuous function of x for that range. 

That the product converges both absolutely and uniformly 
follows from the fact that Σ] u,(x)|< XM, and that the con- 
vergence of | u,(x)| is therefore independent of 2. 


Let P,(2)= Πα +Un(x)}, Q,= Πα +M,); 


then | u,,(2) |< M, and therefore, by Lemma 2 of ὃ 87 and the 
conditions for convergence, m toy be chosen (and then kept 
fixed) so that 


)Pa@) = Pa@) | <0 κε Ὁ, δ ee worst) 
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for every x such that a<av<b and for p=1, 2, 3, .... Now 
let p-»> © ; therefore 
| P(x) —Pyrlz) |S fe, ΟΞ ΞΕ δ. ..ccccecssseces. (2) 


Suppose now that each function w,(x) is continuous. If ὦ) 
is any number in (a, b) we can choose ἢ so that | 
| P»(z) -—P(%)|<e if |xv—a[<h ............ (3) 
because P,,,(”) is the product of a finite number of continuous 
factors. 
Hence P(x) — P(x) 
=[P(x) = P,,(%)] ox [P(x) = P,(%1)] ἈΝ [Pin(x) " Ρ, ,(α}}, 
and therefore, by (2) and (3), 
| P(x) — P(a,)|<3e if |x-a,|<h, 
so that P(x) is continuous. 
Differentiation. If u,(x) is continuous for a given range, say 
fora <2), the derivative of log P(x) is given by the equation, 
P(x) _r_us(a) 
P(x) 7 1+4,(2) 
when the following conditions are satisfied : 
(i) |1+u,(z)|> A> 0, for axa 6b, and for every value 
of πῃ; 
(ii) | w(x”) |< B,, independent of z, for aS 26 and for 
every value of 7 ; 
(iii) 2, convergent. 
When these conditions are satisfied the series 
<1 __ Un(2) 
</ 1+4u,(Z) 
converges uniformly for the range a<w<b and therefore (£.T. 
p. 400) the series is the derivative of the series for log P(z). 
The above conditions are not very wide, but they are suffi- 
cient for many applications. 
uv? 
nin? 


οΌ 
Ex. If P(x) =z ] } (1 + ), show that 
1 
P(x) 1 > Qa 
P(x) x “τ οδ +n?n?? 
where ὁ is arbitrarily large. 
u,(%)=x*/n?x*? and therefore P(x) converges uniformly for every 
value of 5, |x|j=b. If vy(x) =2x/(x* +n%n*) the limit of n*v,, (a) for 


0<aS|2z|=6 
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n->o is 2a/n*?; B, may be taken to be 2b/n*x*? and SB,, is con- 
vergent. Obviously 1 +4u,(2) is: positive for every value of n and z. 
‘The term 1/x requires that |x| be positive. 


91. Tannery’s Theorem. The Theorem for products corre- 
sponding to that of ὃ 63 for series may be stated as follows: 


If F(n) = Π {1 +4u,()}, where JN is a function of n that tends 
r=0 


to infinity with n and w,(n) is a function of n, the product F(n) 
will tend to a limit when x tends to infinity provided the 
following conditions are satisfied : 


(i) L u,(n)=v,, when r is fixed ; 
(ii) | u,(n)|S M,, where M, is independent of n; 
(ui) XM, is convergent. 


When these conditions are satisfied F(n) tends to a limit 

when n -- © and the limit is given by the equation 
L F(n) = a (1 +,). 
n— © 

As in ὃ 63, it is plain that Σ | v, converges and therefore the | 
product II(1 +v,) is convergent. Again, since n and therefore 
also N is to tend to infinity, we may always suppose that N 
is greater than any given integer m, however large m may be. 
Now take the notations 


§ $ is] 
Pin)= ILO +u(n)}, Q= ΤΓ τ νὴ, Q= Πα τη) 
and express f'(n) -- in the form « + 8 — y where 
2=P,,(2) -Qm; B=P,(n) —P,,(n), ¥=Q -Ο,. 
We now have 


[1 =|Po(m) || TL, (1 + a(n} τα 


sia +M,)| II (1+ M,)- 1, 


r=m+1 


71=1Qnl] Th G+e)-1/sTha+a)[ ἢ a+m,)-1], 


=m+1 


Since SM, and therefore II(1+M,) converges m may be 
chosen so that, given ε as usual, both | B| and.| y| will be less 


§§ 90, 92] TANNERY’S THEOREM 235 


than «. When m has been chosen let it be kept fixed and then 
n, may be chosen so that if n > πᾳ the modulus 

|x| =| Palm) - Qn | 
will, by condition (i), be less than «. Hence 


| F(n) -Q|< 3e if n>, oF Α F(n)=11(1 + 0). 


This Theorem is essentially the same as that stated by 
Chrystal on p. 346, Part II, of his Algebra. 


92. Infinite Products for Trigonometric Functions. The ex- 
pression of sin x, sinh x and similar functions as infinite products 
was given by Euler in his Analysis Infinttorum, Vol. I, §§ 156 
et seq.; the following method, which is an improved version 
of Euler’s, is given by Tannery and Molk, Fonctions Elliptiques, 
I, Chapter III of the Introduction, and is said to be due to 
Darboux. 


Let fa(v)=4{(1+2) τῷ -5}} ὌΠ ΎΥΥ (1) 


where 7 is an odd positive integer and x is any number, real 
or complex ; f,,(x) > sinh when n >. 

fn(x) is ἃ polynomial of degree ἡ in x; the absolute term of 
the polynomial is zero and the coefficient of the first power of x 
is unity so that f,(x)/z > 1 when x — 0. 

The roots of f,(~)=0 are 0 and +2, where 

χε =intan(ka/n), k=1, 2,..., (n—-1)=N, 

and therefore 


Fn(x) =Ax I [ ane tan®( “2 =), A =constant. 


But f,(x)/x +1 ue zx-—>0; therefore 
Φ kx \ 
1 et 2 2 
=AII{ n tan (= ) 


and fale) πο {1+ a al. WEA GEA): decease (2) 
k=1 


n? tan? (kz/n) 
We now apply Tannery’s Theorem, § 91. The greatest value 


of kx/n is (n — 1)x/2n which is less than 2/2 so that n? tan®(kz/n) 
is greater than k?x? and therefore, if | x? | =a? 


|{1 + 22/n? tan? (ka/n)}|<1 + a? /k?a?, 
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and the series La?/k?x? converges. Further, when ὦ is fixed, 
Δ ἃ +22/n? tan%(ka/n)} =1 +202/knt, 


h-——> © 
The conditions of Tannery’s Theorem are therefore satisfied ; 
and since f,(2)-—> sinh x when n -> οὐ, we find 


sinh x =eI1 (1 + 2? /k27?) =I] (1 +2?/n?2?), ..0...... (3) 


and the product converges absolutely and uniformly for the 
range | «|< K where K is an arbitrarily large positive number. 
The number M,, of ὃ 90 may be taken to be K?2/n2x2. 

Again, cosh x=sinh 27/2sinhz. The product (3) is abso- 
lutely convergent, and therefore the factors of the product may 
be arranged so that one set contains 2 and the even multiples 
of z while the other contains the odd multiples of x; thus 

χϑ 2 
sinh 2x = 20 TI (1 + ΕΣ, :) x 0 {i + en neh’ 
and therefore 


ies eee ΣΟ] 
cea ] + EL) eae (4) 
The formulae (3) and (4) are valid for complex as well as for 


real values of x and therefore if iz is substituted for x we find 


sin e=eII (1 -*) jesleaawes soa onsesacnenes (5) 
=. Nie 422 Ὶ 
cos z= 11 Π τς πε]. ἀν δας ρϑυ δὼ (6) 


93. Expansions in Partial Fractions. The products in (3), 
(4), (5) and (6) of the preceding article may be differentiated 
logarithmically (8 90). Thus from (5), if O<zv< π, 


cota == + >» ἀξ: ὀλιοδι οχολ ὁ χο βἰϑ clad (1) 
- ΣΙ Peer πτύπεεὶ ac aie (1a) 
Again, cot 4a —cot «=1/sin x ; therefore 
πος πεῖ Σ fe an ΠΡ ἈΝ: (2) 
=>(- 1)» (erst wane} eee (2a) 
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Another method of obtaining an expansion in partial fractions 
is given by Tannery and Molk (see § 92) and is, like the method 
for obtaining an infinite product, said to be due to Darboux. 
The method may be seen by taking the function 1/sinh 2, 
defined as the limit of 1/f,(x), where f,(2) is the polynomial 
of § 92. 

Express 1/f,(2) as a sum of partial fractions ; since f,(x)/x—1 
when x->0 we have 

1 1 4 A, “. By 
Ἄν: +p” ami μι. 

Now (Ε.Τ. p. 291) if fi(x)=df,(x)/d« the value of A; 1s 

1/f;,(x,) ; therefore, as is easily proved, 


n—2 
A,=(-1)* (cos τῷ = Bz, 
᾿ 
so that a ees +> πὸ caetarecnensnastesnaeeet (3) 


Frnt) « fx? —ap 
Apply Tannery’s Theorem, ὃ 63. If ὦ is fixed 
| 227A, _ , 25 
pA ag pe a 
(For the limit of A; see ὃ 25, Ex. 5.) 
Next | A, |<1 and [53 -- οὐ [15 kx? -—|2x|?| so that 


22A, 2| x | 
xo? -- αὐ ~ [.8π8 -- [3] 
If X is not a multiple of πὶ the series 


= 2X 
ΡΣ | ζἀϑ πὸ — X2 | 
is absolutely convergent and therefore the conditions required 
by Tannery’s Theorem are satisfied, and we find 
] Bm. ee 2X 
ΠΕ a? 2, '— aye ιν φὰς wuscnenee (4) 

The values 0, --nzi are of course not values that 2 may take. 

In (4) put iz in place of x and the series (2) for 1/sin ἃ is 
obtained. 

By either of the above methods various series may be 
derived ; as the product formulae hold whether z be real or 
complex the series for a trigonometric function can at once be 
transformed into one for the corresponding hyperbolic function 
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and vice versa, 
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An identity such as tan x=cot x -- 2 cot 2z is 


also useful. Several of these series are given in Exercises XI 
and many developments which lie outside our limits will be 
found in Chrystal’s Algebra, Chapter XXX, Bromwich’s 
Infinite Series, and books on Trigonometry, such as Hobson’s. 


Ex. 1. Show that if 0<xv<2 


where 


ra+x (γ-]1})π--α 
R,,(z) < 2/(n +1). 


sega Dh (— 1 (seg t qs) +(e) 
r=0 


Write equation (2a) in the form 


saa (se eg teatiece) t(- Rae), 
r=0 


sinz 


where F,(2)=Unss —Ungat-..> Ur 


γπ +2 (r+ l)x --α 


1 ] 
77t +a (r+ 1ὴπ-- α΄ 


 ΟΞΞαΞΞ π, τ,» Ups, r=n+1, +2, ... and therefore 


R,(@) < Ung < 2/(n + 1)π. 


Ex. 2. Show that 


808 #008 a. =(1-cos α)(1 -S)T((1- aa oe)\1- aces) 


(cos x — cos a)= 2 sin 


--- 
— 


HA πὶ 
2 2 


π΄ Πί(ι- φουϑῦχι. SP). 


ou? ou? ot 
Let «+ =0 ; ] ΘΕ ae Y πί(ι ΘΕ τ. }} . 


Take the quotient (cos x -- 005 αὐ) (1 -- 605 α) ; the typical factor is 


4n?n* —(o.—x)* 4n2n? --ἰἝα. -- “) 
4n?2n? — o? 4n?72 --α3 


“(1+ anna)! “ana! ταπα ταὶ “aaa ra) 
=( "Onno 2NT +a mca "ona ta 


=(1- Gap! - rap): 


® οο 
Ez. 8. Find the values of 3), >) 4. 
n=1 


n=1 


From the infinite product for sin 2/x we find 


. D 2 
log ἐπ" = ~ Σὲ oe (1 - sates): 


m=1 


Now if x*< z* and 4,, is the series 


A,.,= -log (1 - 


22 a? 1 «4 1 2 
mint ]~ mnt 3 minit 3 méxé aoa 
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the series A,, and YA,, satisfy the conditions for derangement of § 66. 
Hence we have 


a eee τ 
- > log (1 ~ lic) το eget bots Sih Geen eeedewae (1) 
m=1 
ISl lol 
where συ ταῖς Dy 7» δὲ στὰ ae 
1 1 


Again, since sin 2/x =] — 2?/6 +4/5! — ete. 


sin x «ι«ἉἭ = or 
- log ( = )- -log {1 - (= - io t-)) 


2 at x x 2 
= 201.) +S -501--] ay 


and, as before the series may be re-arranged in powers of x, so that 


sinx\ 27 κα 
—log (Se =e το: Sua Ate Peat etwa Sion Wat ΠΥ (2) 


The series (1) and (2) are convergent for a common range, say for 
x*<a*; therefore equating coefficients we find 


l Ὃς 1 
Ὁ 


In the same way the values of Sn-, Στ δ, ... may be found. 


Ez. 4. Show that 2(2n -- 1)-? = 22/8, S(2n -- 1)-* = 74/96, .... 
Proceed as in Ex. 3, using the infinite product for cosa. 


94, Bernoulli’s Numbers. In equation (1) of §93 put iz 
for x; then we find 
| De ae 2a 
coth 2 = as ΡΣ: πες Ὁ 
and if we now put 4 for x the equation (1) gives, after a slight 
reduction, 


t {2 
ea] Ξ-] -- ΜΈΣ 1 Ania? + t2 Co eeccceerrversesen (2) 


The series in (2) may be Pane as a series in powers of ἐ; 
for if |¢|=a< 2x we have, n=1, 2; 8, ..., 


{2 {2 j {2 yr 
42772 4 42 4n272 ( ΩΣ 4γη,2π2 


{2 ti | jam 


eT ας ae τ αγπαιι ὃ 
~Gn®n® (4η 35) 7 ὑπ (ἀπῆγε. 7" 
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‘This series converges absolutely if {{| τὰ « 2z, and therefore, 
by § 66, the series in (2), namely, 
2 Σου Gar 
may be evaluated by summing first with respect to n and next 
with respect to m. oe 
Σ aeaya= DO eae Da 
Sorts +f τ “-.. ηγ3 


παν ς τ m— 2m 
πο a Chick 


if Som το τες + gant: =>) aa ΠΥ (8) 
Hence, if we now, for convenience, interchange n and m 
we get i 
A ha ΜΈΣ (τ I Ἢ eer ere (4) 
Again (£.7'. p. 404, Ex. 7) 
pigrl-ite Σ (λας ἘΠ δ εν θυδοεοι () 


where B,, B,, ... are Bernoulli’s numbers. Therefore, equating 

the coefficients of #2" in (4) and (5) we find 

(2m)! 

ἜΞΩ Sage. ἀξ δ ονϑθιολνοβεὶο νος (6) 
It may be verified from this expression for B, that the 

series (5) converges absolutely when pire for Sonie<Son 


and B n+1, ? _S go ΐ 


ἼΒ, @n41)(an+2)| San re S| Sn 


Equation (4) shows that ¢/(e’ -- = is expressible by a power 
series and therefore the Maclaurin series (5) is now justified ; 
also (5) holds for complex values of ¢ since in (4) ¢ may be 
complex. 

The remainder after the term in ἐ35, equation (5), may be put 
in a convenient form, ¢ being real. For 

Df2 m ΡΨ ἐ2τ 
4nint ἰδ 2 24 ( a (4n*2*)" 


B,=2 - τς 


2 2 


Qp2mt 2 


+(-1)" "Gees By anny’ 
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and therefore, when summation is made with respect to n in 
the series (2), the coefficient of ( — 1)™t2™+2 ig 
ΣΕ ΤΙΣΙ ΟΣ ΩΝ Dy anit = (Byam 

so that the coefficient is of the form 0,,{28,,,,5/(22)?™**} where 
0<6,<1. 

Hence, interchanging m and n as before, we see that the 
remainder £,,(¢) after the term in #?” in (5) is given by 

es Basa 
R(t) =(- 1)"8, (in + 2) 

If ¢ is complex the above reasoning fails, but there is a 

similar form. 


pets OS ὦ ΡΤ (5a) 


é ft _ 2t 
οἱ 1 εἰ -1 e#_—]’ 
we deduce from (5) that if [1|-«π, 

t --ἃ τ n aac 2n 
Feit ΤῸ (9 ἜΣ Pal ; |t|<z, TTTTT TTT (7) 

and, by putting 1x for ἐ, series expressing various trigonometric 
functions in terms of B,, B,,...may be found (see Exercises 
ΧὨ. 

The following values of B, may be useful : 


Since 


B, =}, Bp=95, By =75, By=so, By= τς, By = SPs. 
See Chrystal’s Algebra, Part II, Chapter XXVIII, §6; 
Nielsen, Traité Elémentaire des Nombres de Bernoulli. 
For the expression of B,, as an integral see ὃ 165, Ex. 5. 


EXERCISES XI. 


n? +] 
n2 


a 
1. Show that Π ( ) = (εὖ —e-")/2n. 
n=1 


2. Show that Π inde =H +672), 


n= 


8. 1 Ἐβίη (πε ϑωμ{ι (et PeN If) (a ey... 


ia (ee 
1 


82773 
; x x x x sin x . 
4. (i) COs 5 COS 58 COS τς COS aaa ’ 
ae zx 1] x | x 1 
(1) δ tan 3+ 53 tan gat 58 tan 53 +... => — cot 2. 


What restriction is there on x in case (ii) ? 
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5. ὦ 5Ξ55- ἢ (1-3sint x) 


(ii) cos ὦ ἥδ» - 4 sin? δ): (Laisant) 
Fase ἢ (6 tan = Χι -*.)) ; 


Examples 7-17 are taken from Chapter IX of Euler’s Introductio in 
Analysin I ee 


edt eh 4 ete 4(b —c)x + 42? 
τ, eb ee Π {3 * (in —1)?2? -- (ὃ Ἐπὶ 


οὕτω... ce 2. 4(Ὁ -- ογα τ 4.5 
ἋΣ wala eg ὉΠ + intr (6 =o) 


9. (cosh x + cosh c)/(1 + cosh c) 
Ξ 65 +2 905 -- αϑ 
=I {(1 +n —  [)32π8 sal) “(2 - 1)3π3 say} ; 
10. (cosh x — cosh c)/(1 -- cosh c) 
ΟἿΆ ΤῈ 265 x? Qca -- x? 
=(1 2 a) AQ + pants)? ἢ ἀπ: αἢ) ° 
11. (sinh x + sinh c)/sinh c 
(—1)"2ca +2° 
=(1+ =) TI { τεσσ αν n272 +¢2 \ . 
12. (sinh x —sinh c)/sinh ὁ 
( -—1)" "1 2cx +2 
=-(1- =) I Ale age ania τ aS: 


13. By putting iz for x and ic for c, or otherwise, deduce the formulae 
for the circular functions corresponding to those of Examples 9-12. 
For instance, from 9, if m=2n -- Ἰ 


sop eeee © ἢ {(1 - Gar rop)\! ~ wan ep) 
μ. ee = A(t anatase! ete) 
5, SBE 9) -(1 -Θ ἢ {(1τ πο χι τη το))- 
16, ee = +S) "= ΞΡ ΧΙ + σπα το)" 


2 
17. cosh x2 + cos σ᾽ I {(1+ χι " x ἢ 
l+cose = 9.4 * Gn — Tin +c)? (2n —In -- ο)3 
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18. From Examples 16, 17, deduce products for cosh 2u+cos 2u and 
deduce the value of 


4n* -4n4+5 
ft 


4n? —4n41/° 
ha x*\ cosh ΕΣ — COS (πο. 2) 
19. πᾷ Ὅτ \= maaan  ----- 


x(x +1) 
20. sin mx = a nel 


21. coth eet Σ ΒΕ ΟΝ 


22, (i) Coshaw_ ΣῈ - πξοξη; 


βίη απ. an’ 7 n?+q? ’ 

sinhax _ = ” sin 7,2 
7 at {pene Sees πὶ 
At) Saha sinhanx 2x n? +q? ’ 


n=1 


oi sinh x 2a 2x 
(iit) sate {Tom I)x—c}*+2?* [(2n— τ τότ κε) 
= 8x 
23. tan 2 = >) Ga 1a -ἀ3᾽ 


a 
8a 
ae ena πεὶ τ 


I - 4(2n -- 1)π 
-,κ- __ Ne) 
τὰ cos ὦ ak (2n — 1)3π8 -- 42° 


1 = ᾿ς,  4(2n-1)2 
τ. a> (-1)"" 51a + dat” 


] 2a 
27. ΣῈΣ on = 27 coth an. 


Put az for x in Ex. 21. Many numerical series may be expressed in 
finite form by assigning particular values to z in Examples 21-26 and 
similar examples. 

00 


28. boob e=1- >) % 


2B π 
29. tanz= 2% - 1), B gant, 5 « "Ξ. 
-Σ , ( ): ἜΤΣΙ [5] «5 


30. ΚΣ ae 2) Ba κεν] « π. 


(2n)! 


31. Derive the series for the hyperbolic functions corresponding to 
the circular functions in 28-30 by putting ix for x. 
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32. By multiplying the power series for (e* -- 1)/¢ and the series (5) of 
§ 94 for ἐ[(6 -- 1) prove that 


2n +1 2n4+1 2n +1 
Gre ar )Ba+( 6 )8.- 


ee rypa(*" 1)8,.- 35 =). 


2 
33. Show from equation (2) of ὃ 94 that if 0 « ὁ 


0ρ--..-. 161. 
S@-1 τ 2 12᾽ 
fo @] 

Za72 2\~-1 erate 
Note that Σ ΜΠ} +7?) pe 


34. Expand the logarithm of the infinite product (i) for (sin 2/z) 
and (ii) for cos as a double series, and show that it may in each case be 
arranged as a power series in x (see ὃ 93, Ex. 3); then show that 


sin % 227-1B 
(i) log --> (n)in eet, [5 <2; 


2n—1/(92n _ 
(il) sxcn sn SPIED [51 «5. 


ant 
35. sec x= S : ΠΡ [2] <>: 


er 


00 
=i.) ot 
᾿ Ι 1 1 I 
where Pons = [anti ~ 3intit antl 7an+1 Foe. 


an+2(2n)! 7" 
and 2 _2 ( , ) 2n+1 | 


The numbers £,, are called Euler’s Numbers. E£,=1, E,=5, E;=61, 
E,=1385. (Chrystal’s Algebra, Part IT, Ch. XXX, ὃ 3 and § 15.) 


1 1 
36. Prove that Pg τὶ i 7 Sem > Ὶ + aR’ 
Apply the inequalities (5) of § 11. 


37. Prove that B, and E,, are both positive and tend to o when 
N—> ©. 


Examples 38-40 are from Tannery and Molk, Fonctions Elliptiques I. 
38. If A is real and positive but not greater than unity, show that 


ioe) 
cos Ax 1 +d (- jn 22 cos nAn 
sing δ᾿ = x? -- nz? 


ΓΑ a cos nA 
ω τ a a 


᾿ς MOD n= -- γ 
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Let /,()=%,(2)/y,(z) where n is an odd positive integer and 
9,(“), ¥,(x) are polynomials in x, namely : 


vser=(1 +2) o(1-2), νκωτ( eB) -(1-2) 


f,(v) > cos Ax/si1 2 when n - © and αἤ, (5) +1 when x -» 0. 
Express f,,(x) in partial fractions ; the roots of y, (x) =0 are x =0 and 
αἱ τ τὸ αχκτῷ +ntan(kajn), k=1, 2,...,$(n-1)=N. 


fal) ==+ as - ἃ ἐς τ Ὲ.) 


_p _7 _ 1%] 008 (kx/n) cos (naz) " kn 
and A; = B,=(-1) | aa cost bain)’ tan o, =A tan a 


Now proceed as in ὃ 93. For the limit of A; see Exercises II, 27. 
Show that the series represents the function if -lLSA=1. 


sin Ax 2nxz sin NAR τὶ sin γυλπ 
9. σα (- 1)" ΤᾺ ΞΡ. 


2? _ nin? = 
x? —n?n ee ge ae ᾳ - ἐπ 


where / is the same as in Ex. 38. 


in cos jx cosA(x+n 
Note. 33 Ax =~ {cos λα τυ λ cos A(x + π) 
sinx sin mit sinxz sin (x+ πὶ 

7 > = γι endrni 

sin x 0 nein x—-nn 


95. The Gamma Function. The product P,(x) where 


n! n*-1 
P,,(x) = x(a+1)(e+2)...(@+n-1) mooie τ τ ἐν ἀν δὴ (1) 


is defined for all values of 2, real or complex, except the values 
zerc, and the negative integers numerically less than n. It 
will now be shown that P,,(z) tends to a limit when n tends to 
infinity ; the limit is called the Gamma Function of x, is denoted 
by I(x) and is defined for all values of x, real or complex, except 
zero and the negative integers. 

The limit will not be altered if P,(x) is multiplied by the 
factor n/(n +x) which tends to unity when 7 tends to infinity ; 
hence we may, as is often convenient, suppose that P,(x) is 
defined by the equation 

| ni πῇ 
BS Gy er 1)(5 -- 2)... (Σ -- κα) 


When a distinction is needed, the form (1) may be called the 
first and the form (1a) the second form of P,(2). 


rere (la) 
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First Proof. Take the form (1) and write 


[ 
n! n*-1 = (n -- 1)} π =(n -- 1)! G- ΝΕ ρας 2) 


12° ¢r “'n-1 
n~- x 
=(n-1)!'TT (1 +2) ; 
r=1 


(x +1)(v+2)...(e%4+7r)...(w@tn- "πὶ =); 


also. (n — 1) 


Thus ὦ} (2) = Ἢ πᾳ + =), (1 .5}} = TI Wo. 


Ν x χί(α-- 1Ὶ Ξ :- αῷ' 8B 

Now ΠΕ ΞῪΝ La as) 
εἰ τι ἢ 1). C 
pet pe? 


where A, B, C are all finite ; therefore 
r? | f,-1|—43|2(@-1)| when r> οὦ 
so that X(f,-—1) converges absolutely for every x. Hence 
P,(x) converges absolutely when n>. 
Second Proof. Taking the definition (la) we may write 


Ll = (@+1)(+2)...(w+r)... (w+n) 
eP (x) | ee eee eee) 


since n-*=e-*loen, Now express the factor (x+7r)/r in the 


form 
[(..3) ὁ 
Pa Ὶ ὧΝ (1+ er] 
| ee ΤΉΝ 


ο΄: logn 


and we find 
where 


Now (Exercises II, 8) C,,—>y, Euler’s Constant, when n>. 
Also by 888, Ex. 5, the product Π[(Ι +z/n)e-*'"] converges 
absolutely for every x; it also converges uniformly since 
n*|f,—1|—>4]2z?| and therefore the M-Test applies, for 
we may take M,=4K?/n? where K is any given number. 
Hence 1/xP,,(x) converges absolutely.and uniformly for every z 
when n-> © , so that 


rey eH (1+ Z) eH]. ὼλο 
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Equation (2) may, since aI'(x)=I'(x+1), (see next article) 
be expressed in the form 


Γ(α - 1)-- σα Π{ 1 =) en ππ.. (3) 


Obviously 1/['(z) is zero and I(x) infinite if x is zero or ἃ 
negative integer. 

The product (2) is usually called Wevzerstrass’s Form. The 
name “‘ Gamma Function ”’ and the notation I(x) are due to 
Legendre. 

Gauss’s I1-Function. The function I'(x+1) is the same as 
the function II(x) introduced by Gauss. As will be seen 
immediately [(2 + 1)=2I'(x) so that II(z) is the limit of zP,,(x) 
when n—> ©. 

Cor. If m is a fixed positive integer I(x) is the limit of 
Pran({x) for mn—o. For, when a sequence P,, Py, Pre, --- 
tends to a limit any partial sequence selected from it, P,,,,, 
Praia Prins + (p<q<r...) will tend to the same limit. 
Prins Ὁ παι» Pmnig ... 18 such a partial sequence. 


96. Properties of I(x). The following properties are easily 
deduced from the first form of the definition. 
(1) TQ)=1. 
P,(1)=1 and therefore [(1)=1. 
(2) Γί(α 1) ξαῦ (“) or P(x) =(%-1) (x - 1). 


P,(x +1)=a2P,(x). ττπ so that Γία +1) =aI(z).: 


(3) If x=n, a positive integer, ['(n) =(n -- 1)}. 
Apply (2) repeatedly. 
[C(n)=(n -- 1) (n -- 1) =(n -1)(n -- 2) (n — 2) =... 
the last factor being I'(1) which is unity. 
Cor.1. I(n)=T(n +1)=n!. 
Cor. 2. If p is a positive proper fraction and 7 a positive 
Integer 
D(n+p)=(n—-1+p)(n-2+p)...(1+p)P(1+>p) ....(i) 
P(l~p)= —pl(-p)= -p(-p-UP(-p-1) 
=(-p)(~p-1)...(-p-n)I'(-p-n), | 
so that Γί —- » - p) =( -- 1)" T(1 -- p)/p(p'+1)(p +2) ....(p τ). (ii) 
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(4) [(a)C(1 -- α) =2/sin πα. | 
If x is real or complex, but not zero nor a positive or negative 
integer, the product P,(x)P,(1—x) may be expressed as 
n! n*1 ni ni? nt 
and this is equal to unity divided by 


x(1 +2)(1 +5) id (1 +2) 


n—-1 
co-a(1-§) (1-52)(0-9 
that is, [211 (2 -=)| x (1 ~2) : 


When n->o the product last written tends to (sin πα) π 
so that Γ()Γ( -- «) is the reciprocal of (sinzx)/x. Thus, 
whether x is real or complex (the values 0 and positive and 
negative integers excluded) ['(a)[\(1 -- x) =2/sin πα. 

Tf x+y=1, (x) (y) =2/sin πὰ = 2/sin xy. 


Cor.1. T(4)P(4) =n /sin 5 ; [(4) =./2, since I'(4) is positive. 
Cor. 2. U(x)II(-2)=T(1+2)C(1 -- 2x) Ξε πα 51} στα. 

Cor. 8. Π(- ἢ ΞΓᾺ( -4) ΞΙ ()Ξ,»,π. 

(δ) L (x +n)C'(x) =( —1)"/n! (n ἃ positive integer). 


t—>—-7n 


For, («+n)[(%)=(x+n+4+1)/x(v+1)(v+ 2)...(a+n-1). 
(6) If a is real and positive and n a positive integer, 


ery 1 when n > ©. 
F Tinta) Γ΄α). α(α -- 1)(α τ 2)... (α Ἐπ -- 1) (a) 
χω 251) n! n*-1 ΠΡ (αἹ) 


and ἢ,(α) --» Γ(α) when n > οὐ. 


97. Gauss’s Function y(x). If p(x) denote the derivative 
of log I'(1+2) with respect to x, the function y(z) is called 
Gauss’s Function p(x). A Table of values of »(x) is given in 
No. I of Tracts for Computers (Cambridge University Press) ; 
(x) is there named the Digamma Function and a Table is also 
given of the values of the function dy(x)/dz which is there 
called the Trigamma Function. 
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It should be noted, however, that the symbol y(z) is frequently 
(in English text-books, usually) taken to be the derivative, not 
of log Γ(Ὶ +2), but of logI(x). If, for the sake of distinction, 
y,(x) is taken to mean d log I(x)/dz, the relation between y,(z) 
and Gauss’s Function (x) is simply »,(7) =y(z -- 1). 

If a is constant y(ax) means dlogI(1+az)/d(ax); that is 

1 dlog (1 + az) — dlogT(1-2z) 
WO) = ee ὠς του, 

The following properties of Gauss’s Function (zx) are easily 

proved by using Weierstrass’s form of I‘(1 +2). 


(1) ye)=- 9+ Derg): 2) v0)=- 
(8) yle+1)=yla)+ a5; yletn)=vle)+ Do. 


(4) y(n) =~ γῈ DF. 


(5) p(-—x-1) -- y(x)=2 cot xz. 

(5a) ψι(1 -- “) -- y,(x)=2 cot xx if y,(z) — 2 tog (6) : 
6 dy(x) dlogF(1l+z)_ < 1 

(ὦ τὰς dat Pea 


To prove (5) observe that 
Γί -- Κ)Γ( +x) =2/sin πία +1) = -- δὼ σα 


so that Se a ee = πο οοὗ πᾶ. 
mn? 
Ex. 1. ψ'(0) Ξτπ ᾿ 


By (6), (0) = ane (§ 93, Ex. 3). 


2 
Ea. 2. γ΄ “=>. 


By (6), ἜΣ πο Ὁ yaya F + ($93, Ex. 4). 


For other relations see Exercises XII, 8, 9, 10, 14, 15. 
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98. Examples. The following examples indicate methods 
of expressing some infinite products as Gamma Functions. 


1 Il (n+a)(n+b) T(a+6b+1) 
* hay Un+a+b) ~T(a+1)0(6 - 1)" 
In § 95, (1) let x=a +1 and we find 
(a+1)(a+2)... (at+n) =n! n7/P,(a +1), 
and therefore, the other factors being treated similarly, 


Il (r+a)(r+b) πη nin? 1 Pa(a t+ +1) 
pay T(r +a +b) P,(a+1) P,(6+1) xn! ninato 
P,(a+6+4+1) 


~ P(a+1)P,(6 +1)° 
The result follows at once. 
‘a (4) 
Ti +d) -¥)° 
Let f., =(1 -2)(1 +42)... (1 ae +o) then 


fonsi =fen[1 -—#/(2n +1)] so that, if f,, tends to a limit, f,,,, tends to 
the same limit and therefore f,, tends to a limit whether n is even or 
odd. Now 


2. (1 —2)(1 + 40)(1 -- 5)(1 +42)... 


(ea leg)- Eh) 


In -1 an] n(n —#) 
and the result follows from Ex. 1 by taking a= —4(1+2), b=4z. 


_a(a% +1)... (a +n -- 1). B(B+1)...(B+n-1) 
1.2....n.y7(yt1)...(ytn-—-1) : 
investigate the convergence of 2u,,. 
The series Yu, is F(a, 8, y, 1), ὃ 60, Ex. 8. Proceeding as in Ex. 1, 
we see that 
ι -ἰπλτλ mint? αὶ Poly) ___Paly) 1 
"ΠΡ (ἡ ΡῬ,(β). mn! niny-) (ΟῚ) Ρ,(β) τντα τ βει' 
Suppose that Γί(α), Γ(β) and Γ(γ) are definite numbers and let α.,, βὶ 
and y, be the real parts of a, B and y; then 
P,(y) 1 < 
P,,(o)P,,( B)(n~ αι -By+] ~ yrn-41-Ar +1 
where K is a constant which, for large values of n, differs little from 
IT(y)/I'(a)T'(8)|. Hence Su, converges absolutely if γι —-a, - A, is 
positive, that is, y, >a, + βι: 


‘ K 
Again, L | NUyn | = ΝΞ αν- δὲ =O, 


ῃ -ν» D fim> Ὁ 


8. If Un 


| up, | = 


when Sw, converges absolutely. 
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+ {tse} Tasers 


We may write 


(1+ ton ἊΣ ΠΕ: 


But NCES Z) = eV(e+#) (6 +2) Π 1€ + 1:9) on} 


n=) 


and rene" oI ACS “) e at 


since Γ(Ὶ 6 --α) Ξ-(ο - 4} (6 - 4), the result follows at once. 


The following example gives an interesting illustration of 
Cesaro’s Theorem, § 65. 


5. Let f(x) =14-a + 24-19 + 34-198 +... +n4-la"+...; show that, 
if μι is positive, (1 —x)4f/(2)—-T' (μ) when 2—1. 

The series converges if | z|<1 but diverges if x=1. The function 
(1 —x)-# is, by the Binomial Theorem, represented by the series 


> μίμ - Ἰ)(μ Ὁ 3)... (μ Ἐπ -- 1) on 
<7 n! 


which (by Raabe’s Test) diverges if s=1. In Cesaro’s Theorem take 
g(x) =(1-—2)-"; then 


f(x) nint-} 
La- ie ae hs σία) As ww tl)... τη =1)’ 


2-»1 


provided the last limit exists, as it ne being Γ (μ).- 


99. The Hypergeometric Function. The hypergeometric series, 
when the real part of (y-a-—-—f) is positive, is equal to 
F(a, B,y,1); when the parameters α, f,y satisfy the 
condition just stated, the function Κ᾽ (a, B, y, 1) can be expressed 
in terms of Gamma Functions, namely 


_T(y)i(y-«-6) 
Τὰ BY N= Teale =B) 

The theorem may be verified as follows. Let u,, v, and w, 
be the coefficients of x" in the series for F(a, β, y, x), 
F(a, B, y+1, x) and F(a -- 1, B, y, x) respectively ; 

Uy = 1 =p =Wp- 
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It is not hard to see that the following relations hold : 
B 


(1) tin τα =(I -*) Un ~ Way, N=O, 1, 2,.... 


(11) (γ -- α)γί(ω, — Wy) = βιι,..χ + [(n —1)u,_] —nU,], n=1, 2,.... 


All three series 2u,, Lv,, 2w, converge when the real part 
of γ —a — Bis positive ; also (by § 98, Ex. 3) nu, --0 whenn—o. 
Now sum (i) from n=0 to n= ; therefore 


1=(1-/) F(a, β, γεῖ, 1 -ἰσᾷ -ἰ, By, D-H), 
or γῆ(α --ΟΙἼ, β, γ, D=(y- β) (a, β, γτ 1,1) ...... (α) 


Again, sum (ii) from n=1 to n=; therefore 


(y-a){ F(a, β, γ, 1)- F(a-1, By, Y}= BE (a, β, γ,1)-- L (muta) 


= F(a, B, 7» 1), : 
Or (y-a- B) F(a, B, 7» 1)=(y-a@) F(a -- 1, B, 7» 1). ...(b) 
Eliminate F(a —1, 8, y, 1) between (a) and (δ); we thus find 
F(a, By; ) =) - F(a, By y+1,1). ..... (c) 
Now apply the formula (c) repeatedly so as to increase the 
third element to y+n; thus F(a, y, B, 1) becomes equal to 


(γ - α)(γ --α- 1)... (γ- α Ἐπ -- 1). (γ -- β)ίγ-- B+1)... (γ-- β- ἢ -- 1) 
γίγ- 1... (ytn—-1). (y-a- B)(y-a- B+))... (γ-α- B+n-]) 
x F(a, B, y+n, 1). 


But (see ὃ 98, Examples 1, 3) the coefficient of F(a, B, y +n, 1) 
has as its limit when n> 


Dy) P(y -αο — BP y — a) P(r -- B) 
Again, when n-> , every term in the series for 
F(a, B, y+n, 1) 
tends to zero except the first term which is unity. Hence 


ΓΟ -α -- B) 
BCr PI πρι  Ξα τιν. by 


100. Gauss’s Formula for ΤΩΣ). Τί m is a positive integer 


reyn(2+2)r(o+2)...r(e+ 22) = eal Ὲ Dime) 
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Take the first form of P,(x). The function P,(2 + τὴ when 


numerator and denominator have been multiplied by m” is 
r ΤΣ ΟΣ 

P(x+7) = __ ee τύ τρες----- - : 

m/ (mx+r)(mx+m+r)... [mx+(n-1)m+7] 

If each of the functions , (ὦ +r/m), for r=0, 1, ... m—1, is 
expressed in the same way and the m functions then multiplied 
together, it is readily seen that the denominator will be the 
product of the factors (mz +r) from r=0 to r=mn — 1 inclusive. 
The first factor from each denominator gives 


ma(mx +1)... (mz+m-—1); 
then the second factor from each gives 
(mz +m)(mxz +m +1)... (mx +2m -- 1), 
and so on. Hence 


m-1 7 
i P,(« + = (1) 
Now, ὃ 95, Cor., we may take (mz) as the limit for mn 
tending to infinity of P.,,,(mx), where 
(mn)! (mn)™-1 
mx(mx + 1)(mx + 2)... (mx+mn—1)° 


(m" n!)™ , για -3(m +1) 
— max(mxz + 1)(mx+ 2)... (me+mn—-1)°°" 


Pinn({Mx) = 


bee: (2) 
If we now divide corresponding members of (1) and (2) we find 


m-1 T 

II P; t+ —— n m 

ΠΡΟΣ ΤῊΝ ΠΣ (3) 
Pnn(mza) (mn)in 2 


and the expression on the right is independent of x; its limit 
for n> is easily found by using the value of n! in Exercises IT, 


30 to be (20) 2 .m-t. The limit for n> of the left hand 
side is I(x) I'(x+1/m)...T [e+ (m—1)/m]. m™-1/T(mzx) so that 
the formula is established. 

The student might work out independently, by the same 
method, the particular case I'(~)I'(x+ 4), obtained by a totally 
different method in the Elementary Treatise, p. 450. 

In Gauss’s Formula put «+1/m in place of x; then 


Ld id et 8 
Γύπα- 1) =(2n) 2 moe (102-5), νυ (Ω 
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_dlogI(me+1)_1 Idlogl(mz+ 1) 


Νὸν YORE) π΄ ad(mz) om dx 


and therefore, by taking logarithms and differentiating (4) we 


find Ε 


15-:1}ᾷ 
Be ORE T 5}: vl a <2), soba τς νον νον (5) 


m 


EXERCISES XII. 


1. If f(x) =I {(1+4) cael » prove that f(x) xf( —2x) =sin z/z. 


nr 
2.* If φ(α)ὴ-- []’ 6 -Ξ) show that when m and n tend to infinity 
f= — 


g(x) tends to the limit (sin x/x)a®/* where a is the limit of (m/n). 
eS ee ees. Sate Pt 8 
Note that ite aa)=T{( =e cen, 


x 1 x 
where 8, = -2{(1 Ἐξ τον Ἐ) -logn) —Zlogn. 
Thus φία) tends to sin x/x if, and only if, a =1, that is, if m and n tend 
to infinity “ in a ratio of equality.” 


3. (i) 'ὰ πα --ω πὰ Ir {Qa ~2\ et) 


n= — 0 
er 1 vr (1 1 \. 
(11) ποοῦπας- Ὁ Σὺ {πτρτῃ ᾽ 


~ l 


π 
Tar ee (2 —-n)y" 
sin? πὰ Pa ὦ n) 


(iii) 
4. Prove the following statements : 


() fa) = Tl Aes 


=) οἷ! mma) = —Sin a(x+a) n(x+ a) ene cotea ; 
sin πὰ 


(ii) 


2 


᾿ς Σ {οἷς ἘΣ τε; τ: Ξε) -- πίοου n(x +a) -- οοὗ πα). 


* The symbol II’, with the accent on II, indicates that the value r=0 is 
excluded so that r takes the values ~m, -—(m-1),...-2, —1, 1, 2,...”. 
A similar meaning is assigned to the symbol of summation 2’. 
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0 une 
5. If o(x)=2 Π’ {Qa -=) en | and if f(x) is the function defined by 


n=-© 
the product in Ex, 4, (i), prove, without using the circular functions 
and simply by transforming the products, that 
. . φί(σ α)ὴ _ 9 (a), 
(1) f(z)= g(a) 6 Az, A -- g(a) 9 | 

(ii) φία +1) = -- φία), p'(@+1)/p(@ +1) τ φ'(α)! φί(α); 

(ii) f(z 1) = -- δ 4 f(z). 

τω 6 ΝΕ —_ (ΩΓ) 

6. πί( ἘΠ we n 5) ~ T(a+e)D(b-c)° 


Show that if a=y, b=y-a-—f, c= -a, where the real part of 
(y —a — B) 1s positive, the infinite product is F(a, B, y, 1). 


a ~— ΙΓ) εὐψία -- 1) . 
wn ee πο 5: (Mellin.) 


9. (i) y(t) +y=2-—2log2; (ii) ψί -- 5) - ψί -- ἢ =z. 
SF ΟἽ 1 

10. (i) ——. —log( 1+—— )}=y+logaz; 
Deer ΠΣ 


ey ν 1 1 " 
(ii) ΡῈ τη τὶ = y(z) --Ἰορ α. 


11. If n, p, x are all positive integers, prove that 


j ene (e+n+p—-1)_ 
(w+1)(2+2)...(%+p) 


t->®D 


ate Me (2 +2n -1) pe 
2. [Or 3.6....(2n -1)-2a(2e +2)... de tind)?” 


n> ὦ 


13. Prove that if |z|< 1, 
οΌ 
(i) Ἰοα ΤῺ +2) = - e+ Σὺ (-"8,= 
n=2 


1 1 
where Sn = nt on git gates 


δὴ: τ ae xn 
(ii) log Γ(Ὶ +2) +log(1 +a) =(1 -- γὴν τ > (-1)"7(1 - Sn) : 


n=2 
(iii) log (1 —x) +log(1 —2) = -(1- y)x - 24 (1 -S,)—5 


6.4.6. Κ 
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. Ι--ακ 
(iv) log ΓᾺ +2) -- ὸρ ΓᾺ -- 5) =log ΓΖ 
enti 
+2(1—y)e+2S* (1 -Sen.1) τας; 
> antl! On +1 


(v) log Γ(Ὶ +2) +log Γ( —x) =log (πα βίῃ πα); 
(vi) log (1 +2z)= blog (= =)+ blog == T4+(1-y)e 


gin TAL 
gant 


ἐΣα- ~ Stas) ona] ° 


[To obtain (i) use Weierstrass’s form for [(1+2), expand each 
logarithm and show that the series may be deranged and expressed in 
powers of x. The equations (ii)... (vi) then follow easily. ] 


14. Deduce by putting x = — 34 in Ex. 13, (vi) that 


w 

ΚΘ - 1 

y =1 -log: — 2n+1 eee. 
* 4 2nt+1 2 


15. Deduce series for y(z) from Ex. 13; for example, 


οΌ 
wa) -- -yt+ δὴ (-1)"S,2", [4] « 1. 


n=2 


cu. ix. § 101] 


CHAPTER IX 
INTEGRATION OF BOUNDED FUNCTIONS 


101. Intervals. Sets. In establishing general theorems in 
integration there is frequent use of the division of an interval 
into sub-intervals and of sums of terms associated with sub- 
intervals; it will obviate inconvenient interruptions in 
exposition and perhaps emphasize the essential elements in the 
discussion if we begin with some definitions and explanations. 


Numbers 2), %q,..., Z,_,; chosen so that 
Aa=X%y<%<%y<... <2, τοῦτα, 
effect a division, D say, of the interval (a, δ) into n sub-intervals, the 
notation a=2,,b=x, being adopted for symmetry and for use in 
summations. 

ΤΆ in one, more or all of the sub-intervals of D there be inserted one or 
more numbers, a new division, D’ say, of the interval (a, δ) is made 
which is said to be consecutive to D; the numbers 2, %q,..., %,-, and 
the numbers that have been inserted are considered as a single set and 
are always supposed to be arranged in order of magnitude from a to b. 
For example D’ might be 


a, Χ1᾽ ey Eo, Xo, Lg» U4, Es, coe 9 Ens Ln—-1 b, 


where ¢,, &5,... are the numbers inserted and a< ὦ; « ξ; - ξ, « ας... «- δ. 
If there are two different divisions of (a, δ), say 


Dy, [G, 21, Xo) «2. 5 Vy, 0] 


with m sub-intervals and D, [a, &,, &, ..., E,_1, ὃ] with n sub-intervals, 
the division, D, say, formed by taking the numbers ἃ and é in order 
of magnitude from a to 6 is said to be made by superposition of 
the divisions D, and D,. In the division D, there will lie between a 
and ὃ at most (m+n-—2) numbers; but there may be fewer, since a 
number z may be equal to a number & and every equality of this kind 
reduces (m+n-2). Thus if 7,=&,, x,=&,, the four numbers 2, 2,, 
§s, δι 5 would give only two different numbers and the number (m +n -- 2) 
would be reduced by 2. It is obvious that D, may be considered as 
consecutive both to D, and to D, ; if D, is taken to be consecutive to D, 
257 
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there are not more than (n — 1) numbers inserted in the sub-intervals 
of D, but there may be fewer owing to equalities such as 7, =&., 2, = £5. 

The formation of a consecutive division by superposition is of constant 
occurrence and the student should be quite clear what exactly is being 
done. 

Again, there may be associated with a sub-interval (%;, x,4,) of a 
division D a number wu, and with the division D there may be associated 
@ sum v, where 


V=Up (Ly — A) + Uy (X_Q— Ly) +... + Up (Ley — Lp) +... Ἔπι,...(ὃ -- α,,...Α] 
n—-1 
= SMe (ras — Xz). 
r=() 


If the division D varies so will the number v, and if we suppose, as 
will usually happen, that n may be as large as we please and that the 
numbers x, may be chosen arbitrarily so long as they are arranged in 
order of magnitude from a to 6, the numbers v will form an infinite 
set (v). The properties of the bounds of the set (v) will then be discussed. 
It is the properties of such sets that lead to the conditions for the 
existence of an integral. 

If the student turn to p. 324 of the Elementary Treatise he will see 
that v is the sum of the expression (1) on that page when u, = F(z,); 
the upper bound of the set (v) is the area ABDC under the curve 
(Fig. 75). In the absence of theorems on the existence of bounds of 
infinite sets appeal was made to the conception of an area to determine 
the limit of the sum (1), p. 324, and establish the existence of the 
integral. From our present standpoint the process is reversed; the 
existence of the integral is first established without appeal to geometrical 
considerations and then the area is defined by an integral. 


102. The Sums § and 5. Let the function F(x) be single- 
valued and bounded for the range a S x <b; at present no other 
restriction, such as continuity, is imposed on F’(x).* 

Let D[a, x, ..., Ln_1, δ] be a division of the interval (a, δ) 
and let (x,,,—,)=h,, a positive number that measures the 
length of the sub-interval (z,,2%,,,). Further, denote by 
M,m and M,, m, the upper and lower bounds respectively of 
F(x) in the whole interval (a,b) and in the sub-interval 


(%,, ἄρ ει)- 
Now consider the sums S and s where 

n-l 

S=Myhot Myhy t+... + Maha = >) Uh, ΤΡ ΡΥ (1) 
r=0 
n-1 

8=Mg hy + My hy t ... + Mya Rn = Dy My Ny νννονννννννννον (2) 
r=0 


* For the value of F(x) at a point of discontinuity in (a, δ) see ὃ 29. 
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S and s are called respectively the wpper and lower sums for 
the function F(x) and the division D of the interval (a, b). 
In whatever way the numbers x, are chosen we have 


msm,sM,s M, 
and therefore, from equations (1) and (2), 
mb-a)SsS8S M(b-a) ...... ee. (3) 
since ho thy t+... thy =b --α. 
From the inequalities (3) take the following 
833 δ, S=m(b-a), ss M(b—-a) ............ (3a) 


Thus it is seen that for the same division of (a, δ), 8 3Ξ Κ. 
Again, the inequalities S => m(b — a) and s < M(b —a) are true in 
whatever way the division D may be varied. The variation 
of D may be made in an infinite number of ways by varying n 
and the numbers x, and for each division there is a corre- 
sponding S and a corresponding s. Hence the inequalities (3a) 
for S and 8 show that the set (S) has a lower bound, L say, and 
the set (8) an upper bound, which may be called 1. 

Some properties of S and s will now be proved. 

1, The inequalities 

mb-a)<SSM(b-a), m(b-a)Sss M(b-a) 
are true whatever be the division of (a, δ) 

These inequalities are obvious but important. 

2. If the division D, of (a, b) is consecutive to the division D, 
and if δ᾽ and s, are the upper and lower sums respectively for 
the division D,, then S = 8,,s<s,; that is, in passing from any 
division to a consecutive division the sum S decreases or is 
stationary while the sum s increases or is stationary. 

Suppose first that D, contains only one number é, where 
Lp<E<2X,,,, that does not occur in D, and let M’, M” be the 
upper bounds of F(z) in the intervals (x,, ξ), (&, 2,4) respec- 
tively. All the terms in S and S, are the same except that 
instead of the term M,(x,,,—2,) in S there is in 8, the sum of 
the two terms M’(£-z,) and M"(x,,,-é). Hence 


S — 8, =M (Xr41 = Lr) - Μ΄ (ξ " Xr) ἘΜ, = é)) > 
but (%,4; —%,) =(€-2,) +(x,,, —&) and therefore 
S-S,=(M,-M)(E-2,) +(M, — MY ap — 8). ......(4) 
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One of the numbers M’, M” is equal to M, while the other 
may be less than VM, or equal to M,; each term on the right of 
(4) is therefore zero or positive so that S — 8, is zero or positive, 
that is, S= Sj. 

In a similar way it may be seen that s<s, since the lower 
bounds, m’, m” say, of F(x) in the intervals (z,, ξ), (ξ, 2,41) 
are greater than or equal to m,. 

Suppose next that D, contains more than one number that 
does not occur in D; these numbers may be supposed to be 
inserted in succession and since at each insertion S decreases 
and s increases (if there is any change at all) we see that 
however many numbers there may be in D, that do not occur 
in D the relations S= 8S, and s<s8, are true. 

3. If the consecutive division D, contains ~ numbers that 
do not occur in D and if for the division D the length (h,) of 
each interval is less than ὦ then 

0<S-S8S,<p(M -m)h, 0S 8,-8s<p(M —-m)h. 

The relations 0 < S —S8,, 0s, --᾿ have been proved in 2. 

As before, suppose first that only one point &, where 
<< 2,,,, has been inserted in D. Then, M,-M'=M-m, 
M,-M" <M -™m and therefore by equation (4) we find 

S -8,< (Mm) (244-2) < (M-m)h. 

Thus the decrease in S due to the insertion of one number is 
less than (ΗΠ —m)h. Suppose next that μ᾽ numbers have been 
inserted. As before, they may be supposed to be inserted in 
succession, and as the insertion of each additional number 
produces a change that is less than (M —m)h the insertion of 
μ᾿ numbers produces a change that is less than u(M —m)h so 
that S —S, is less than μ(. } —m)h. 

In the same way the relation 8; —s< μ(Μ -—m)h is proved ; 
we thus find the inequalities stated. 

4. The lower sum s for any one division cannot exceed the 
upper sum S for any other division and not merely for the same 
division (as shown in (3a)). 

Let S,s and 8’, s’ be, respectively, the two sums for two 
different divisions D and D’ of (a, δ) and let 5", s” be the 
sums for the division D” formed by the superposition of D 
and D’. 
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If D” be taken to be consecutive to D we have (by 2) 
S28", sss’, 
while if taken to be consecutive to D’ we have 
S’>8",° 8' 33 45. 

But 55:33 δ' since both sums belong to the division 27: 
therefore 9 -- 9" - 3" Ξ- ϑ' and s’<0s"<SS'SS 
as was to be proved. 

5. lS ZL. By the definitions of the bounds | and L there are 
divisions D’ and D” of (a, δ) such that s’ differs from 7 and S” 
from L by as little as we please; the inequality 1>Z would 
therefore imply an s’ and an S” for which 5» 87, which has 
been seen to be impossible. 


103. Darboux’s Theorem. The following Theorem or Lemma, 
known as Darboux’s Theorem, is of fundamental importance ; 
8 denotes as usual an arbitrarily small positive number and 
is to be understood in this sense throughout the discussion. 
The Theorem will be stated in two forms. 

First Form. To any given ε there corresponds a positive 
number h such that S<L+e and s>l—e for every division of 
(a, b) in which the length of each (or the longest) sub-interval 
8 less than ἢ. 

Second Form. S and s tend to L and 1 respectively if the 
number of sub-intervals in the division of (a, b) tends to infinity 
m such a way that the length of each (or the longest) sub-interval 
tends to zero. 

I. Consider, for example, the sum S. Let D be any division 
of (a, b) into n sub-intervals such that the length of each is less 
than h; for the present h is simply a fixed positive number. 

Next, since L is the lower bound of the set (8) there is, by 
the definition of ZL, a division D’ of (a, b)—which will be 
supposed to contain μ᾿ numbers between a and b—such that the 
corresponding sum S’ satisfies the inequality 


Se Oe ee ee enn ene eee (1) 

Now superpose the divisions D and D’ to form a new division 

D", and let S” be the sum for the division D’. If D’” is con- 
sidered as consecutive to D we have (§ 102, 3) 


S <8" + w(M -- Mh «..ονννννενννννννννννονν (2) 
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since there are u (or fewer) numbers that enter the sub-intervals 
of D from D’. On the other hand if D” is taken to be con- 
secutive to D’ we have (§ 102, 2 and (1) above) 


SS Se site chide ee asiowies: (3) 
and therefore, by (2), 


S<L+hetp(M—m)h. wees. ere (4) 


The numbers μ, M, m are fixed (though mw depends on ε) ; 
we now suppose hf chosen so that u(M-m)h< te. Hence, 
applying (4), we have found ἢ so that S<L+e; the only 
restriction on the division D is that the length of each sub- 
interval is less than h. 

The proof for the lower sum s may be left to the student since 
it follows the same lines as that just given and requires little 
more than verbal changes. 

II. Again S= JL since L is the lower bound of the set (8S); 
combining this relation with the inequality S< L+e, we see 
that if in any division of (a, b) the number of sub-intervals 1s 
so great and at the same time the length of each sub-interval 
so small that the longest is less than ἢ 


0o<S-L<e. 


Therefore L is the limit of S under the conditions stated. 
Obviously we also have 0S 1 -- 8 «--ε and ὦ is the limit of 8. 


Ex. 1. Prove that if F(x) is continuous 1=L. 

The proof of Darboux’s Theorem requires the property 3 of § 102, but 
when F(x) is continuous that property need not be appealed to. 

Since F(x) is continuous it is uniformly continuous and therefore we 
can choose ἢ so that (ΠΗ͂, —m,) shall be less than εἰ(ὃ — a) provided that 
(σι — 2p) =hy< ἢ where r is any of the numbers 0, 1, 2, ..., (m—-1). 
From equations (1) and (2) of § 102 we find 


n-1 eDhy 
S-s= >) (M, -- πυρ)ὴ, « t= 
r=0 


since 2h, Ξε (ὃ —a). 
Next we have the identity 
S —-s=(S - 1) Ἐ(ὦᾧ -- ἰἢ Ἐκ -- 8). 
Each of the numbers (S -- 5), (ὦ -- ἢ, (J —8) is positive when not zero, 
and therefore each is less than S-s< ε. But /l, LD are constants so 
thatl=L. Again S>L and eee when each h,—0. 


Ex. 2. D[a, x1, Xq,...5 ἜΝ δ] is a division of the interval (a, δ); 
F(x) is bounded in (a, δ) and ¢(z) is continuous and steadily increases 
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as x increases from a to b. If My, and m, are the upper and lower 
bounds of F(x) in (x,, %,,,) and if Sy and δώ denote the sums 


n-1l n-1 
Ss = 2) Mal ors) —9(%r)], 84 = 2, ml rss) — φία,)], 


show that if m tends to infinity in such a way that the length of each 

sub-interval (z,, 2,,,) tends to zero Sy and sg will tend to limits LZ and ἢ 

respectively. If F(x) is continuous in (a, δ) prove that 1=L. 
(Goursat.) 


104. Functions with Limited Variation. A function F(z) 
which, for a range a<a<b, has the property called limited 
variation can be expressed as the difference of two functions 
which are each positive, monotonic, increasing (or, at least 
not decreasing) as x increases ; for variation the word fluctuation 
is sometimes used. This class of functions is important in 
many investigations and we therefore make a brief reference 
to them. | | 

Let D[a, 21, %g,..-, 2,1, ὃ] be a division of the interval (a, δ) 
and F(x) a function that is single-valued and bounded in the 
interval. Consider the differences {F'(x,,,) — F(x,)} and also 
their absolute values |F(z,,,) -- F(z,)|; if v(a, 6) is the sum 
of the absolute values we have 

v(a, δ) =| F(x) -- F(a)| + [1 (59) - F(x,)| + Ἢ 
τὶ | 0) ΗΝ F(%y_4)| 
and, identically, for the sum of the differences, 
Τρ) ~ F(a) =(F(e) — F(a)} + (F(%) — Fle) +---1 ogy 
+{P(b)- Fle.) $77 
so that v(a, δ) = | F(b) -- F(a). 

The number v(a, δ) is called the variation of F(x) in the 
interval (a, 6) for the division D; it is usually different from 
| F(b) -- F(a)|. If the set (v) is bounded when the division D 
varies in all possible ways its upper bound, which will be 
denoted by V(a, δ), is called the tofal variation of F(z) in (a, δ) 
and F(z) is said to be a function with limited variation in (a, b)— 
more fully, with limited total variation in (a, δ). 

If p(a, δ) is the sum of the differences in (2) which are positive 
and —n(a, 6) the sum of those which are negative, we have 
obviously F(b)-F(a)=p-n, v=p+n 
and therefore 

v=2p+ F(a)— (δὴ), v=2n—- F(a)+ F(b) .........(3) 


..(.) 
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From (3) it follows that p(a, ὃ) and n(a, 6) have upper 
bounds when v has an upper bound; these are denoted by 
P(a, 6) and N(a, δ) respectively and satisfy the equations 

V(a, δ) =2P(a, 6) + F(a) — Ὁ), 
V(a, b)=2N(a, 6) — F(a) + rar 

P(a, 6) and -- Νί(α, 6) are the total positive and negative 
variations. 

The variations V(a, x), P(a, x), N(a, x) in the interval (a, z) 
where aX<xz<6 are obtained by substituting x for ὁ in the 
formulae; obviously these numbers are positive and all 
increase (at least do not decrease) as x increases. In equations 
(4) put x for ὃ and eliminate V(a, x); then 

F(x) = F(a)+ P(a, x) -- N(a, x); 
take any constant C >| F(a) | and we find 
F(x) ={C' + F(a) + P(a, x)}} -{C+ Δία, x)} = φ(α) - y(2). 

The functions g(x) and (x) are positive, monotonic, increas- 
ing functions ; F(x) is thus expressed in the form stated. 

It may be remarked that F(x) may be continuous and yet not 
have limited (total) variation (or fluctuation). See Goursat, 
Cours d Analyse, I, p. 23 (2nd Ed.). 

Ex.1. If F(x) is monotonic for aS2=b, V(a, b)=| F(a) -- δ). 

Εα. ὃ. If F(x) has limited variation in (a, δ) and if a<a< ὃ the 
limits for h - 0 of F(a+h) and F(x —h) are definite numbers. 

Ex. 3. If F(x) and f(z) have each limited variation in (a, δ) so has 


their product. 
Write the difference F(a.) f(%r41) — F(%r) f(a) in the form 
F (tri i{f (5,...) —f(Lr)} +f (2r){F (%r44) — F(Xr)} 5 

if the upper bounds of |F(x)| and |f(z)| are A, B respectively, the 
absolute value of the difference is less than or equal to 

A | f(%r41) ~f(xr)| + Bl PF (%r41) -— (er), 
and therefore the (total) variation of the product cannot exceed 

AV(a, b)]; + BV(a, δ)]». 


105. The Definite Integral. The theory now to be explained 
is usually called Riemann’s Theory of Integration; other 
theories, such as that of Lebesgue, will not be discussed as they 
involve considerations that are outside our limits. We shall 
suppose the student to be familiar with the terminology and 
the subject-matter of integration as presented in the Hlementary 
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Treatise and shall direct attention chiefly to those aspects of 
the subject that depend on the more fully developed theory of 
number and limits given in the preceding pages. 

The bounds £ and ἰ respectively of the upper and lower 
sums S and 8 associated with the bounded function F(x) and 
the interval (a, 6) are shown by Darboux’s Theorem to be the 
limits of the respective sums, in whatever way the interval 
(a, 6) may be divided provided the number of sub-intervals 
tends to infinity in such a way that the length of each sub- 
interval tends to zero. 

Definition 1. The limits Z and J are defined to be the upper 
and lower integrals respectively of F(x) over the range aSa<b 
and are expressed by the symbols 


L - F(a)dz, I= { ” F(x)dx. 


The numbers a and ὦ are called the lower and upper limits 
respectively of the integrals. 

These two integrals always exist, in virtue of Darboux’s 
Theorem, when f(x) is a single-valued, bounded function in 
(a, 6). In general Z and / are unequal, but if Z =1, the common 
limit is defined to be the integral of F(x) for the range a<a<b. 

Definition ἃ. If L=I1 this common limit is defined to be the 
(definite) integral of F(x) over the range a<2<b and is expressed 
by the usual notation 


[ F(a) da. 


When L =I the function F(x) is said to be integrable over the 
interval (a, ὃ) and the next step is to state the condition that 
F(x) should be integrable. It must be remembered that the 
function F(x) is restricted to being single-valued and bounded, 
and the limits a, ὁ finite ; at a later stage (Chapter XIII.) the 
definition will be extended to cases in which F(x) is not bounded 
and the limits a and ὃ (one or both) infinite. 


106. Condition of Integrability. The condition follows from 
Darboux’s Theorem, and will be stated in the two corresponding 
forms. 

Furst Form. Given ε (as usual) there must be a positive 
number h such that S—s will be less than ε for every division 


266 ADVANCED CALCULUS (OH. Ix. 


of (a, δ) in which the length of each (or the longest) sub-interval 
ws less than ἢ. 

Second Form. The difference S—s must tend to zero when 
the number of sub-intervals in the division of (a, b) tends to 
infinity in such a way that the length of each (or the longest) 
sub-interval tends to zero. 

Consider the First Form. The condition is necessary. Let 
h, be the longest of the sub-intervals in the division of (a, δ) ; 
then, by Darboux’s Theorem, there is a positive number h 
such that S-L<te,l-s<theifh,<h, 
and therefore if L=1, 

Θ᾽ -- 8 το(ὅ -- 1) Ὁ ([.-- 98) «- ε1 ἢ», -Ξ ἢ. 
Again the condition is sufficient ; because 
S=Lealzas; 1,--1Ξ 8 -- 8. 
Hence if S —s<e when h,<h so is Z --ἰ and therefore L =1, since 
1, and ἰ are constants. 

Cor. It may be noted that F(x) is integrable over (a, b) 
provided there is one division of (a, δ) for which S—s<e. The 
condition is sufficient for L-l<S-—s<e and therefore L=l. 
It is also necessary for, as has been seen, if L=1 every division 
for which ἡ, <h makes S -- 8 --ε. 

The proof for the Second Form is equally simple. If L=1 
then S~s, that is, (ὅ -- 1) -- ([ -- 8) tends to zero when h,—>0 
since in this case S—L->0 and /-s-—0. Again, if S—s—+0 
when h,->-0 we must have L=/ since ὦ. - [:3 8 -- 8. 

A third form of the condition of integrability may be given 
which depends on the oscillation w, of F(x) in the sub-interval 
(X;, χ, αὐ; 1 M, and m, are the upper and lower bounds of F(z) 
in the sub-interval w,=M,—m, (§ 27). In terms of w, we have 

S—s=X(M, -m,)h, = Xo,h,. 

If #(x) is continuous for a<x<b it is possible to choose ἢ 
(§ 28) so that w,<«/(b —a) provided h,<h(r=0, 1, 2,..., n-1); 
in this case S —s<ce if h, is less than h, since Xw,h, is less than 
(2:h,)e/(b-a) or ε. Thus a continuous function is always 
entegrable. 

On the other hand if F(x) is discontinuous for ὦ το, where 
Lp <Cy< 2,4, the oscillation ὦ, of F(x) in the sub-interval 
(X,, X4,) is finite and does not tend to zero when h,—0. The 
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value of F(x) for x=c, is frequently not determined by the 
analytical expression for F(x) but it is always assumed to be 
a fixed number, C, say, such that m<C,< M, where M andm 
are the upper and lower bounds of F(z) in (a, δ) (or, m,SC,S M,. 
The precise value of C, is of no importance provided Ὁ] 
isfinite.) See§ 29. The discontinuity of F(x) atc, is measured 
by the lower bound of (M,-—m,) when x, and x,,, tend each to 
c, and therefore cannot exceed M -—m. 

The condition of integrability may now be stated in another 
way. 

Third Form. The necessary and sufficient condition that 
the bounded function F(x) be integrable over (a, δ) 1s that to 
every pair of arbitrarily small positive numbers w and n there 
shall correspond a division of (a, b) such that the sum of the 
lengths of the sub-intervals in which the oscillation of F(x) 18 
greater than or equal to w will be less than n. 

Let 6, and k, be the lengths of typical sub-intervals of the 
division D of (a, ὃ) in which the oscillations ὦ, of F(x) are 
respectively greater than or equal to ὦ and less than w ; also 
let A=26,. Then 

S —s=Xw,6, + Lo,k,. 

Obviously Σω,δ, 5 Jw but Lw,d, <= A(M -- γι) 
since w,< M-m; further, Xw,k, < (ὃ —a)w since Xk, ΞΞ ὃ -- α. 
Hence ho SS -- 8633 λ(Μ —m)+(b-a)o. 

The condition is necessary ; for if ὦ and ἢ are given S -- 8, 
which is not less than Aw, cannot be less than yw unless A< ἢ 
and therefore, if yw =e, cannot be less than « unless A< 7. 

The condition is sufficient ; for, given δε, the numbers ὦ and 7 
may be chosen so that 


w=te/(b —a) and ἡ =4e/(M -m), 
end therefore, if A<7, the division D is such that S -- 8 < e—an 
inequality which secures that L=1. 


107. Other Forms of the Definition of an Integral. Let the 
notation for the division of the interval (a, b) be the same as in 
the preceding articles, F(x) being integrable over (a, ὃ). Now 
take &, so that . 


tS &,S24,,,,7=0, 1, 2,..., (n-1), 2,,, -7,=h,, 
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and consider the sum S,, where 


n-1 
S,= 24 TE Vis, δ τρνευλιννάφαν τι οναοὰ νῶν (1) 
We have γι, < F(é,) S$ M, and therefores<S,<5S. Hence 
ὃ 
om ἃ 5,- ὙΈ.. (D,) 


provided n tends to infinity in such a way that h, tends to zero 
[r=0, 1, 2,..., (κ. -- 1). 

This definition may also be stated in the form: Given the 
arbitrarily small positive number « there is a positive number ἢ 
such that 


b 
| F(x)dx -8,|\< 6, if h,<h, r=0, 1, 2,..., (n-—1). (Dg) 


It will often be convenient to call S, an approximation to the 
integral J and equation (1) would read “" S,, = approximately.” 

Cor. Instead of F(é,) we may take F, where m,< 1,13 M,. 

Another form that is of frequent use in applications may be 
stated. In place of F(é,) put F(x,) +a, or #(%,,,) +a, where 
|a,|<«/(b-a) ifh,<h so that a, tends uniformly to zero 
when h,->0. Let o,, denote the sum 


n—1 
Sn= 2 ΤΕ arene eee ee (Ds) 


n-1 n~-1 
= >) F(2,)h,+ S| Orly. 
r=() r=() 


Now if h,<h we have | %a,h,|<{e/(b-—a)}(Zh,), that is, 
<e. Also, when n is sufficiently large XF(x,)h, differs, by 
(D,), from the integral 1 by less than «. Hence | J -—o,| <2e, 
when n is sufficiently large, say n> N, so that o, tends to I 
when n tends to infinity in such a way that the length of each 
sub-interval tends to zero. 


108. Integrable Functions. The following classes of functions 
are integrable ; the functions are supposed to be single-valued 
and bounded, and the range (a, b) of integration finite. 

I. Continuous Functions. II. Monotonic Functions. III. 
Functions with Limited Variation. 

I. Continuous Functions. The proof is given in §106. A 
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constant C is a special case of a continuous function; but the 
integrability of a constant is obvious from the definition. 

II. Monotonic Functions. Suppose first that the function 
F(x) increases (or at least does not decrease) as 2 increases 
from a to ὁ. If D is the division [a, 2, %,..., Tn_}, ὃ) then 
M,=F(2,,,), m,=F(xz,) 80 that 


S = F(x,)(x, -- a) + F(2q)(%_ — 24) +... + F(b)(b -- &n_y), 
s = F(a)(x, — a) + F(x1)(%_ — 2%) + ...-Ὁ 1 (α,...γ)(Ὁ -- Φ,..), 


n-1 
5 -- 8 = >) (F(t) — F(2,)} (ri - Ζ,). 
The differences {7 (5,..)ὴ -- F(x,)} are each positive or zero 
and their sum is F(b)-— F(a); therefore if each difference 
(7,4; —%,) is less than ἢ 


8-8 <AE{F (2,44) - F(a,)} or ἈΓΡῸ -- F(a)} 


so that S—s<e if #<e/{F(b) — F(a)}, which is the condition of 
integrability. 

If, next, F(x) is a decreasing (non-increasing) function 
M,=F(z,), m,=F(a,4;) and S—s<e if h<e/{F(a) -- F(b)}; in 
this case also the condition of integrability is satisfied. 

Cor. A function that is bounded and has only a limited 
number of maxima and minima is integrable because the 
range of integration may be divided into a finite number of 
intervals in each of which the function is monotonic. (See 
δ 109, Th. VII.) 

Ill. Functions with Limited Variation. A function with 
limited variation can be expressed as the difference of two 
monotonic functions and therefore its integrability follows 
from II, if it be assumed, as will be proved immediately (§ 109), 
that the difference of two integrable functions is integrable. 


109. General Theorems. The method of proof is simple. 
A division of the interval (a, δ) is supposed to be made, the 
upper and lower sums S and s to be formed and the condition 
of integrability in one of its forms to be applied. In the 
application of the First Form it should be remembered that, by 
the Corollary to it, a function F(z) is integrable over (a, δ) 
provided there is one division of (a, 6) for which S -- s<e where ε 
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(as will always be assumed) denotes an arbitrarily small positive 
number. 

It is supposed further that the interval of integration is (a, b) 
unless a different interval is expressly mentioned, so that the 
specification of the interval may be omitted in the enunciation 
of the Theorems. 

ΤΉΒΟΒΕΜ I. If F(x) is integrable so is CF(x) where C is a 


constant and 
[ σΡᾳγά»--οἤ᾽ P(x)dz. 


If the division of (a, δ) is such that S -- 8 for F(x) is less than ε 
it is such that S-—s for CF(x) is less than | C| ε and since 
|C'| ¢ is, like ε, an arbitrarily small positive number C F(z) is 
integrable. The equality of the integrals follows from the 
definition of an integral, for example, from the definition (D,) 
of § 107. 

THEOREM II. Jf F,(x) and F,(x) are integrable so is their 
sum and their difference and 


b 
[ P@LPwjde=[ Fyodexf’ Fade. 


In the sub-interval (x,, 2,,,) let Mi, mi and M", m"” be 
the bounds of F(x) and F,(2) respectively and S,, 81 and va 85 
the respective sums. Let G,, σ, and 55, 85 be the corresponding 
numbers for the sum F’,(x)+ F(x) ; then, as is easily seen, 

G,SM,+M;,, 9,2m,+m;; G,-g,S (M;-m;)+ (Mit - 
so that Ss — 83S (8: — 8) + (δ, -- 8). 

It is easily proved that this relation also holds when 
G,, Jr, Sz, 8; are the corresponding numbers for F(x) — F(z) 
because 

G,S M,-m,,9,2m,-M7; G,-9,S (Mi —m*) -(m} - M7). 

Hence if the division of (a, 6) is such na 5. --᾿ 3: -: }ε, 
S, -- 8 - 4e it is such that S, -- 88 -:ἐ and therefore F(x) + F.(x) 
is integrable. 

The relation between the integrals follows as before. 


Cor. i [s CF (x) ) |ax= 3) o,f F(x) da 


if F(x), F.(x), ..., Fm(x) are integrable and C,, Co, ..., Οἱ, con- 
stants, m being a finite integer. 


§ 109] INTEGRABLE FUNCTIONS 271 


TaroreM III. Jf Fy(x) and F,(x) are integrable so_ts their 
product. | ; 

First, suppose that Fj(z) and F(x) are both positive and use 
the same notation as in the proof of Theorem II, the numbers 
G,, Jr, S3, 8, referring to the product F(x) F,(x). <A little 
consideration shows that G,< ΗΠ ΜῈ and g,= mm"; therefore 


G, -9r SUM, -- mm, = MM; -- m,) + mi( Mi - mt) 


so that G,-9.<A(M; -- m7) + ΒΜ! -m'), 
and Sz — 83 << A(Sq -- 8.) + B(S, — 8,), 


where A and B are upper bounds of F',(x) and F,(z) in (a, δ). 
Hence if the division of (a, ὃ) is such that S,-s,<e and 
S_—-—S<e it is such that S;—s,<(4+B)e and therefore is 
arbitrarily small, so that the product F',(x)F,(z) is integrable. 
Next, if F(z) and F,(x) are not both positive for ax<2<b 
there are positive constants C, and C, such that F(x) +C, 
and F(x) +C, are both positive in (a, ὃ) and therefore the 
product (Κ΄, +C,)(F, +C,) integrable. But 
ΞΡ, +C,)(F, +C,) -C,F, - CF, -C,C, 
and therefore Κ᾽. F, is integrable since it is the sum of integrable 
functions. 
Cor. If each of the m functions F(x), F(x), ..., Fin(x) is 
integrable so is their product, m being a finite integer. 
ΤΗΈΟΒΕΜ IV. Jf F(x) is integrable in (a, δ) so is 1/F(zx) 
provided | F(x)|>c>0 ἔογΥ α 33. 33 ὃ where c is a constant. i 
In the sub-interval (z,, z,,,) let M,, m, and G,, 9, be the 
upper and lower bounds of F(x) and 1/F(z) respectively. 
First, suppose that F(x) is either always positive, F(x) >, 
or else always negative, F(z)< —c, fora<xzx<b. In this casc 
G,=1/m, and g,=1/M, while the product M,m, is positive and 
greater than c? Therefore 
G -~g _1l  1_M,-m, 
rer m MM, M,m, 
Next, suppose that F(x) takes both positive and negative 
values in (%,, %,,,) 80 that M,>0 and m,<0. Let m‘ be the 
lower bound of the positive values of F(x) and M’ the upper 
bound of the negative values of F(x) in (z,, 2,,,); in this case 
G,=1/m, and g,=1/M,. Now M;, and m, are both negative 


I 
<al(t, —™,). 
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and (-- M')S(-m,) while (-M,)>c; alsoM,2m,. Hence 
α,--σε =F τ wo ἔσσεαι, —m,), 

and therefore if S, 8 and 8,, 81 are the sums for F(x) and 1/F(z) 
respectively S, -- 82 < (S —s)/c? so that 1/F (x) is integrable. 

Cor. If F(x) satisfies the conditions of the Theorem and 
if F(x) is integrable so is F',(x)/F(z). This is now simply a 
particular case of Theorem ITI. 

THEOREM V. Any rational function φ( 4, Fe, ..., Fm) of m 
integrable functions F(x), F(x), .-., Pm(x), m being a finite 
integer, is integrable provided the lower bound of | φ( "4, F2,..-, F'm)| 
is positive (not zero). 

This follows at once from the preceding four Theorems. 

TuroreM VI. If F(x) is integrable so is |F(x)| but | F(x)| 
may be integrable and F(x) not integrable. Further 


[Τα - [ | F(x)| dx. 
If y, 5 are any two numbers and | y| =7, |z|=¢ then 
ly-z|2|n-¢| 


so that the oscillation of | F(x)| in any sub-interval cannot 
exceed that of F(x); hence | F(x)| is integrable if F(z) 1s. 
The relation between the two integrals follows at once from the 
form (D,), § 107, of the definition of an integral. 

That | F(x)| may be integrable but F(z) not integrable may be seen 
by considering the (somewhat artificial) function F(x), defined for the 
interval (0, 1) as follows: F(x) =1 for irrational values but F(x) = -1 
for rational values of in (0, 1). In this case | #'(z) |] =1 and is therefore 
integrable. On the other hand, in any sub-interval the upper and lower 
bounds of F(x) are 1 and -1 respectively so that S -s=2 whatever 
division of (0, 1) be made and therefore F(x) is not integrable. 

THEoREM VII. If the interval (a, δὴ is divided into m partial 
intervals (a, 1), (α1, 4), .... (Gms, ὃ) by the fixed numbers 
Gy, Ug 0+ Amy Where A< Ay < Ag «... << Am_y <5 and of F(x) 18 
integrable over (a, ὃ) it is integrable over each partial interval 
(α, @1), (Ay, Gy), --» 5 (Gm—1, 6). Conversely, if F(x) ts integrable 
over each partial interval it is integrable over the whole interval 
(a, ὃ). In both cases 


[τω 4-" F(x)dz 6 F(x)dz+... +f eee: 
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The proof is obvious. If there is a division of (a, b), the 
numbers a, @2,... , @m__, being fixed points of the division, such 
that S —s for the whole range is less than ε, then S -- 8 for any 
one of the partial intervals is certainly less than «. Again, if 
there is a division of (a, ὃ) such that S—s for each partial 
interval is less than ¢/m then S —s for the whole interval (a, δ) 
is less than m(e/m) or ε. 


110. Discontinuities. It has been seen in § 108 that every 
continuous function is integrable; the third form of the 
condition of integrability (§ 106) shows, however, that a 
bounded function may be discontinuous and yet integrable. 
The following theorem throws some light on what may be 
called ““ admissible discontinuities.”’ 


THEOREM I. A bounded function F(x) is integrable over (a, δ) 
(i) of there is only a finite number, m say, of points of discontinuity 
wn (a, ὃ), and (ii) if there is an infinite number of points of 
discontinuity in (a, b) provided this infinite set of points has only 
a finite number of limiting points in (a, b). 

First, let there be only one point of discontinuity, c, and let 
| F(z) | be less than K for every value of x in (a,b). Choose 
ὃ (d>0) so that the length 26 of the sub-interval (ὁ -- ὃ, c+ 6) 
may be less than «/4K ; then the part of S —s arising from the 
interval (ὁ -- ὃ, c+ 6) can not exceed the product of 2K and 26 
(the length of the sub-interval), that is, cannot exceed fe. 
In the intervals (a, c- 6) and (c+ δ, 6) the function F(z) is 
continuous so that there is a division of the intervals (a, ὁ — δ) 
and (c+ 6, 6) such that the part of S —s arising from these two 
intervals jointly is less than 4¢. Thus there is a division of 
the whole interval (a, ὃ) for which S-—s is less than ς and 
therefore F(x) is integrable over (a, b). 

Next, let there be m points of discontinuity c,, 65, ... , C, and 
enclose these in sub-intervals (c,—6,,c,+6,), r=1, 2,..., m, 
such that the sum (2%46,) of their lengths is less than «/4K, 
where K has the same meaning as in the first case. The part 
of S-—s arising from these m sub-intervals cannot exceed 
2K x (2X6,), that is, ἐδ; on the other hand, in the partial 
intervals (a, 61 -- δι), (σι + δι, Cy — 5g), --- 5 (Cm + δι.» 0) the function 
F(x) is continuous and therefore the part of S —s arising from 
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these partial intervals jointly can by a suitable division of the 
intervals be made less than $2. Hence there is a division of 
(a, δ) for which S — sis less than ¢ and therefore F(x) is integrable 
over (a, δ). 

Finally, suppose that the set of points c, for which F(x) is 
discontinuous is infinite but has only a finite number, μ say, 
of limiting points. If there is only one limiting point—say ¢— 
all but a finite number of the points c,, cy, ... can be enclosed 
in a sub-interval (£ -- 6, δ +6) where 26<e/8K (K as before) ; 
the remaining points c,, cy, ... can be enclosed in sub-intervals 
whose total length is less than ¢/8K and there is left a finite 
number of partial intervals in each of which F(x) is continuous. 
The contribution to S —s from the interval (ξ — ὃ, ξ + 6) is less 
than 2K x(e/8K) or te and the contribution from the sub- 
intervals that enclose c,, 69, ... is also less than $e; further, 
there is a division of the partial intervals in which F(z) is 
continuous for which the contribution to S -- 8 is less than $e. 
Hence on the whole there is a division of (a, δ) for which S — s is 
less than ¢ so that F(x) is integrable over (a, δ). 

In the same way the proof is carried out when there are μ 
limiting points. 

The theorem just proved leads to an interesting result. If 
the bounded functions F(x) and f(x) are equal for the range 
a<x<b, except for the values ὁ), 65» ..., Cm of x, and if F(x) 
is integrable over (a, 6) so is f(x), and further 


[τὸ dx =[F (x) dx. 


Suppose that | F(x)|<H and |f(z)|<K whenasa#sb. Let 
the points c, be enclosed in sub-intervals (c, — 6,, C, + 6,); then 
the values of S —s for F(x) and f(x) respectively differ only in 
the parts that arise from the m sub-intervals (c, -- 6,, C, + 0,). 
But that difference cannot exceed (2H +2K) x (2%6,) and will 
therefore be less than « if Σ᾿ ὃ, is chosen (as is possible) to be less 
than ¢/(4H+4K). Since F(x) is integrable over (a, ὃ) there is 
a division of (a, δ) such that S—s for F(x) is less than ¢; 
therefore for that division and for the function f(x) the difference 
S -- 8 is less than 2¢ so that f(x) is integrable over (a, 6). That 
the two integrals are equal follows from the facts (i) that the 
integrals are constants and (ii) that their difference depends 


§ 110] DISCONTINUITIES 275 


solely on the contribution from the sub-intervals (c, — 6,,c, + 6,), 
which can be made arbitrarily small ; but two constants whose 
difference is arbitrarily small are equal. Hence we find the 
following theorem : 


ΤΉΒΟΒΕΜ II. The values of an integrable bounded function 
f(x) may be arbitrarily changed at any finite number of points 
im the range of integration (a, δ) without changing the value of 
the integral over (a, δ) provided the new values of F(x) are 
finite. 

It is easy to see that this theorem is still true when the 
number of points c, for which the value of F(x) is changed (the 
new values of F(x) being finite) is infinite provided the set (c,) 
of points has only a finite number of limiting points. 


Ἐκ. 1. (x) is defined for the interval (0, 1) by the condition that 
if r is a positive integer, r=], 2, 3, ... 


1 


F(x) =2rxa when «“-«-; 


1 
r+ 
prove that F(x) is integrable over (0,1). (Nielsen, Elemente der 
Funktionenlehre, p. 143.) 

If 6 is positive and sufficiently small, 


γί; - δ) =2r( - δ), 1 2, 8.,...; 
7 7 
1 1 
γί: + δ) =2(r = η(:: δ), r=2, 3,... 
r r 


so that F(r-?-— δ)-»2 and F(r1+6)+2(1-r-1!) when 6>0. Hence, 
however /'(z) may be defined for x =1/r, r=2, 3, ... the points x=I1/r 
are points of discontinuity. F(x) will be continuous for z tending to 1 if 
F(1) =2 and 2 will be taken as the value of F(1). 

The set of numbers τ 5 τς ... has only one limiting point, namely 
the point x=0; let F(x) =2 when x =0. 

Now enclose the point 1/r in the sub-interval (γ 3 -- 6,, r- + 6,) where 
Oy =e/27+1, r=2, 3,..., (m+1); further enclose the limiting point 0 
in the sub-interval (0, » 1) where m+1<p<m+2. The total length 
of these sub-intervals is 


1 “12144 1\ 1.1 
pres goptse(! τα) <5t5% 
and is less than ε if m is chosen so that m+ 1>2/e and therefore 1/p<e/2. 
Hence F(x) is integrable over (0, 1). 

The integrability of F(x) follows at once from the fact that the set 
of points for which F(z) is discontinuous has only one limiting point; 
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the above determination of the sub-intervals that enclose the points of 
discontinuity is merely made in order to indicate one way of securing 
the required sub-intervals. 

For the evaluation of the integral see § 112. 


Ex. 2. Show that sin (l1/x) is integrable over any finite range, 
whether the range includes the point ὦ =0 or not. 


Ex. 3. If F(x) is bounded and monotonic for the range α ΞΞ ὦ ΞΞ ὃ, 
prove that the limits for 6 tending to zero of F(ce—6) and F(c+ δ), 
where a<c< ὃ, both exist; also that, if 6>0, the limits of F(a+ δ) 
and (Ὁ — 6) both exist. 


111. Properties of the Integral. It has been assumed up to 
this stage that the upper limit ὁ is greater than the lower limit a ; 


this restriction will now be removed. 
If b=a the integral is defined to be zero. 


Definition 1 [ F(x)dx=0. 


If b<a the numbers in the division [a, 2, 25» ... ἅ,..Δ» δ] of 
the interval (a, δ) satisfy the relations 
b> tp Sls Se Sy OS 


and each difference x,,,-—%, is negative. The sums S,s and 
their limits ἢν, 1 simply have their signs changed ; hence the 
definition : 


ὃ a 
Definition 2. F(x)dz= -- [ I(x) dx. 
8) /b 


If the three numbers a, b, ¢ all lie within an interval over 
which F(x) is integrable we have | 


[ F'(x)dx +f F(x) da 4 F(x)dz=0, 


as an equivalent form of the equation 


[ F(x)dx + [ F(x)dx -- Ι F(x) dex, 


which was previously (§ 109, Th. VII) proved for the relation 
a<c<b. 

In § 124, pp. 298-301 of the Hlementary Treatise, some 
inequalities between integrals are proved, but these all depend 
on Theorem III, p. 298; when that theorem has been proved 
for the integral of a bounded function Theorems VY, VI and VII 
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of that article will then hold for the integrals of bounded 
functions. We now prove that theorem. 


ὃ 
ΤΉΒΟΚΕΜ. If a<b and F(x) >0, Ϊ F(a)dx = ο; if F(x) <0, 
[ P(x)dzxs 0. 


If F(x)2 0 the lower sum s cannot be negative and therefore 
the integral cannot be negative ; similarly, if F(x) <0 the 
integral cannot be positive, since the upper sum S cannot be 
positive. 

On account of their frequent use the two Mean Value 
Theorems for bounded integrable functions are stated : 

First Theorem of Mean Value. If a<b, o(x)=0, gS p(x) SG 
forasx<b, then 


ὦ of omar sf oe) yeraes of φ()άε; 


(i) [ ote) y(@de=Kf" φ(γάε, σε K SG; 
tf p(x) 18 not merely integrable but continuous fora<x<b, 
ὕ 
(111) [ P(x) p(x) da = ψία + 0(b — 4}}} y(x)dz, θ«-θ«-1. 


Equations (ii) and (iii) are valid if a> ὃ. 

Second Theorem of Mean Value. If foras<2<b the function 
p(x) 1s bounded, positive and decreases (or at least does not 
wncrease) as x increases, and if p(x) is bounded and entegrable, then 


g 
ὦ [ ra w(ayde=g(a+0)f" wade, as ess; 
uf v(x) 18 simply bounded and monotonic, then 


Gi) [ oa) (ade = p(a+0)f' ψμ)άν 


+ 9(6-0)f vle)de, aSé<b. 


The proof already given of the Second Theorem (8.1. 
pp. 452-454) is valid for the theorem as now stated. The 
following points should be noted : 

(1) g(x), being bounded and monotonic, is integrable and the 
product of the two integrable functions g(x) and p(x) is 
integrable ; 

(2) the limits φία +0) and (b -- 0) exist, and if a, ὃ are points 
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of discontinuity of g(x) these are to be taken as the values of 
g(a) and g(b); further, if a<z,<6, and if z, is a point of 
discontinuity of g(x), the value of o(x,) may be taken to be 
g(x, -- 9) or v(x, +0) or any number between these ; 

(3) as will be proved in the next article, the integral 


1 
y(t)dt is a continuous function of x and therefore there is a 
a 


value & of x such that, for x=é, that integral is equal to the 
mean value M (#.T. p. 452) ; 


(4) by §109, Theorem VI, 'ψ(α)άα 
ty —1 


<| | p(x) | dex 
tr —1 
so that if | p(~)|<K ἴου α ΞΞ α ΞΞ ὃ, and if n is chosen so large that 


each difference (x,-—2,_,) is less than ¢«/K, the integral just 
written will be less than ε: 


(5) >} {lrr1) - 9(2,)} S p(a +0) - pb -0). 


It will be a good exercise to go carefully through the proof. 

It is sometimes more convenient to express the theorem, 
not in terms of the mean value M but in terms of the two 
numbers between which MM lies. Let f(x) be the integral from 
which the mean value // is derived, namely, 


fice) =| (tae 
As x varies from a to b, the function f(x) being continuous 
will take once at least every value between its lower bound, 
g say, which is in this case the least value of f(x), and its upper 
bound or greatest value, G say. The Mean Value Theorem 
may therefore be expressed in a third form, namely, 


(it) σφία +0) [φ(ο) ψίω) ἄν < Gy(a +0) 


Cor. In form (1) let r=a+b-u, 9(%)=9,(u), p(x) = y,(u) ; 
φι(ω) is bounded, positive and increases (or at least does not 
decrease) as u increases from a to ὃ. Thus 


Jrnrvendu = - οἰ ψιω δα, ano, 
ogy (b 05 fom y,(u) du τε G,p4(b, - 0), 


where g,, G, are the least and greatest values of v(t udu as u 
varies fon a to b,: 
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The change of variable is valid by ὃ 114. Here | 
φία +0) = (6 -- 0) 


g b b 
and | vaae =| γι) de =| vu(u)du, a+b—&=n. 
a a+b-— n 


See the other forms of the Second Theorem of Mean Value 
stated in § 112, Ex. 2. 


112. The Integral as a Function of its Limits. Take x as the 
upper limit of the integral and, to avoid ambiguity, ¢ as the 
variable of integration ; F(x) is supposed to be bounded and 
integrable ἔοῦ α ΞΞ α 33. 


Let y(x) a OD) CE ond terete haces (1) 


and for x put χα ἢ, ΑΞ “ΛΞ δ; ἢ may be either positive or 
negative. Now 


oe-+h)= [ "Pat = Ϊ ΕΣ [Fo dt, 


+h 
so that Wet [πρῶ -ἰ PEE, csi -- (2) 


The function F(t) is bounded, say | F(t) |< K; therefore 
ἰ φία Ὁ ἢ) -- φ(α)  « Καὶ [Ἀ!, 
so that 9(x+h)->g(x) when h-0. We thus find the very 
important theorem : 


ΤΉΒΟΒΕΜ I. The integral of a bounded function F(x) is 
continuous whether F(x) is continuous or not. 

Again, if F(t) is continuous for « -- [ἰ ὁ} ΞΞ ἐξξ a +|h|, the First 
Theorem of Mean Value gives (h > 0 or h<0) 


[Pode =hAF(x+ 6h), 0< 6<1, 
and therefore 
φ)- ,( 5, ἢ) - 0) _ Δ γᾳ + 6h) = F(2)......(3) 
ἤ-»0 h h—0 
; d | ἧς 
that is Ea [ F(t)dt = F (2). ccscscscececcesscssceeee. (31 
d d " 
Cor. Ay d= -5[ Fde= - F(z). τς ότι ον ..(3 ) 


From the equation (3) the following fundamental theorem is 
deduced : | 


280 ADVANCED CALCULUS [CH. IX. 

TuHrorEM II. If F(x) is continuous for aSuzsb and if 
F(x) =f'(x), then 

| [ έἘσἔΕΠσνυὍἘὍἘσοΕιΙἐἔἘρμσἔΕοΕΨσνσσσοι.- (4) 

For, if v(x) is defined by (1) it has been proved that (zx) is 


continuous and that ’(x)=/F(x); hence g’(x) -- (2) is zero 
and therefore (§ 34) (x) —f(x) is a constant, C say. Thus 


[Fo _ fix) =C, or, [ F(t)dt =f(a) +O cesecccceee (5) 
When « =a, the integral is zero, so that C= — f(a), and therefore 
| ᾿ F(t)dt =f(a) -- Κα). .....Ἅνννννννννένννν, (δ) 


If x -οῦ the equation (δ΄) has the same meaning as equation (4), 
since the variable of integration may be taken to be x instead 
of ἡ. 

When the integral in (5) is considered simply as a function 
of its upper limit x we may omit the lower limit a and write 


[: (t)di =f(x) + const., or, | F(x)dx=f(x)+const. ...(5”) 


The two symbols "F(t)dt and | F(x)de mean the same thing, 


namely ‘“‘ the indefinite integral of F(x) with respect to x”’; 
since f’(z)= F(x) we thus verify the usual rule that ‘“ the 
derivative of the integral is equal to the integrand.”’ 

When F(x) is continuous the integral g(x) exists, and when 
the function f(x) has been found it may be said that the integral 
has been ‘‘ evaluated ” and the equations (5), (5’), (5”) give 
the ‘‘ value’ of the integral. It has to be noted, however, 
that Theorem IT has been proved on the assumption that F(x) 
is continuous for the closed range (a, ὃ) or (a, x) if a<a<b. 
When F(z) is not continuous the theorem given in (3) requires 
modification and therefore also Theorem 11. 

Discontinuity of F(x). Suppose that F(x) is continuous 
in (a, δ) except for the one value ὁ of 2, and that the discon- 
tinuity is of the first kind. If a<c<b the limits F(c-—0) and 
F(c +0) exist but are not equal ; if cis a or ὁ the limit F(a +0) 
or ΚΓ — 0) exists but is not equal to F(a) or F(b). 
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In equation (2) let x=c and take h>0. Since 9(z) is con- 
tinuous ¢(c) is a definite number and the Mean Value Theorem 


gives y(c +h) -- φ(ο) =hF(c + 6h), 


so that φίοτ0)- £ PEF“ 0) _ ree +0); 
h->0 
in the same way it is seen that g’(c -- 0) = F(c -- 0). 

On the other hand, if c is a point of discontinuity of the second 
kind either F(c—0) or F(c +0) or both will not be definite and 
one or both of the derivatives φ' (ὁ -- 0), y’(c +0) will not exist. 
Thus when c is a point of discontinuity for F(x) it is also a 
point of discontinuity of the same kind for ¢’(x) while, it must 
always be remembered, it is a point of continuity for (2). 
~ When F(z) is integrable over (a, δ) and is discontinuous, say, 
for x equal to ¢,, Cy, -.. , Cm Where ac, and b2c,, enclose c, in 
the sub-interval (c,—6,,¢,+6,); Wwe may put each ὃ, equal 
to ὃ where ὃ is positive and so small that when x is in the 
partial interval (c,,c,,,) we shall havec,+édS2%Xc,,,-6. The 
limit for 6-—>0 of the sum 

1 -- ὃ m-—1 (Ὁ. -- ὃ ὃ 
| F(x)dxu + S| F(a)de+ | F(x)dx 
γ-:1" ογτὶ Cm +é 


a 


is, since each integral is continuous, 
Cy m—1 Pep 44 b b 
[ F(z)dz+ >) | F(x) dx 4 F(x)dx =| F(x)dzx. 
a r=1" cy Cm a 


Now F(a) is continuous for c, + 6Sa“Sc,,, — δ, and therefore, 
by Theorem II, if F(x) =f;(x) for c, +d S%Sc,,,— ὃ we have 


r+ 
["Peeyde= L τοι, -- 8) ~feler+ δὴ =felerss) τ ἤβορ. 
Cr ὃ-»0 
Hence, for symmetry, denoting a by c, and b by ¢y4,, we find 


ὃ m 
[τῷ da ΞΞ 2; [f+(Cr41) —flCr)] . 


In practice, when it is known that the integral exists, we 
may at once write | 


Cr+] 
[ Ῥᾳγάυ--},(6...) ~frler)- 
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Ex. 1. As an illustration, take Ex. 1 of §110. In this case 
F(x) =2rx when 1/(r+1)<a4< l/r. 


Let 2γα =f;(x) and therefore 
1 


1 
Tr r 
| ; F(x) dx -[" 2radx =r {5- (r waist : 
γῸῚ1 γ11 
The integral of F(x) is obtained by giving to r the values 1, 2, ... m 
adding the partial integrals and letting m tend to infinity (1/p tends to 
zero when m tends to infinity). Hence 


fl 
[ Fedw=drG- iy}= ee 


i r=1" 
m+1 


as: 1)3 


‘1 οὐ ] 
and | Feae=5)4- 
0 r=1" 


Ex. 2. Prove that in the form (i) of the Second Theorem of Mean 
Value (δ 111) it is admissible to substitute A in place of g(a +0) provided 
that A is greater than g(a +0), A being finite. 

The value of the integral of (x) (x) over the range (a, ὃ) is not 
changed by substituting A y(a) in place of g(a +0) y(a), by Theorem 11 
of §110; further, the monotonic character of g(x) is preserved since 
A > φία +0) so that the proof is still valid. 

Similarly, in the form (ii) we may put A in place of φία -- Ο) and 
B in place of y(b —0) provided the monotonic character of g(x) is pre- 
served; that is, A >g(a+0)>9(z)>9(b-0)>B if y(x) decreases 
or A< 9(a+0)< φ(α) « g(b-0)< B if g(x) increases. Hence the 
two forms 


b ξ 
(ia) | ole) ψίο)άε =A |" ylaydz, A> φία +0) > 92), 


(iia) oe) w(x)da =A ye) dx+B | wa) de, 
where in (iia) A and B suit the monotonic character of y(z) as explained 
above. 

113. Examples. One method of dividing the interval (a, 6) 
into n sub-intervals is to make each sub-interval of the same 
length h, where h=(b-a)/n. In this case the integral of F() 
over (a, δ) is the limit for h- 0 of the sum 


ὦ δὴ F(E)h, a+ (r-DhSE,Sa4rh; 
r=1 


if we first put £,=a+7h and then ¢,=a+(r-1)h we find the 
following two sums, which are ΡΘΟΒΗΥ useful : 


(ii) >» F(a+trh).h, (iii) Σ F{a+(r—-1)h}.h. 
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When h-> 0 each of the sums (i), (ii) and (iii) tends. to 


[ F(x) dx. 


1 1 


Ex.1. If Δ τ τὸν 


N—->O, 
Here we may write 


+ > , prove that S,- log 2 when 


μ 
Si l 1 
= A, ἢ ----, 
ΚΞ. 1 τὰ n 


and comparison with form (ii) above shows that we may take F(x) =1/z, 
a=1, b=2 or F(x) =1/(1+a),@=0,b=1. Therefore the limit of S,, is 


2dx (1 dx 
| Ἐπὶ Tee 082 
Cor. Itis easy to prove that S,=1-—}3+4-4}+... fet mere and 


2n—-1l 2n 
es , 
thus to deduce that log 2 = μ᾿ (-1)"" Jn. 
1 


Ea. 2. Τί F(x) and F’(x) are continuous for α ΞΞ ὦ ΞΞ ὃ, and if | 


bg b 
Sa= δ) Flat+rh)h, r=| F(2x)dx 
r=1 4 


where h=(b-—a)/n, prove that the limit of πῴϑ, -- 1 for n>o is 
ὁ (ὃ -- a) {P(b) -- F(a)}. 
For brevity, let a+rh =2z,, a=2p, ὃ =2,; then 


Lr 
Si = ἜΝ dx, sineo | AL =X, — α,..Χ =h, 


tp — 1 tyr ~1 


I= ΣΝ F(x)dz, S,-I= pa Le — F(x) da. 


tr—1 
But if %_,;§=2S2,, F(z) =F (x,) ~ (Ly a) (E+), tS - δ, ΞΞὰ 
Therefore 


,-i= Σ Cs RR ΠΤ Ἢ (1) 


Now suppose that g, = F(x) SG, ἫΝ σι ΞΞΞΞας; then, 
z. 


Ly Ἂ 
σε] (2p -2)da = 
Ζ Ly 


(x, -- 2) P(g,)dx=G,| (x, -2x)da, 
-1 tr —1 


tz. . 
that is, hh2g, | ” (typ — 2) F’(E,)dac S 4G). 
tp —1 


Hence, multiplying both sides of equation (1) by » and noting that 
nh =b —a, we find 


ἐό - ὦ) Σ᾽) εῖν Ἐξ ιίϑ, - NSH -a) NGh. 


r=1 
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But by the form (i) above, when h->0, both Σοῦ and ZG,h tend to 
ὃ 
| F'(x)dx = F(b) -- F(a), 
and therefore ἡ 


J. n(S, -- 1) =4(b —a){F(b) -- F(a)}. 


n~-> © 


Ex. 3. 111 and h have the same meaning as in Example 2, but if 
now F(z) is also continuous in (a, δ) and 


y 2r --ὶ 
S, => F(2 ἐξς Ἀ}}, 
show that the limit of ην(1 —S,,) for τ τῦοῦ 15 
ay (b —a)*{F'"(b) -- F’(a)}. 
Proceed exactly as in Example 2 ; note that for the interval (2,_,, z,), 
τος : h=c, we have F(x) -- F(c) =(x -c)F'(c) +4(a —c)*F"(E,) and 
therefore 


ig { F(@) " F(a i aie 1 h)\ de =3(" (ο ate ors ] ny FM Ende, 


tyr r-1 


if a+ 


where 2,_, =é,=2,, and this integral lies between 3,9,h? and 3,G,h*, 
G, and g, being the upper and lower bounds of F’(x) in the interval 
(5,...» α,). Hence 


να - 5. τ os [ F"(x)dx = ΠΣ (τ) - Βα}. 


n> οὦ 


Ex. 4. Show that L n(log 2-S,)= +} where S,, has the same 
meaning as in ΓΤ: 1, 

Apply Example 2; a=1,b=2, F(x) =1/a. 

114. Transformations of the Integral. No change is required 
in the proof of the formula of Integration by Parts (H.T. p. 282) 
when the functions that appear in the formula are continuous; 
the use of the formula is in practice confined to this case. The 
formula for Change of Variable, however, requires a new proof. 

Suppose that F(x) is bounded and integrable ἴοσ ὦ ΞΞ ὦ ΞΞ ὃ 
and that the variable is changed from x to u where «= ¢(u) ; 
let w=a when x=a and u=f when στοῦ. Both o(u) and 
g'(u) are to be continuous and ¢’(u) is not to change sign as wu 
varies from « to 8; hence (wu) is strictly monotonic, and as x 
increases from a to ὦ, either u increases from a to β (when 
’(u) is positive) or else u decreases from αὶ to β (when ¢’(w) is 
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negative). When these conditions are satisfied wu is a single- 
valued, monotonic function of x, say u= y(x), and the formula 
for change of variable is, as before, 


ὃ B 
[ Feax=[" Frew) g'(uyau. 


Take the division [a, u,, Ug, ... Up_1, β] of the interval («, β) 


and the corresponding division [a, x, %, ... , Zn_;, 6] of the 
interval (a, δ) where x,=(u,). We have 
Ley —% r= P(Uraa) - p(uU,) = φ΄(υ,) (Uris — Uy) SPS E Ss (1) 


where v, lies between u, and u,,,; let ξ, Ξε φίυ,) so that ἔ, lies 
between z, and x,,,. Hence 


n—1 n-1 
Dy FEN tras -- 22) = 2p FL φίυ)] 9 (e) thes ~ ἀ,)........8) 


The product of the integrable function F[g(u)] and the 
continuous function g’(u) is integrable and, by (1), when n 
tenas to infinity in such a way that the length of each inter- 
val (,, X,,,) tends to zero so does the length of each interval 
(U,,; Urs). If we use the definition (D,), ὃ (107), we now see 
that the formula stated above is correct. 

The proof contains that for the indefinite integral ; for we 
may suppose z and y(x) to be put in place of ὁ and f, where 
x=9(u) andax<2<b. 

Note. When z is defined implicitly as a function of τὸ by an 
equation f(z, w)=0 special care is required. See H#.7. a 470, 
Ex. 6, for an illustration. 


EXERCISES XIII. 


1. Evaluate the integrals of e*, sin (cx+c’), cos (cx +c’) over the 
interval (a, ὃ) by taking a division of (a, δ) into 7 equal parts. 


2. If 0< a< ὃ and ag" =b so that re when n-> οὐ, show that 


[ F(x)dx = | > F'(ae")(ae*** — ao") 


n->O r=) 
= rh (ο ys F(ag" ag’. 
-»1 r=0 
Deduce that ᾿ 
δ 1 —qmti ως [ὃ da ὃ 
(i) [" a Ὡ, m= —-1; (ii) [. = =log a 


(iii) [ log adz =(b log 6 -- δ) -- (a log a —a). 
« 
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3. The base BC of a triangle ABC is divided into n equal parts 
B,Briy 7 =9, 1, 2, ... (1-1), (Bo, B, denote B, C respectively), and a 
point P, is taken anywhere in the segment B,B,,,; if P is any point in 
BC and BP =z, prove that, with the usual notation for the triangle A BC, 

π--ἘἸὈΘ. 
Va ΣΝ -ἰ ἀκ ( Β Ὁ 
—— =log cot 2 cot 2), 
ae 2 are AP, AP 2 2 

4. If a>0, p a positive integer and N=pn, prove the following 

results : 


N 
τς ἐς 51; 
@) ΓΑ Σ ποτε  α(1τξ : 
(ii) if also b> 0, 
N 
ΒΥ +2); 
now natrb ὃ 
2p 
wi) LS) sararsy=tee(1 +72). 


n—>D f= 
Show that the results hold if Ὁ is not integral but is greater than 1 
and N such that NSnp<N+1. 


1 
5. If ἊΣ —r T -Σ op? 


where 9, 4 are ΠΣ integers, show that 
(p—@)n 


.. 1γγ-1 1 
(i) 83, - Τ᾿. -Σ! aa + 24 tm tol’ P43 


(1) 5, - Τῷ -Σ > Spn +2r—-1’ P43 


and prove that, ae p ΞΞ ᾳ, 
a 1, » 
(S, ise 1.) =log 2 +5 ee . 


n->@® 
Deduce a theorem on the change of value of the infinite series 
ἜΤΗ ὦ ων 
27374 : 


produced by a certain derangement of its terms. 
2 ᾿ Φ 
6. Τί Sy = Serer prove that Ln (log 2 n) =e. 


7. By use of the identity 
a’ --Ἰ =(a? -- 1) Tl ice ~2acos — = +a), 


r= 1 
show that : | 
\" log(1 -- ~ 2a cos ic +a*)dx = 2 log (a*), a? > 1, 


=0 ν,α- 1. 
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. If f(n, r) is a bounded, homogeneous function of n and r, of degree 
- ε and p 8 positive integer, prove that 


LY St f(n, τ) = ἔλι, x)de.. 


ἢ “ΡΟ ro] 


9. If w=2t and if f(u) and all its derivatives up to and including 
f(u) are continuous for 0 =u =z (or for 02 τὸ ΞΞ 2 when z is negative), 
show that af’(u) =df(u)/dt and that 


fix) -f(0) =2 [ Ζῴλαι 


1 1 
-ἰ - σα - ὦ} +22[ 1 -ἡγωαι. 
0 .θ 
Deduce that 
(x) =f(0) + > π᾿ 5.00} Ες 


r= i” 
where Ro= ας Τῇ, (1 -t)" 7f(u) dz, 
and, noting that (1 -- πὶ =(1 -—#)?-(1 —¢)"-?, lSp=n, and applying 
the First Theorem of Mean Value, show that 


ἀπ - θ)"- 5 (θα). 


πα ΓΈ ΠῚ) 


10. If g(x), y(x) and all their derivatives up to and including φί") (2), 
y(") (2%) are continuous for a=a2=6, prove that 


(ote) em (ade -- r(x) | +¢ 15} ylorpr (add 
where Fle)="D)(~ 1) Ma Ww-*-24e), (2) τ φία). 
11. In Example 10, let (x) =(b —x)"— and show that 

p(d) -5* vee =o)" —— pM(a) +R, 


r=0 


ὃ 
where &,= aay | © - x)"-ley(™) (20) da 


(ὃ — €)*—?(b — α)ϑφί(")(ξ) { £=a+6(b-a), 0<6<1, 
7 (n -1)!p h~&=(b -a\Vll -- θ), l\SpSn. 


12. In 10 put n +1 for n; then prove that, if p(x) =e and (2) is a 
polynomial in x of degree n, 


ω > 
[(oepla)de - bx - Π)Γ on ore) | ἢ 


G.A.0, L 
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13. Prove that 
7 {FOM(x) gO --}} = FON) g—4( — αἡ — FEM (ae) σα ΤΌ ~ a2) (1) 


dg(-x)_ _dg( -2) _ _ dgt—)( - 2) 
d(~—x) ᾿ς eS = dx 
In (i) give to r in succession the values 1, 2,...,” and, by adding the 


n values of the two members of equation (i), deduce that 


where g’(-x)= 


one) SO (x) g( -- 2) — f(a) GOH -- 2) «οννννννννννννγνννννν (ii) 
where F(x) = » 4 -9(α)ρί τ). -- 2). 
r=1 


14. If f(x) is any polynomial in a of degree less than n and P,(x) 8 
polynomial of degree n given by 


P,,(x) =< {A(a —a)"(x —6)"}, 4 =constant, 
deduce from Example 13 that 
ὃ ς 
|" f(x) Palat)da =O. veececcescceseescessessecseees (i) 


[Let g(x)=A(x+a)"(x+b)", so that P,(x)=(-1)"g(-2x); then 
integrate equation (ii).] 


15. If Q,(x) is a polynomial of degree 7 such that 
6 
| flx)Q,(x)dx =0, 


where, as before, f(x) is any polynomial of degree less than n, prove that 
Q,,(x) =CP,,(x) when C is a constant. 


[We have [ f(x) {Q,,(x) - CP,,(x)}dz =0. 


Now C may be chosen so that Q, -CP,, is of degree n — 1 (or lower 
degree) ; let it be so chosen. Since f(x) is any polynomial of degree less 
than n we may take f(x) =Q,, - ΟΡ, and then 


(" Q,(2) - ΟΡ, (α))}"4α =0. 


But Q,(x) —CP,,(x) is continuous for aSa%=b and the integral will 
necessarily be positive unless Q,,(x) -CP,(x) =0 foraSzv=6b. 

The integral in Example 14 thus expresses a characteristic property 
of P,(x). An important special case is the following if m= n: 


ὃ 
|. P, (2) P(t) =O veeceeccececcssseseecseeseees (i) 
Let f(x) =P,,(x) if m<n and f(x) =P,(x) ifm >n.] 
16. In Example 14, let a= -1, b=1, A =1/2" .n! 80 that 
1. a 
P,(2)=ga aan ~ 1)"}. 
This value of P,(x) is called The Legendre Polynomial of degree n, or 
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The Legendre Coefficient of degree n; by convention, P,(x) is taken to 
be unity. Prove that 
(i) P,(1)=1, P,(-1)=(-1)"; 
1 
(i) | Pale) Pala)de =0, men 
-1 | 
=2/(2n +1), m=n. 

[If m=£7n the result is proved in Example 15. If m=n use the above 
form of P,(x) and note that D}.(x?-—1)*=0 for r<n both when 
x=1 and when x=~-1. For the general theory of these functions 
reference may be made to Professor MacRobert’s book on Spherical 
Harmonics. As an exercise the student may show that if f(x) is any 
polynomial of degree n, 

f(z) =Agx" +Ayx"14+...4+A, .0+An, 
it can be expressed in the form, B, =constant, 
f (2) = BoP, (x) + ByP,-1(@) +... By-P,(x) + B,Po(2). 

Show that B, may be chosen so that f(x) -- B,P,,(x) is a polynomial 
f(z) of degree (n -- 1) and therefore f(x) =  Β0},.(5) +f,(x) ; the process 
may be repeated with f,(z), and so on. Further, by equation (ii), show 
that 9 

2r +1 

If f(x) =2P,(x), a polynomial of degree (n +1), deduce from the 
equation 

eP,(%) = ByoPyiy + ByPy + BePpit...+ByPi+ ByisPo: 


(a) that P,,(a) contains no power that occurs in xP,(x) so that B, =0; 


Β,.«- ΠΩΡ,()αυ. 
͵σὶ 


(6) by applying equation (ii) that Β,.. ΞΟ if r<n-1; (iii) by 
comparing coefficients of xt! and 2" that B,=(n+1)/(2n+1), 
B,=n/(2n+1). Hence the relation between P,,,1, P,, Pyp_1 

(n+1)P,,, —(2n + 1)aP,, +nP,_, =0.] 

17. If u and v are bounded integrable functions of x for the range 

a=x=b, prove that 


δ 2 ὃ δ 
(| wodz ) =(| ude) x( | vide ) i 
a -@ να 
This inequality is known as Schwarz’s Inequality. To prove it, let 
A and yu be constants ; then 


b 
| (Au + po)*de = Ad? +2BAy + Cp? 
a 


where A is the integral of w?, etc. The quadratic form cannot be 
negative so that B?= AC; the equality can only occur if w/v is constant. 


18. If F(z) is continuous and positive for a2 3b, prove that the 
product of the integral of F(z) and the integral of 1/F(x), each taken 
over the interval (a, δ), is least when F(x) is constant. 
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19. If F(x) =(1+2)7 for O=v=1, and if f(x) =F (x) except for the 
values x =1/r, where r=1, 2, 3, ... , prove that 
1 
| f(z)dx =log 2. 
0 


20. If F(x) is defined for the interval (0, 1) by the condition that if r is 
a positive integer, r=1, 2, 3, ... 


F(x) =( - 1)! when (r +1) <2< 1}, 
prove that 


1 
| F(x)dx =log 4 --Ἰ. 
-0 


2 
21. If f(x) = a log (sin ¢t)dt, 0 « ἡΞΞαΞΕΞ, prove that f(x) tends to a 
AL 7 2 


limit when x->0. 
Write log sin t =log (sint/t) +log ¢ and note that 


| log tdt =t log ἑ -t, 


while ¢ log t->0 when ¢-0 and sin #/t is continuous for Ὁ ΞΞ ὁ ΞΞ 2/2. 


cH. x., ὃ 115] 


CHAPTER X 


RECTIFICATION. CURVILINEAR INTEGRALS. AREAS. 
REPEATED AND DOUBLE INTEGRALS. VOLUMES. 
SURFACES. | 


115. Rectification of Curves.* Let a curve AB be defined, the. 
axes of coordinates being rectangular, by the freedom equations 


C= [(0);. ἀεί tats Ps, ρερνυς  ξος υδν τς () 
By “the point ἐ,᾿ is meant the point A,(x,, y,) where x, and y, 
are the values of x and y respectively for t=t, ; A is the point ¢, 
and B the point 7. As ¢ increases from ἐρ to 7 the point (x, y) 
moves along the curve from A to B. 

Let [{0» t1, t,.-- tn, ΤΊ, T'=t,, be a division of the interval 
(é), 7) and let A, be the point t,; Ais A,and Bis A,. Denote 
by A,A,,, the length of the chord A,A,,,; then, the positive 
value of the square root being taken throughout, 


A,Aray =/{(2r4) — 2)? + (γε - Yr)"} 


= SF (tra) —F(tr)]? + [σ(έ,α) -- 9(tr)] 3, 
and if l,, is the sum of these chords for r=0, 1, 2, ..., (n—1), 


n—l n~1 
ly = AA ris = Σιν (Fert) —F(te))? + [9 (tesa) — 9(éy)] 33. 


Definition. If, when n tends to infinity in such a way that 
the length (ἐκ —¢,) of each interval (é,, t,,,) tends to zero, 1, 
tends to a dofinite limit 1, the curve AB is said to be rectifiable 
and the number / is defined to be the length of the curve AB. 

If AB is a curve in three dimensions defined, with respect to 
rectangular axes, by the freedom equations 

τε (ἢ), y=g(t), z=h(d), _stisf, 

* For a discussion of curves, areas, volumes and surfaces that involves less 
drastic restrictions on the defining functions the student may consult de la 
Vallée Poussin’s Cours d’Analyse (2nd ed.), Vol. I, pp. 347-373 or Jordan’s 


Cours d’ Analyse (2nd Ed.), Vol. I, Chap. VIII. 
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the length of the chord A,A,,, is given by 
A Ary HJ (S44 - Lp)? + (Yria— Yr)? + (Zea - zy) } 


n-1 
and Ι,-- >, AAray- 
r=) 


The definition just given for the length of a plane curve is 
taken as defining the length of a curve in space. The develop- 
ments that will now be given for a plane curve are applicable 
with little more than verbal changes to a curve in space ; they 
involve less complicated formulae, and the results can be at 
once adapted to the case of three dimensions. 

It will now be proved that AB is rectifiable if f(é), f’(4), 9(d), 
g(t) are continuous for ¢, ΞΞ ἐξξ T ; these conditions are sufficient 
but not necessary. Jordan (see his Cours d’ Analyse, 2nd Kd., 
§§ 105-108) has proved that the sufficient and necessary 
conditior.s that the curve AB should be rectifiable are that the 
functions f(é) and g(t) should be continuous and of limited 
variation. 

By the Mean Value Theorem we have 


Κί,μ) —f(t, )=f'(r (Eras —t,), g(t rt) — - 9(t,) = g(t («τ trey ~t,) 


where τί and τί both = between, ¢, and #,,,, so that 


A, Ars = ALP (EDIE + (9 (CI μα πέρι νοννννννμον (2) 
This expression for A,A,,, can be put in the form 
A A gay = [SUF (En)? + [σ΄ (te) + Ge M(braa — br) ce eeeeeee (3) 


where a, tends uniformly to zero when each difference (é,,, — ¢,) 
tends to zero; the change from the form (2) to the form (3) 
is an, essential element in the proof and the equivalence of the 
two forms may be shown as follows. | 

Let d=./(u? +v?), d, τε ψ(ωξ + v2) where u, u,, v, vy, are real numbers. 
and d, d, are positive ; then 


Ἐς og -u) kal (gee ee 
: d,+d : a ᾿ d,+d° 
Now  =d2|u|, ἀΞ|υ], d= ia. d, =|v,| so that 


| d,+d=|u,+u|, d,+d=|v, +I], 
and therefore 
| dy -αἰ =| ψ(ωξ +09) -- (Vu? +0?) |S] uy τῶ ἜΤυ, τὸ]. 
In the same way we have, w and w, being real, 
| W(ud + of + wt) — ν(ω +0? + w8) |S] uy τῶ + |v, -v] +], ταῦ]. 
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Now for wu, v put f'(t,), σ΄ (ἐ,) and for u,, v, put f'(r+), σ΄ (τῇ) 
respectively ; then 
| Μ{{{{τΦ}}" + σ΄ (τ7}}5 - VES (Ee)? + 9’) 9 | 
S| f'(te) -f'(t,)| +1 9"(te) - σ΄ (ἐ,}}. 
But f’(é), σ΄ (ἢ) are continuous and both τί and τῇ lie between 
t, and t,,, ; therefore, given ε, we may choose 7 so that 


IF (te) Ft < de, |9"(te) -- σ΄ (ἐ,}} < $e, 
if only ¢,,, -t,<, r=0, 1, 2,...,.—1. Hence we have 
SOF ee)? + 9’ (te) = VALS (Ee)? + [9 ((,}}5 +s 
where | a, |<eif t,,, —¢, <7, so that αἱ, tends uniformly to zero 
when ἐν —¢, tends to zero. 
We now have, using the form (3) 


"-} 
li, ΞΩ [{{{ (te)? + σ'((,)}} α,](ὑρ — er) 


and therefore, since the function //{{f'(é)}* + [g’(é)]*} is con- 
tinuous, by applying ὃ 107, (D,) we see ἀν [,—> l where 


=| ror+tomrat=|  {{5) +(G) pan ὦ 


If P is the point ¢ on the curve and arc AP =s we have, with 
6 as the variable of integration, 


o=(/{ (a5) + (GB) ΒΥ (δ) 


and, for a curve in f(t 


.- ν᾿ { (a) ay + (By | ao. sespatatauniene deans (6) 


Note. The class of rectifiable curves may obviously be 
extended to include a curve of the following type (a composite 
curve). Let the curves AC,, C,C,,...,C,B be joined up at 
the points Οἱ, Οἷς, ... , C,, so as to form one curve A B and suppose 
that A, C,, C,,...,C,, B are the points ἐγ» t,t, ...,tm, T 
respectively where {,<t,<t,...<t,<7. If the functions 
ff), g(é), (ἢ are continuous for 4; StS T the curve AB is 
continuous ; if also the derivatives f’(t), σ΄ (ἐ), δ΄ (ἢ) are con- 
tinuous for each of the closed intervals (ty, t), (ty; te), --- » (Ems Z') 
then each part AC), C,C,,..., C,,B of the composite curve is 
rectifiable, and the sum of the lengths of the parts AC,, 
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C,C,,..., C~B is defined to be the length of the curve AB. At 
the points C,, C,,...,C, one or more of the derivatives 
(ὃ, 9’), Δ΄ (ἢ will usually be discontinuous and there will be 
two tangents at such a point, there being an angle between the 
backward and the forward tangents at the point (as at the 
point H, p. 161, Fig. 33 of the Elem. Treat.). The simplest 
example is that of a “‘ broken line” AC,C,... C,,B in which 
each of the parts AC, C,C,,..., C,B is a straight line and no 
two consecutive parts are collinear. 


Cor. 1. The expression for 8 as an integral in (6) gives 


aC CEC) ee ω 


and therefore, in terms of differentials, 
(83 = dar? + dy? + dz ......ὐννννννννννοννννον (B) 


(The corresponding expressions deducible from (5) are obtained 
by supposing dz to be identically zero.) The equation (f) 
holds whatever the independent variable may be. 


Cor. 2. If y= q(x) and if y(x) and φ' («) are continuous for 
ax2s<6, the curve has the freedom equations 7=#, y= (1), 
so that, replacing ¢ by x, we have 


ds* = dx? + ἀν" ={1 + [p’(x)] 3dz?, 
and ϑ =["/a +- [p’(&)] 3a é. 


Similarly, in three dimensions, we may write 
r=t, y= p(t), “= y(t), 


and ὁπ [J+ [9 El*+ Lv ENME, 
Cor. 3. Iffort,<Sts Τ the functions f(), g(t), h(t), f’(t), σ΄ (ἢ), 


h’(t) are continuous and the derivatives are not all zero for the 
same value of ἐ, the function s defined by the integral (6) is a 
continuous, monotonic, increasing function of ¢ and ds/dt as 
well as s is continuous. Hence ὁ is a continuous, monotonic, 
increasing function of 8 and x, y, z may therefore be taken as 
functions of s which, with their first derivatives, are continuous 
functions of 8 for the range 0<s<1 where / is the length of AB; 
that is, the curve AB may be represented by freedom equations 


of the form a= F(s), y=G(s), z= H(s). 
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In this case dz/ds, dy/ds, dz/ds are the direction cosines of the 
tangent to the curve at the “ point s,” as is easily seen ; the 
derivatives dx/dt, dy/dt, dz/dt are proportional to these direction 
cosines (for a plane curve dz may be taken to be identically zero). 


Ez. 1. If the curve AB is plane and given by an equation r =f(@) in 
polar coordinates, show that 


ds* eh +r*d6?, 


8 ἰν τ +( 5) }a6 + constant. 


In the equation ds* =dx? + dy? aes x=rcos 0, y=r sin 6; then 
dx =cos 6dr -rsin θάθ, dy =sin 0dr +r cos 6d0, 
so that ds* =dr*? +r7dé?. 
Hz. 2. If for a curve in space the coordinates 2, y, z are changed to 
spherical polar coordinates r, 6, φ by the transformation 
x=rsin 6cosy, y=rsin 6 sin y, z=r cos 9, 
show, in the same way as in Example 1, that 
ds* =dr* + 1rd 6? +r? sin?6 dg. 

Here dx=sin 6 cos ydr+rcos 6 cos φαθ —r sin θ sin φάφ 
with similar expressions for dy and dz; substitute in the equation 

ds*? =dx* + dy? +dz* 
_and the result follows. 

Hx. 3. If A, and A,,, are the points ¢, and t,,, respectively on the 
curve AB, prove that the ratio of the chord A4,A,,, to the arc A,A,,, 
tends to unity when A,,, tends along the arc to A,, or, when t,,,—1,. 

For simplicity suppose AB a plane curve. The integral (5) gives 


tp, +1 
arc 4.4.4} ν (01  ἘΓσ΄(Ὁ)]5) t= (ἐ,.. — GELS (tr) P+ {σ΄ (τ,}15 


where t, lies between ¢t, and t,,,. Also by § 115, equation (2), 
chord 4,4,.1 = (tps ~ ty LS (te) FP +[9’(27) }9 
where τύ and τῇ both lie between #, and ἑ;, μ1- 
But, as proved above, if ἑν, μι -- ἔφ - ἡ, we have 


ἱν{} τ Ὁ}}} Ἐἰσ (τ7)}}}} - VS (te) P +19(t) 1 « ε 
and therefore 
chord 4,44,1 1 ᾿Ξ εξ 
are 4,4,,. | Pe) ΣΤ στ ,}}} 
so that, if f’(¢) and g’(t) are not simultaneously zero for t,St=t,,,, the 
ratio of the chord to the arc tends to unity when A,,, tends to A,. 

This property of the ratio of chord to arc was assumed previously 
(£.7. p. 109) as an axiom; with the definition of what is meant by 
‘“‘ the length of a curve,”’ Based on the integral, the axiom now appears 
as a theorem capable of proof. ! 
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Ex. 4. Prove Example 14, p. 361, of the Elementary Treatise. 


Ex. 5. Ifacurve is represented by freedom equations 2 =f(s), ... , the 
parameter s being the length of the arc from a fixed point on it up to 
(x, y, 2), and if accents denote derivatives with respect to 8 (x’ =dz/ds, 
x” =d*x/ds*, ...), prove that 

z’n” ιν ν᾽ +2’2" ΞΟ, 
and if 9-?=(x”)?+(y’)?+(z”)?, show that the line whose direction 
cosines are 02”, ey”, ez” is perpendicular to the tangent to the curve at 
(x, y, z). Find also the direction cosines of the line 
that is perpendicular to these two lines. 
Note that (x)? +(y’)2 +(2’)2? =1. 


116. Curvilinear Integrals. Let y= (2), 
where 9(x) is single-valued and continuous 
for the range aSxz<b, be the equation, 
referred to rectangular axes, of the curve 
APB (Fig. 1), A being the point (a, a’) and B 

A the point (ὁ, 6’). 
me: Suppose that F(z, y) is a single-valued 
function of x and y where y=9(x) and form a division 
[@, 21, Vo, +++ 5 Xp, Ὁ] of the interval (a, δ). Take &, such that 
LS b,SXy41, let yn, =G(&,), and consider the sum S,, where 


n-1 n-1 
S,, = F(E,, Qr)(Cr41 — Lr) ΞΣ FLE,, φ(ξ,)(, — Xr). 


Definition. If, when n tends to infinity in such a way that 
the length (x,,,—%,) of each sub-interval (x,, 2,,;) tends to 
zero, S, tends to a limit, that limit is called an integral of 
F(x, y) along the curve AB (a curvilinear integral) and is 
denoted by the symbol 


| Fe. y) dx. 


The limit will certainly exist if F(z, y) is a continuous 
function of ὦ and y because F'{z, y(x)} will be a continuous 
function of x for the rangea ΞΞ ὦ ΞΞ ὃ, since (x) isso. Thesum 
S,, is in this case merely a particular example of the general 
theorem in integration, so that 

F(x, y)dx= va Si =[ Fee, y(x)} dx. 
AB a 


Ή,-» ὦ 


ΤῸ is supposed in what follows that F(x, y) is a continuous 
function of x and y. 
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The definition can be extended to cases in which y is not a 
single-valued function of x. Consider the curves [Fig. 2, 


(x), (β), (y)]. 


-“» ee πὰ «» ὦ “Ὁ 


ὃ 
& 
% 
Ὁ. 


Along AC let y=9,(z), αΞΞ xc; along CD let y= q,(z), 
c2x2d; along DB in (a) and (f) y=9,(x), d<Sa<b; while 
in (γ) «=d along DE and ψ -- φ,(α), dSa<b along EB. 

The functions ,(x) and F{zx, p,(x)}, r=1, 2, 3, are supposed 
to be single-valued and continuous in the respective intervals ; 
along D# in (y) x is constant and the integral arising from DE 
is therefore zero. Thus the integral along AB is defined as 
the sum of the integrals along AC, CD, DB (or DE and EB), 
each of which has a definite value : 


δ ἃ 5 
J yeue =|¥ ἱσ, φι(α))άα + | Fe, P2(x)} dar + | Pe, a(x) }dae 


=| F(x, y) dx +{ F(a, y) dx 4 F(x, y) da. 


In the same way the curvilinear integral 


[ Ce y) dy 


is defined, x being a single-valued continuous function y(y) say, 
of y when every line parallel to the z-axis meets the curve AB 
in only one point at most, or different single-valued continuous 
functions y,(y), y2(y), --- when a line parallel to the z-axis may 
meet 4B in two or more points. | 

Again, the curve may be closed, like a circle or an ellipse : 
in this case B coincides with A and the direction of describing 
the curve may be indicated by taking two points C, D on the 
curve and using the form ACDA instead of AB. 

The definition may be extended to a curve in space. If the 
curve is defined as the intersection of the cylinders y= (zx). 
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z= y(x) and if F(x, y, 2) is a single-valued function of 2, y, z 
the curvilinear integral 


{ F(x, y, z)dz 


means [ Fe, p(x), p(x)} dx 


where a, ὃ are the x-coordinates of A, B respectively. Corre- 
sponding definitions hold for integrals with respect to y and z. 


117. Area. Let y=F (x), where F(x) is single-valued and 
continuous for the range a<2<), be the equation, referred to 
rectangular axes, of a curve CD and let AC, BD be the ordi- 
nates at C, D so that AC=F(a) and BD=F(b). The area of 
a polygon—that is, a closed plane figure bounded by straight 
lines—has a definite measure, but when the boundary of a 
closed figure consists in whole or in part of curved lines the 
method by which the measure of a polygon is determined is 
no longer applicable and the measure of the area of such a 
figure needs definition. The measure may be defined in the 
following way. | 

First, suppose that F(x) is positive for a<xv<b and take a 
division [@, %,, Xa, .-., %,-,, 6] of the interval (a, δ). Let M, 
and m, be the maximum and minimum values of F(z) in the 
sub-interval (%,, x,,,) of length h,(=2,,,-2,), and let A,P, 
and A,,,P,,, be the ordinates F(x,) and F(zx,,,). The figure 
A,A,.,P,.,P,—where P,P,,, is the arc of the curve CD between 
P, and P,,,—lies between the two rectangles whose areas are 
M,h, and m,h, respectively. Thus the figure ABDC lies 
between two sets of rectangles whose total areas are S and s 
respectively where 

n—-1 n~1 
o= > Yh, and s= > m,h,. 
r=0 r= 

When n->o and each h,->0 the numbers S and s have a 
limit which is the same for each, namely, the integral 


[ F(a) de. 


This integral is defined to be the measure of the area ABDC, 
or more simply, the area ABDC, when it-is obvious that its 
measure is in question. 
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The extension to other cases then follows exactly as is shown 
in §§ 80 and 128 of the Hlementary Treatise; the rule for 
determining the sign of the area, § 80, p. 187, and § 128, p. 318, 
should be noted. 


118. Area of a Closed Curve. Let ACDA be a closed curve 
without a double point, and let its freedom equations be 


B= fb) Y= 90)s. ἰξ νους τωι ὺ ος bd ευκδνα τος (1) 
the point (x, y) describing the curve as ¢ varies from ¢, to 7. 
If ἢ and ἐς are unequal values of ¢ and if both lie between ¢, 
and 7 the points ¢, and ἐς will be different because the curve 
has no double point ; on the other hand, the points ᾧ and T 
are the same. 

If it be assumed further that f’(¢) and σ' (ἐ) are continuous 
in the interval (f,, 7) it may be proved, as in ὃ 128 of the 
Elementary Treatise, that when the point (x, y) moves round the 
curve in the positive direction the area enclosed by the curve 
is given by each of the three integrals 


dy τ ἂν dx 
[3 dt, -- qt al (Ὁ ἐν SOE osseasoat (2) 


The functions f(t), f(t) and g(t), g(t) are by hypothesis 
continuous and therefore the curve ACDA is rectifiable. 

Next suppose that the closed curve is a composite curve, that 
is, aS explained in the Note, ὃ 115, a curve formed by joining 
up the curves AC,, 0,C2, CoC, ..-, CaCO: CmA at the points 
C1, Co, -.-, Om, A. If A is the point ἐρ (or 7 since the curve 
is closed) and Cj, C,,...,C, the points ¢,, t,,..., tm, Where 
ly<ty<tg< ... «ἐ, - 1, and if the functions f(é) and g(t) give 
the coordinates x and y of any point on the curve, we assume 
(i) that f(¢) and g(¢) are continuous in the closed interval (tf, 7') 
and (ii) that f’(¢) and g’(t) are continuous in each of the closed 
intervals (ἐρ» ¢,), (4, {4}, --- » (tm, Τὺ). The curve is rectifiable and 
the area enclosed by the curve will still be given by the integral 
(2). 

One or more of the curves AC,, C,C,,... may be straight 
lines ; in particular they may be segments parallel to one or 
other of the coordinate axes. For example, AC, might be 
part of the z-axis, C,C, and AC,, parallel to the y-axis while 
the abscissae of the points C3, C,,... , C,,_, might all lie between 
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the abscissae of A and ΟἹ ; in this case the closed area is “" the 
area under the curve C,,C,,” just as (H.7'. p. 185) the area 
ABDC is the area under the curve CD. 

It is sometimes useful to define f(¢) and g(t) for values of ¢ 
that lie outside the interval (é, 1); the definition is simply 
to make them periodic, with period (7 -- ἐρ), so that 


f[n(T -t)+4] =f), g{n(T -t) τ ἢ =9(d), 
where n is any positive or negative integer. 
Again, if the origin of coordinates be changed and the axes 
turned through an angle « the old and new coordinates, (x, y) 
and (&, 7) are connected by equations of the form 


x=&cosa-—ysina+a, y=ésina+ycosat+b. 


Now since the (closed) curve is rectifiable the length s of the 
arc, from a fixed point on the curve up to the variable point 
(z, y), may be taken instead of ¢ in the freedom equations; 8 
will be taken to be positive when measured in the direction 
that is taken as the positive direction of motion of the point 
(z, y). If 118 the length of the curve, its area is given by the 


integral 
af (a ds 4 a ds, 
and it is easily proved that this is equal to 
l dn 
a[ (Zl - 


so that the number that measures the area is independent (as it 
should be) of any particular coordinate axes. 

Note. Conditions to be satisfied by a curve. It will be 
assumed in all that follows that a curve may be defined, in the 
manner illustrated, by freedom equations x =f(t), y=g(t) where 
*(¢) and g(t) are continuous and the derivatives (ἡ) and g’(t) 
wm general continuous—that is, continuous except for a finite 
number of values of t. A curve as thus defined is both recti- 
fiable and quadrable—that is, any are of the curve has a 
definite length and the area enclosed by the curve (if it be 
closed) or the area bounded by the x-axis, an arc AC (for which 
the ordinate is single-valued) and the ordinates at A and C is 
measured by a definite number. 
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EXERCISES XIV. 


1. A curve is given by the freedom equations 
x =a cost -- ζ(α -- δ) cos* t, y =b sint +4(a -- δ) sin*#; 
the length of the curve, measured from the point t =0, is 
4(a +b)t -- ξ(α —b) cost sin t. 
2. The length of that arc of the curve 
| 4(a? + y?) --βϑαξαἶ +02 

which lies in the first quadrant is 3a and the length of the whole curve 
is 6a. 

3. The length of each of the following curves is x +z, when the point 
on each curve from which the length is measured is properly chosen : 

(i) 2ay =z, 6a*z =25 ; 


(li) Yy=np/(a? -- “Ξ), z=ha log 2 == _ 4a; 
εἷς ὡς τὰ ἢ ἀλη. ων τὸ a+x 
On), SG Br (2), ΞΕ a Sage (Schlémilch) 
4. The whole length of the curve given by the freedom equations 
ΠΕ tf +1? (Zi mn ah ᾿ 
276 “85:1. 3511. BRS 
is “3 πα. 


5. If «=a οοβθ, y=asin θ, z=c0, show that 8 =,/(a? +c?) . 4. 
6. If x =at cost, y=at sin t, z=ct, show that 
s=f(at+c2+a%)24 27° ma log (eae ey 
(a? +c?) 
7. If x=acoshtcost, y=acoshtsint, z=at then s=./2.asinhi. 
8. Given that 


2 =a.cos % cos 0 +bsin % sin 6, 2=/(63 -a4)(1 -cos 3"), 


y =acos ὅπ sin θ ~bsin® cos 6, 


show that s=6z/a. Prove that a tangent to the curve makes a constant 
angle with the z-axis. 
9. On the sphere given by the freedom equations 
x=asin θοοβῳ, y=asin Osing, z=acos 8, 
a curve is determined by the equation sin @coshng=1; show that, if 
n=cota, the length of an arc, measured from the point (0, 0, a) is 


a@seca and that the curve cuts the curves g=const. at a constant 
angle («). 
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10. The area enclosed by the curve 
αΞ(α3 + ψϑ)β(δ3.3 +a?y?) = (a? ΨΥ δ3)33.»5 
is 2b(a -- δ)3(2α -- δ)3αϑ. 
11. The area enclosed by the curve 
a*(b2x? +.a%y2)3 = (a? — b2)2bex6 
is 32b(a? -- b?)2/8a3. 
12. Show that the curve given by the equation 
x4 + 4x7y* -- 6a2x7? +a*=0 
consists of two ovals and that the area of each oval is πα. 
13. A curve is given by the equations 
x=acos 0, y=a(2 +sin 8) sin? 6/(3 + cos? 6) ; 
show that the area enclosed by it is (16 — 9./3)na?/,/3. 


14. The area enclosed by the curve (2? + a*)5y? =a) (a2 —22) can be 
expressed in terms of Gamma Functions. 


Be μ (x? +y2)dx = -- ξα(αϑ 203) where ABA’ is the upper half of 
Β A’ 


the ellipse x?/a? +y?/b? =1, A being the end of the major axis A’A that 
lies on the positive side of the origin. 


16. | sy dx round the cardioid r=a(1 —cos 6) is ὅπαϑιά. 


17. | yz dx along the curve defined by the equations 
x=acos 0, y=asin 0, z=cé 
from the point (a, 0, 0) to the point (a, 0, 2πο) is — n®a%e. 


18. | (ydx +zdy+adz) along the curve in which the planex+z=R 


intersects the sphere z?+y?+z?= FR? is equal to —2R?/,/2; the path 
begins at (ΕΚ, 0, 0) and lies at first in the positive octant of the sphere. 


fed 


19. | [(y* +22)dx + (2? +2%)dy +(x? +y*)dz) = —2nab?, when the path 


of integration is that part for which z=0 of the intersection of the 


surfaces 
v2? +y2?+2%2=2axr and x?+y%=2b2, a>b>0; 


the path begins at the origin and runs at first in the positive octant. 


119. Integral as Function of a Parameter. When the 
integrand contains numbers y, z,... besides the variable of 
integration x the integral will usually be a function of these 
numbers or parameters as they are often called when they 
become subsidiary variables ; these parameters are constants 
so far as integration with respect to x is concerned, but they 
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usually vary within some prescribed range.. Some properties 
of the integral as a function of one parameter, y say, will now 
be considered ; the discussion when there are more parameters 
than one may be carried out on similar lines. 

The integrand F(x, y) is assumed to be single-valued and 
bounded and the integral of F(x, y) over (a, δ) will be denoted 


b that 
Nene fy) =| Fee, yd. 


Further, the function F(x, y) is supposed to be defined for a 
region bounded by a closed curve, the boundary being included 
in the region, and every curve is assumed to be rectifiable 
(§ 115, Note). 

The property of f(y) that will be first considered is its 
continuity and the following simple examples give some 
suggestions regarding the behaviour of f(y) when discontinuities 
occur in F(z, y). 


Hz.1. Let F(x, y) be defined for the square bounded by the lines 
«=0, =a and y=0, y=a as follows: F(z, y) =a* +y? for all points of 
the square except for the sides x =0, x =a and the diagonal x =y, in 
which cases F(x, y) =0. 

By integration it is found at once that f(y) =ay? + 4a°, so that though 
F(x, y) is discontinuous for all points (except the origin) on the lines 
τεῦ, στὰ and ὦ =y the integral f(y) is a continuous function of y in 
the closed interval (0, a). 

The three lines x =0, 2 =a and x =y are called lines of discontinuity 
for the function F(z, y). 


Ex.2. The same as Ez. 1 except that F(x, y) =0 when y =a so that 
the line y =a is a fourth line of discontinuity. 

In this case f(y) =ay? +4a2 when 0=y<a but f(y)=0 when y=a 
so that f(y) is discontinuous at the end a of the interval (0, a). 

If F(x, y)=0 when y=b<a, as well as on the other four lines of 
discontinuity f(y) would be discontinuous at b as well as at a. 


Hx. 3. For the cube bounded by the planes x =0, x =a, y=0, y =a, 
z=0,z=a, let F(a, y, 2) τε ν +y? +22 except for points in the planes 
«=—y and «=z in which cases F(a, y, 2) =0. If f(y, z) is the integral of 
F(x, y, 2) with respect to x over (0, a), show that f(y, z) is a continuous 
function of y and z in the square given by y =0, y =a and z =0, z =a. 

Consider the continuity of f(y, z) when the planes y =a and z =a are 
also planes of discontinuity for F(x, y, 2). 


Discontinuities. The integrand F(z, y) will be assumed to 
be in general continuous in its region of definition but it may. 
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be discontinuous at a finite or at an infinite number of points 
in the region. When the number of points of discontinuity 
is infinite they will be restricted by the condition that they 
will be assumed to lie on a finite number of curves (including 
straight lines) none of which is parallel to the x-axis or can be 
cut by a straight line parallel to the x-axis in more than a finite 
number of points. At a point (2,, y,) of discontinuity (x, y) 
will be assumed to be defined—that is, F(x,, y,) will have a 
definite value; the precise value does not matter so long as it 
is finite. 

When the discontinuities satisfy the above conditions they 
may be said to be normal; if a line of discontinuity is 
parallel to the z-axis this case must be explicitly stated and 
discussed. 

Of course if x is the parameter and y the variable of integra- 
tion the normal discontinuities of F(x, y) would exclude lines 
of discontinuity parallel to the y-axis while no line of dis- 
continuity would be met by a parallel to the y-axis in more 
than a finite number of points. 

Notation. When the region of definition is the rectangle & 
bounded by the lines x=a, x=b and y=a’, y=b’, the region 
will, for brevity, be sometimes called ‘the rectangle 
R(a, a’; b, b’); the points (a, a’) and (δ, δ) are opposite 
vertices of the rectangle. 


120. Continuity with respect to a Parameter. Suppose first 
that F(x, y) is defined for the rectangle R(a, a’; ὁ, 6’). 

ΤΉΒΟΒΕΜ I. Let F(x, y) be integrable with respect to x for 
every fixed value of yin R. 1} F(x, y) ts continuous im R or has 
only normal discontinuities in R then f(y) where 


Ὁ 
fy) =| F@, yd 


is a continuous function of y for the range a’ Sy ΞΞ δ΄. 
Case (i), F(x, y) continuous. Let ὁ and c+k be two values 
of yin ἢ ; then 


7(6- Δ) -f(c) - {Γ(α, c+k) -- F(x, c)}dz. 


Now F(z, y) is continuous and therefore, by the property of 
uniform continuity, there is a positive number ἢ such that, 
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whatever value x may take in (a, δ), ε having the usual meaning, 
| P(x, c+k) - F(a, c)|<e if |k| <n, 

and therefore | f(¢ + 1) —f(c) | < e(b-a) if [8 | «-η. Hence f(y) 

is continuous at ¢ where c is any number in (a’, b’) so that Fly) is 

continuous in the (closed) interval (a’, δ). 

Case (ii), F(x, y) discontinuous. 

Let there be one curve of discontinuity DD’ (Fig. 3) and let 
it be met by a parallel to the z-axis in only one point at most; 
say that y=c meets DD’ 
where 7 =a. 

If 6 is an arbitrarily small 
positive number it is possible 
to choose 7 so that if (z, y) 
is in either of the rectangles 
HF (a,c—n; «~6,¢+n) and 
GH(«1+6,c-—7; ὃ, 6 - Ἢ) the 
function F'(z,y) is continuous. 
If | F(x, y) | < M in the small 
rectangle /G whose centre is the point (x, 6) the contribution 
from that region to the difference | f(c +4) -- F(c)| is less than 
2M x26 when |k|<y7. Since 6, and therefore 4M6, is 
arbitrarily small it now follows by Case (i) (because F(x, y) is 
continuous in the rectangles HF and GH) that J(y) is continuous 
at c. 

If there were more lines of discontinuity than one the line 
y=c would meet these in a finite number of points at most, 
say the points which had «a, ας, ... &, respectively for 
abscissae. The neighbourhood of each of these points (a,, c) 
could be treated as has been done in the case of the point (a, c); 
the contribution to | f(c +) —f(c)| from these neighbourhoods 
would be less than (mx4M6) when [1 [Ξ η, and therefore 
would be arbitrarily small. Outside the small rectangles with 
centres («,, 6) the function F(z, y) is continuous so that Sly) is 
continuous. 

Note. It is now clear that there will be no loss of generality 
in assuming that there is only one line of discontinuity and, as a 
rule, the proof will be given for only one line. 

Suppose next that F(x, y) is defined for all points inside or 
on the boundary of an area D, bounded by a closed curve C. 
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ΤΉΒΟΒΕΜ II. Let F(z, y) be integrable with respect to x 
for every fixed value of yin Ὁ. If F(x, y) 1s continuous in D or 
has only normal discontinuities in D then f(y) 1s a continuous 
function of y. | 

The curve C will be assumed to be such that it can be cut by 
a line parallel to either axis in not more than two points; if 
this condition is not satisfied it will be assumed that the area 
may be divided into a finite number of parts for each of which 
the condition is satisfied, so that when the theorem has been 
proved for one part it will hold for the region composed of the 
sum of the parts. See, for example, Fig. 11 (a); the lines 
PQ, RS and TU divide the area into three parts each of which 
satisfies the required condition. 

Let C be the curve EFGH (Fig. 4). The curve lies wholly 
between the lines x=a, x=b and y=a’, y=b’ and we suppose 
that the equation of HG is x= 9¢,(y) 
and that of HFG is x= ¢,(y), so that 
g(y) and g,(y) are each single- 
valued, continuous functions of y for 
the range a’ Sy SO’. 

The theorem to be proved can be 
reduced to the Theorem I in the fol- 
lowing way. Let the function F(z, y) 
be defined so that F,(x, y) = F(a, y) for 
all points inside or on the boundary 
of the area HFGH, but F,(z, y)=90 
for all other points in the rectangle ABB’A’. If the curve C, 
that is, EFGH is taken as a line of discontinuity for F(z, y) the 
discontinuities of F(z, y) are the same as those of F(z, y) and 
in addition those that lie on C. The function f(y) where 


f(y) =| Pye, y)da 
is continuous for a’ <y<b’ by Theorem I. But if y =-ON =c, 
st NS φε(6) 
f(c) =| F(z, ode =| F(x, c)dzx =| E(x, c)dx 
NR’ NR φι(ο) 


because F,(z,c)=0 if NR’Sx<NK or if NS<xzs NS’ and 
F,(x,c)=F(z,c) if NRS«x< NS. Hence f(y) is continuous 
at c and c is any number in (α΄, 6’). 
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The curve C may of course consist in part of straight lines. 
For example, C might be formed by the arc FGH and the 
straight lines HA, AB, BF. 


Ex. 1. It F(x, y, z) is bounded when (gz, y, 2) is any point of the 
cube given by z=0, x =a, y =0, y =a, 2 =0, z =a, and if 


fly, 2) =| F(x, y, z)da, 


show that f(y, 2) is a continuous function of y and z if F(z, y, 2) is 
continuous or if, when discontinuous, its discontinuities all lie in the 
planes x =y and x =z. 


Ex. 2. If F(x, y, z) is bounded when (2, y, z) is any point in the 
tetrahedron whose vertices are the points (0, 0, 0), (a, a, a), (a, a, 0) 


and (0, a, 0) and if y 
f(y, Ζ) =| F(z, Ys z)ax, 


show that f(y, 2) is continuous if F(z, y, z) is continuous or if, when 
discontinuous, its discontinuities lie in the plane x +y +z =a. 

121. Differentiation and Integration. Consider first the 
differentiation of f(y). 

Differentiation. With the notation of the preceding article 
let F(x, y) and the partial derivative dF /dy be continuous 
functions of and y in the rectangle R; then f(y) has a deriva- 
tive given by the equation 

ἀξ)  (° oF (x, y) dé 
dy a Oy 
that is, given “‘ by differentiating with respect to y under the 
sign of integration.”’ 
If y and y+ are both in (α΄, δ΄) we have 
Fy +k) -fYy) _ [= yt+k)~ P(x, y) 7 [ OF (2,41) 3 
k Ὲ k a oy / 
where, by the Mean Value Theorem (§ 34), y, lies between y 
and y+k. But by hypothesis 0F'/dy is a continuous function 
of x and y, and therefore 7 can be chosen so that, for a<a2<b 
and α΄ ΞΞ ψ 33 δ΄. 
OF (x, ψι) Oe OF (x, y) 
oy 

If we now write | 

Fy +h) -fYy) _ [=e Y) doe 4 [ OF (@,y;) oF (α, De 
k « oy al oy oy 


- ε if |k|<n. 


equation (1) follows at once. 
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If a and b are not constants but differentiable, and therefore 
continuous, functions of y, write f(y) in the form f(y, a, δ) and 
then the total derivative is given by 


af of, of da ofdb 
dy dy dady ὃὺ ἀψ᾽ 


τὰ: 5: γα, 9), 3|-- — F(b, y), 
and δέον is wae . equation (1) so that 
ΟΝ [ OF (x, Y) 1... da db 
dy a oy da F(a, Way Κι, Woy eo ccccces (2) 


Cor. A curvilinear integral is reducible to an ordinary 
integral and therefore the above investigation applies to the 
integral of F(x, y, 4) when F and 0/'/0/ are continuous functions 
of x, y, A. If the points A and B are fixed 


d _f oF(z, y, 4) 
al. F(a, y, ade =| ΠΣ aa dx. oierece-b les ew oe (3) 


Integration. The function f(y) may, as we have seen, be 
continuous for a’ Sy’ even though F(z, y) is discontinuous 
in ὦ, but for the present F(x, y) will be supposed to be con- 
tinuous in #; f(y) is therefore integrable over (α΄, δ΄) and the 
integral may δ written 


[\t (yay -ἰ [ F(z, y) dis} dy = [ ἢ F(x, ψγ)άν ......(4) 


the latter form being the usual one. The two-fold integration 
gives a ‘‘ repeated ”’ (or “" iterated ’’) integral, with the meaning 
that ‘‘ F(x, y) is to be first integrated as to x, the parameter or 
variable y being treated as a constant in this first integration, 
and then the ler of the x-integration is to be integrated 
with respect to y.”’ 

It will now be proved that if F(z, y) is continuous in ἢ we 
may interchange the order of integration and write 


[ foray = [aul Fe. yao =| deel P(x, y)dy sees (5) 


so that the integral of f(y) is found ““ by integrating u under the 
sign of integration.”’ 

The integrals of F(x, y) over (a, 6) with respect to z and 
over (a’, δ΄) with respect to y exist and are continuous functions 
of y and x respectively so that both of the repeated integrals 
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in (5) exist. Let ¢ be any chosen number in (a, ὃ) and put ¢ in 
place of ὃ in both of the repeated integrals in (5); both of these 
integrals will be zero if =a, and therefore they will be equal if 
their derivatives with respect to ¢ are equal. 

Let φ(έ, y) and y(z) be defined as follows : 


[Fe ndz=olt, ν), [ Τῷ, ydy=vle), 


then we ae 


5 ᾿ “dg(t, 
“ayy F(x, y)dz = of ote y)dy = [Pe ay 
and therefore = F(t, y)dy. 
Again : 
ὦ ft ὦ [" 
1], 40} Fle, γ)άν -- 3. ψ(α)άς τε ψί(ὴ 
and therefore = F(t, y)dy. 


ὑ’ t t 
Thus [«ν] F(x, y)dx =| ἀν [ Fe, y)dy, 


and ¢ is any number in (a, δ), so that ὃ may be put for ἐ. 

It must be noted that this change in the order of integration 
without change in the value of the repeated integral assumes 
that the limits a, ὃ and a’, b’ are constants. 

For an extension of the conditions on which this change of 
order of integration is allowable see § 126. 


,a>0, b>0, 


og dé 
Βα ΤΠ] -| sassy eb aint BB) 


show by Spee I with respect to a and ὃ that 


(i) ( cos?6 40 ee 
\q (α cos?@ +6 sin?@)?” 4 aa/(ab)’ 


(ii) ( cos*@ sin*0d0@ 2 1 
ὁ (a2 cos?6 +6 sin?6)* 16 ab,/(ab) 
Here (i Of -{ ieee. ds ae το ες 
δα Ἶρ (a cos*d +6 βἰ 30): 4 an/(ab)’ 


(ii) 821 εἰ 2cos*6sin?6d0 π 1 

0b δα ‘Jo (a 6083θ0 - ὦ 5:.30})8 8 abs/(ab) 

The usual forms are obtained by putting a? and 0? for a and ὃ respec- 
tively after differentiation. 


» ete. 


310 ADVANCED CALCULUS [CH. xX. 


122. Double Integrals. Let A be an area bounded by a closed 
curve C and F(x, y) a function of two independent variables 
a and y that is single-valued and bounded in A ; the integral 
of F(a, y) over the area A will now be defined and, as the 
preliminary considerations that lead to the definition are in 
substance identical with those on which the definition of the 
integral of a function of a single variable is based, the statement 
of them may be made in a condensed form. 

Let a division, D say, of the area A be made by dividing it 
into n elementary areas Gj, 0p,---, %,, Which may for brevity 
be called meshes; for example, the meshes may 
be formed by drawing two sets of curves that 
ἡ cover the area like a net (Fig. 5). The longest 
chord d, of the mesh o,—that is, the upper 
limit of the distance between two points on the 
boundary of o,—will be called the diagonal of 
the mesh, and the area o, will tend to zero 
in all its dimensions when d, tends to zero. 
Obviously o,< ἀξ; there can be no ambiguity 
in using the symbols o,, A to denote both the areas and their 
measures 

Now let UM, m and M,, m, be the upper and lower bounds 
of F(x, y) in A and in o, respectively ; the sums S and s where 


n n 
S=>) M,o,, 8-- δὴ M,0, 
r=1 r=1 


are called the upper and lower sums respectively for the 
function F(x, y) and the division D of the area A. 

The properties 1... 5 stated for the sums S and 8 in ὃ 102 are 
also true in this case, the nomenclature used in the discussion 
being suitably interpreted. Thus, the division D, of the area A 
is consecutive to the division D if it 1s focmed from D by 
dividing one or more of its meshes into two or more smaller 
meshes. The division D, is formed by superposition of the 
divisions D and D, when the net for the division D, contains 
all the lines that are present in the nets for the divisions D 
and D,; of course, when a mesh of D, coincides completely 
with a mesh of D that.mesh appears only once in Dg. 

The change from the work of § 102 to the present case is 
simply made by substituting ‘area A’’ and “‘ mesh o, ”’ for 


22222222222224 
.2222222222222 
TY 


Fia. 5 
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‘interval (a, 6)”’ and ‘‘sub-interval (z,, x,,,)”’; for “hy<h” 
such a phrase as ‘o,< d?”’ or “d,<d” will be used. As an 
example, consider the property 3, § 102. 

Let o, be a mesh of the net for the division D and S the upper 
sum for that division. If 0, is divided into two or more meshes 
0;, o;,-..in which the upper bounds of F(z, y) are M!, M7’,... 
respectively, and if S| is the upper sum for the new division 
121 which is consecutive to D (σ, alone being divided), then 


S—-S,=M,o, -- (Mio. + Mirror +...) 
=(M,-Mt)o,+(M, Μῆησί +... 
since o,=c,+0,+.... But Mj, MY,... are each less than or, 
at most, equal to M, and M,< M while M}, M’,... are each 
not less than m ; therefore 
ΟΞ ὃ -- ΘΊΞΩΙ -m)o,<(M -- m)d? if o,<d? ......... (x) 
If μ of the meshes (u <7) are each divided into two or more 


meshes, thus forming a division D, consecutive to D, and if 8, 
is the new value of S, then 


OSS -Sy< p(M -- mM)? oes (B) 


when the diagonal of each mesh in the division D is less than d. 

It is therefore merely a repetition of § 103 to show that S 
and s tend respectively to the lower limit Z and the upper limit! 
when » tends to infinity in such a way that the diagonal of each 
mesh tends to zero. On account of its importance Darboux’s 
Theorem will be stated explicitly. 

Darboux’s Theorem. Jf D is a division of the area A for 
which the upper and lower sums are S and 8 respectively then, to 
any given ε, where ε is an arbitrarily small positive number, there 
corresponds a positive number d such that 


0<S-L<e, 0Sl-s<e, 
when the diagonal of each mesh is less than d. 
Or, 5-- ἢ and s—>1 when n tends to infinity in such a way that 
the diagonal of each mesh tends to zero. 
Note. For the special but important case in which ὦ τοὶ the 


theorem may be put in the form : If one division of the area A 


can be found for which S-—s<e then 8 and 9 tend to limits 
which are the same for both. 
For, (i) S and s are bounded and S28; (ii) S is monotonic 


312 ADVANCED CALCULUS [CH. X. 


and decreasing and therefore tends to a limit LZ while s is 
monotonic and increasing and therefore tends to a limit l. 
The condition that L=1 is then simply S —s<e. 

Double Integral. Definitions. The limits LZ and / are called 
respectively the upper and the lower double integrals of F(z, y) 
over the area (or field, or region) A and are denoted by the 
symbols 


L={ Fix, y)do, ι- F(x, ψ)ασ. 


If 1.:-ϊ, the common limit of S and 8 is called the double 
integral of F(x, y) over the area (or field, or region) A, and is 
denoted by the symbol 


| F(x, y)do. 
A 

The symbol do corresponds to the elementary area o,, and 
is often called ‘‘ the element of area ’’ ; the letter A annexed to 


the symbol of integration indicates the area over which the 
integration is taken. Other notations will be given later. 


123. Division of the Area. In the division D of the area A 
the meshes o, may be of any shape ; the limits of S and s exist 
provided the diagonal of each mesh tends to zero. The 
division of the area into elementary rectangles by lines parallel 
to the coordinate axes is, however, of special importance, and 
the form taken by the sums S and s for this case will therefore 
be explicitly stated. 

Let the area be the rectangle & given by 

x=a,x=b and y=a', y=0’, 

and let [@, 2, %,.--, Um, 0} and [@’, yy, Yo, «+» 5 Κα.» θ] 
be divisions of the intervals (a, δ) and (α΄, δ΄) into m and n 
sub-intervals respectively ; parallels to the coordinate axes 
through the points of division of these intervals will divide 
the rectangle R into mn rectangular meshes. If h, =(2,,, —2,) 
and k,=(y,; -- ψ4)ὴ the area of the mesh, o,,, say, bounded by 
the lines x=2,, ©=2,,, and y=Y,, γ =Ys41 18 h,k, ; the diagonal 
d,,, of this mesh is ,/(h? +k?) and the mesh o,,, tends to zero 
in all its dimensions if and only if h, and k&, each tend to zero. 
At the boundary of the area, when it is not a rectangle, the 
meshes will usually be only part of a rectangle. 


§§ 122, 123] DIVISION OF THE AREA 313 


If M, m and M,,,, m,,, are the upper and lower bounds of 
F(x, y) in αὶ and in o,,, respectively, then 


S=>,M,,, bik, 8= >) my, hgh ccccceecccceee (1) 
T,8 T, 8 


where 7 and s take independently the values 0, 1, 2,... , (m—1) 
and 0, 1, 2,..., (~—1) respectively. S will tend to L ands tol 
when m and v tend to infinity provided that ,/(h2+k2) tends 
to zero; the order in which m and n tend to infinity is irrelevant. 


A slight variation in the proof of the property, ὃ 122, (β), namely, 
0=S -S8,< p(M -m)d 
is needed. Take é so that x.< &<x,,, and draw through ξ a parallel 
to the y-axis. 
Each of the n rectangles 0,, 9, σ,» 1, ...» Sr: n—1 Will be divided into two 
rectangles, and if S{ is the new value of S we shall have 


n-1 
0=S ~S,<(M -m)h >) k,=(M —m)h(b’ -- ΑἽ, hy « ἢ. 
s=0 
If 7 is now taken so that y,< ἡ < y,,, and a parallel drawn through ἡ 
to the z-axis Sj will become S{ where 
0=8S;,-S{<(M-m)k(b-a), ks<k, 
and therefore 
ΟΞΞ S -S{<(M -—m){h(b’ -a’) + k(b -a)}. 


More generally, if D, is derived from D by inserting » numbers 
between a and ὃ and yp’ numbers between a’ and b’, the sum S becoming 
S,, we shall have 


0=S —-S,<(M -m){uh(b’ -- a’) + μ' ζ(ὃ —a)} 
where h,<h, kz<k for r=0, 1,..., (m-1) and s=0, 1,..., (η -- 1). 
It is obviously possible to choose h and k so that 
(M —m){uh(b' —a’) + u’k(b -- a)} < δε 
as required (see ὃ 103, equation (4) ) for the proof of Darboux’s Theorem. 


Ea. Establish the result for an area A bounded by any curve C by 
enclosing A in a rectangle R, as in ὃ 120, Theorem 1]. 


The meshes of § 122 may of course be rectangles with sides 
parallel to the coordinate axes, but the division of the area 
just discussed supposes that the meshes are arranged in a 
particular way, namely, in such a way that if z,<é<z,,,, the 
line x = € runs through a whole set of meshes of the same width 
(%4, -- 2,), and if y,.<n<y,,, the line y=7 runs through a whole 
set of meshes of the same height (y,,, — y,). 
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In the more general case of § 122 the corresponding sets of 
meshes would usually have different widths and heights. 

The rectangular mesh suggests another notation for the 
element of area in the double integral, namely 


[ Fee, y)(deay) 


where (dzdy) takes the place of do ; for the present the brackets 
are retained in the symbol for the element. 

For polar coordinates the element of area would be (r dr 40) 
and the integral of F(r, 6) would appear as (see #.7'. p. 338) 


[ F(r, 6)(rdrd6). 


124, Integrable Functions. The condition for the integra- 
bility of a bounded function follows at once from Darboux’s 
Theorem. 

Condition of Integrability. The condition that the bounded 
function F(x, y) should be integrable over an area A 1s that, ε 
being given (as usual) there should be a positive number ἡ such 
that S—s will be less than ε when the diagonal of each mesh in 
the division of A for which S and s have been calculated is less 
than n. Or, S—s must tend to zero when the diagonal of each 
mesh tends to zero. 

It will be useful to state here another form of the definition 
of the double integral. If (ξ,, ἡ.) is any point in the mesh o,, 
then τι, <F(é,, n,) Ξ M,, and therefore 


a= 2, m,0, >) F (E,, N)OrS Dy M,o,=8 


so that | F(x, y)do= 0 DF brs Me)Op. «-ὐννννννννννςς (1) 
If the meshes are rectangular and (é,, 7,) any point in (4,4,) 
[ Fe. y)(dxdy) = {0 DF (Ep, nadlbglig. vesvveeceeee (2) 


'In each case the limit is taken for the: number of meshes 
tending to infinity in such a way that the diagonal of each mesh 
tends to zero. | 
. The position of the point (&,,7,) in the rectangle (h,k,) is 
arbitrary ; it is permissible therefore to choose £, so that the 
point chosen in each of the meshes contained between the lines 
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σφ τες, and x=2,,, shall have é, as its abscissa. The limit given 
by (2) cannot be affected by this choice. 

Of the functions that are integrable the first and most 
important class is that of continuous functions. 

I. If F(x, y) is a continuous function of x and y in A, then 
F(z, y) is integrable over A. 

The bounds M, and m, are values of F(x, y) since F(z, y) is 
continuous in A. Further, by the property of uniform 
continuity, the number 7 can be chosen so that (M,-m,) will 
be less than «/A for every value of r, and therefore 


5-ὁς Ξ(Σ σ, , that is, <« 
r=1 


when the diagonal of each mesh is less than 7, and this is the 
condition for the integrability of F(x, y) over the field A. 


Cor. If F(z, y)=1, (dx dy) =A. 


II. If F(z, y) is discontinuous in A, but if its discontinuities 
are either finite in number or else, if infinite in number, all lie 
on a finite number of curves then F(z, y) is integrable over A. 

It must be remembered that F(x, y) is bounded and that 
every curve is supposed to be rectifiable. It will be sufficient 
to prove the theorem for the case (Fig. 6) in 
which f(z, y) is discontinuous at all points 
on the curve #F and on the part GFH of 
the bounding curve C. 

Draw curves abc and def which will cut out 
the lines of discontinuity from the area A; 
in the remaining parts, A, and Ag, of the area 
A the function F(z, y) is continuous. 

Now the curves abc and def may be drawn so close to HF 
and GFH that the area they cut out of A will be as small as 
we please, say less than ε[4}ὖὦὄ0 where M is the upper limit of 
F(x, y)in A. (Since the curves are all rectifiable, this assump- 
tion is easy to prove, if it be not considered to be “ obvious.’’) 
The contribution to S —s from this area is therefore less than 
2M x (ε[4}ΠῚὴ, that is, less than de. 

The curves abc and def, when chosen as stated, are to be kept 
fixed. In the areas A, and A,, F(z, y) is continuous and 
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therefore, as in Theorem I, there is a division of A, and A, 
such that the contribution to S—s from these areas is less 
than ζε. Therefore a division of the area A has been found 
for which S — s<e and thus F(z, y) is integrable over A. (See 
Note, § 122.) 

If there were other lines of discontinuity the method of proof 
would be the same. 

Cor. If F(x, y) is integrable over A the values of F(z, y) 
may be arbitrarily changed at isolated points in A or at all 
points on a finite number of curves without changing the value 
of the integral, provided the new values of F(x, y) are finite. 
It would be sufficient to reckon these isolated points, or the 
curves, among the discontinuities of F(x, y); the function 
would still be integrable over A, and it is evident from the 
nature of the proof of integrability that the value of the integral 
would not be changed. 


125. General Theorems. The following theorems are so 
simple that their formal proof may be left to the student. The 
functions F(z, y), F,(x, y) and F(z, y) are supposed to be 
integrable over an area A. 


1. | CF (x, y)do=0| F(x, y)do, C =constant. 


π. | Pyz, ν) Τα, yido=[ Fy(x, νγάσ-ε [ Pax, y)do. 
ΠῚ. The product F(x, y) F.(x, y) 1s integrable over A. 


IV. The quotient F,(x, y)/F.(x, y) is integrable over A if 
|\F.(x, y)| 2c>0in A. 


V. When F(x, y) ts integrable over A so is|F(x, y)| and 
Ι F(x, y)do <| | F(x, y)| do. 


VI. If the area A is divided into a finite number of partial 
areas A,, Ag,..., 


[ F(z, ydo=| Fe, ν)άσ- Fea, y)do+.... 


VII. Mean Value Theorem. If F(x, y) 1s positive or zero in 
A then the integral of F(x, y) 1s positive or zero. Hence wf 
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F(x, y)=9(2, y) p(x, y) tt may be deduced, as in 8111, that +f 
p(x, y) 20, and 
σξξ γία, y) SG, when (2, y) 18 in A, 


(i) of P(x, y)doS [ P(x, ψ)ψία, y)doS af P(x, γ)άσ; 


(i) | oe, ν)ψία, ν)άσ-- Κ[ φία, y)do, 9S K SG; 


(iii) of p(x, y) ts continuous in A, 


J P(e, y) (a, y)do= ψίξ, 7, p(x, ψ)άσ, (ξ, ἡ) in A. 


Note. In the next article it is proved that when the dis- 
continuities of F(x, y) are of a certain type the double integral 
of F(x, y) can be expressed as a repeated integral. It will 
subsequently be assumed that this restriction on F(z, y) is 
made, unless it is explicitly stated to be removed. 


126. Reduction to Repeated Integrals. It will be assumed 
that, if the function F(z, y) is not continuous, all its discon- 
tinuities lie on a finite number of 
curves none of which can be cut by 
a line parallel to either axis in more 
than a finite number of points ; with 
this restriction on the discontinuities 
the double integral of F(x, y) exists. 
This restriction is not necessary, but 
these admissible discontinuities in- 
clude a very wide range of functions. 
(See also § 127.) 

Consider first the case in which the 
field of integration is the rectangle ABB’A’, or R, given by 
x=a, στοῦ, y=a’, y=b’ (Fig. 7); then by ὃ 124, (2), 


| Fw, y)(dx dy) =limit of >) F(E,, 7,)hyky 2.00006 (1) 
where r takes the values 0, 1, 2...,(m-—1) and s the values 


0, 1, 2,..., (7 -- 1) while m and n tend independently to infinity. 
First, let no, the numbers h,, ξ,, m being kept constant, 
and consider the sum S,, where 


n-1 
S,= 24 Df tee 8) ae ce ener (2) 


318 ADVANCED CALCULUS (CH. X. 


ξ, 18 supposed to have the same value in every mesh that lies 
between +=2, and x=2,,,. 

The function F(é,, y) is a bounded function of y in (α΄, b’) 
and therefore when n-> (and k,->0) it has upper and lower 
integrals, y(é,) and w(é,) say, where 


Pb’ b 
o6)=[ Fn vay, vEd=[ Fen ν)άν. «........) 


But, by hypothesis, F(é,, y) bas at most a finite number of 
(finite) discontinuities and therefore φίξ,) = y(&,) so that 


L 8n=9(8) = ED=[ Fler NY. cores (4) 


, In (1) let m now tend to infinity ; the limit exists since it is 
equal to the double integral. Hence 


[ Fe waean= LS) 96). =f ole)de «(8 


so that |? (x, y) (dx dy) =| dx [7 (DA) CY. κοῖς ρον εν νος (6) 


Next, let m tend first to infinity, k,, 1, and n being kept 
constant. As before, we find 


L "SFE, ndh, =| F(a, n,) da 


m—>o r=0 


and [ F(x, y)(dx αν) = [ay [ P(x, γ)άκχ. ...... (7) 


The double integral is thus expressed in two different ways 
by repeated integrals and the repeated integrals are equal 
because each is equal to the double integral. 

As a corollary we have an extension of the conditions for 
the validity of changing the order of integration in a repeated 
integral with constant limits; namely, af the discontinuities 
of F(x, y) in the rectangle R satisfy the restriction stated at the 
beginning of this article, change of order of integration is per- 
missible, that is, 


: ; 
[ dy | F(x, y)dz =| dx [ Fe. y)dy. 


Consider next the case in which the field of integration is 
the area A bounded by the curve C or EFGH (Fig. 7); it is 
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supposed for the present that C cannot be cut by a parallel 

to either axis in more than two points. This case can be 

reduced to one of 16 Teotangle R given by z= α, ὦ Ξε me y= =a’, 
y=b'’, ; 

Let F(x, y) _ Flr, y) when the point (z, y) is on or inside C 
but F(z, y)=0 when the point (2, y) is in R but not on or 
inside C. The lines AB, A’B’ and 4A’, BB’ touch the curve C 
at H, G and H, F respectively. 

The equations of HEF and HGF may be taken to. be 


y=MP=9,(x) and y=MQ = ¢,(2) 
respectively where x=OM ; a’=MP’, b'=MQ’. 


| bp’ 
Now | Fic. y)(de dy) = 2} F,(x,-y)dy. 


since the investigation for the rectangle R remains valid 
provided the curve C is considered to be a curve of discontinuity 
for F(z, y); the curve C satisfies the condition for a curve of 
discontinuity. But F,(z, y)=0 for all points of R that are 
outside the curve C so that 


[ Fue, nidzdy) =[F(,  (dedy), iP File v)dy=| Flev)dy 


and 
i ὦ ὃ be). ; 
| Fe. y)(dx dy) =| ax ; “he WAY. Msetisiudinc en ageseey! (8) 


In the same way it may be seen that if the equations of HH@ 
and HFG are , 


t=NR=y,(y) and c=NS= »,(y) 
respectively where y=ON, we find 


| Fe. y)(da dy) =[av f° F(a, y)dx. srevevseeree(Q) 


When the area A is bounded by a curve that may be cut by a 
line parallel to an axis in more points than two, it may be 
divided into a finite number of partial areas A,, A,, ... bounded 
by curves Oj, C,, ... each of which cannot be cut by a parallel 
to either axis in more than two points. The integral over A is 
the sum of the integrals over A,, A,,..., and the reduction to 


repeated integrals is made for each partial area. (See Fig. 11.) 
G.A.0, M 
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Notation. It is usual, in view of the expression in terms of 
repeated integrals, to denote the double integral by the double 


symbol {| and to omit the brackets round dzdy ; thus 


[[ Fe y)dx dy, [|Fe. y)dx dy, [ F(x, y)do. 


(See also 1.17. § 136.) 


Ex. Integrate F(x, y) over the area A bounded by the circle 
(x - a)? +(y -- B)? =e. 
The tangents to the circle parallel to the y-axis are 
e=o0-c=a and «=a+c=). 
The values of y for a given x are 
MP = B -- J/{c? -- ( -- α) and MQ = B τ μίοξ -- (x —a)?} 
where the root is positive. Hence 


a 
4 


I =({_ F(a, y)dxdy -| ε dee Fee, VEY seccseccceceses. (i) 


and there is a similar form if integration is first made with respect to x. 
Frequently, however, it is preferable to use the polar element of area, 
rdrd@. In this case transfer the origin to (a, 8) and then change to 
polar coordinates (7, 6) so that 
x=a+recos 0, y=fh+rsin 0. 
The limits of 6 are 0 and 22 and of r are 0 and c; therefore if F,(r, 6) 
is the value of F(x, y) in terms of r and 6. 


2τ 
1-|} Γι, 6)rdrdo=| ταν] Γι, θ)άθ. 
Α .0 0 


Since the limits are constants the order of integration is easily 
changed. 
It will be a good exercise to work out the value of the integral by 
both methods when 
F(x, y) =xy?/{c? — (ὦ — a)? —(y — BY}, 
and to verify that the value is the same for both. It should be noted 


that ar t 
| (A sin?@ cos 6 + B cos*"6@ sin 0)d6 
0 


is zero when m and n are positive integers or zero; much needless 
labour is saved by attending to a simple matter like this. 


126a. Another Proof. Let S and s be the upper and lower 
sums given by equation (1) of ὃ 124 for the function F(z, y), 
the field of integration being the rectangle R; the upper 
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integral Z and the lower integral / of F(x, y) over R exist and 
satisfy the inequalities 
ISS iV Bs. sen tag eacothanesen ceases (1) 


The only restriction on F(z, y) is that it is single-valued and 
bounded in the rectangle R. 
It will be first proved that 


tl cb’ ὃ δ' 
[ dx { Fe ydySb, | Ἢ; F(x, γγάν 2: 1. «..Ψ. (2) 


A little consideration will show that the various steps in the 
proof that involve upper and lower integrals are legitimate. 

Darboux’s Theorem, ὃ 122, shows that, given ε as usual, it 
is possible to choose ὦ so that when the diagonal of each mesh 
is less than d we shall have 


LaS=) ΜΙ ἐ Ως Σ Ἰ ΑΝ ρωλυκἐοενλνλ βόδι (3) 
Υ, 8 


If x is fixed, say x=&, where 7,< &,<72,,,, the function 
F(é,, y) of y has an upper integral, g(é,) say, and 


w=) Fin vdy sD) Mos ke 
Again, 9(x) is a function of z which has an upper integral 
over (a, δ) and, if M, is the upper bound of (2) in (2,, 2,43) 
[ oe\des DU h,< Σ My hk < Le. 
a r 7,8 


But ε is arbitrarily small and therefore 


[ φί(π)άςχ -[ dx [ F(x, ψ)άν SL. 


Let it be noted that the inequalities for the lower integral 
corresponding to those in (3) for the upper integral are 


l-e<xs=))m,,,h,k, Sl, 
and it may be proved in the same way that 
b pb" 
ls | dx | F(x, y)dy. 


Thus the relations (2) are established. 
Suppose now that F(z, y) has a double integral over R ; 
in this case L =/ and the repeated integrals in (2) will therefore 
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also be equal to each other and to the double integral of F(z, y). 
Hence if 


rb’ δ' 
| | Fe. y)dy=| Fee, UDG). aia ecstatic ....(4) 


| : 
and therefore = P(x, y)dy, 


we have 
: ὃ b! b b’ 
[ Fle, ydedy)=[ ax [ Ῥῷ, ν)άν -- [ ax | P(e, vay, 
that is, ᾿ 


| F@, y)(de dy) = [ae [ Fe. oe sc Npaaeeesehiaeiotieds (5) 


If, however, the two integrals in (4) are not equal the 
repeated integral 


br’ 
[ ac] F(x, WAY cracecineicsactetete dius (6) 


is equal to the integral of F(z, y) over & whether the upper or 
the lower integral with respect to y be taken; equation (5) 
will therefore hold even in this case provided (5) is interpreted 
by (6). 

A similar investigation shows that equation (5) holds when 
the order of integration is changed. The general theorem 
when the field of integration is not a rectangle is dealt with 
as before. | 

Note. The student should, before reading the following 
articles, work through the Examples 1-6 of § 130. 


127. Conditions for Repeated Integrals. There is one exten- 
sion of the conditions prescribed in Article 126 that may 
be noticed. If one of the curves of discontinuity were a 
straight line parallel to a coordinate axis the double integral 
would still exist but there is a peculiarity as shown by the 
following simple example. 

Ex. For the rectangle R given by x=0,x=1, y=0, y=1, let 
F(x, y) =1 except when x =}, and let F(4, y) = +1 for irrational values 
of y but F(4, y) = —1 for rational values of y. 

From the rectangle FR cut out the rectangle given by 
| x=}t-e, c=ht+e’, y=0, y=l, 
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where « and ε΄ are positive and arbitrarily small, and let R’ be the area 
that is left. The double integral of F(x, y) over R’ is (1 -- ε -«’) so that 
the integral over R is, by definition, equal to unity. 

Again 


; δτε [1 1 1 
| F(a, yd dy) =| Δα 1 .dy +| 4] ] ἀν ΞΞ] -- ε -- ε' 
JR? 0 0 t+e’ 0 


1 t-e 1 (1 
| F(x, y)(dx dy) =| dy| ldz +| αν) 1 ἀχ-Ξ} --ξ -- ε' 
Δ’ o 60 9 /$+e’ 


and therefore when ¢ and.e’ tend to zero we find in this case 
Ι 1 1 1 1 
|| Τα, y) da ἂν =| ac| P(x, y) dy =| αν] Τῷ, y)dx. 
ο΄. 


1 
The point to be noted is that | F(x, y)dy does not exist for the value 
0 


4ofx; if f(z) denote this integral f(x) is discontinuous for z=}. When 
x2 τοὶ the upper integral of F(x, y) is +1, the lower integral is —1 and 
their difference measures the discontinuity of f(z) when x =}. 


In general, if the lines x=c,, x=Co,...,%=C,, are lines of 
discontinuity, and if f(x) is given by 


᾿ 
fle) =| Fle, ν)άν, 


f(x) will be discontinuous at c,, C.,...,¢, (see ὃ 119, Ex. 2, 
interchanging x and y), but f(x) will still be integrable since 
the number of discontinuities is finite. A similar remark holds 
when there is a finite number of lines of discontinuity parallel 
to the x-axis. 

It may be stated that one of the repeated integrals may exist 
or even that both may exist and be equal and yet the double 
integral not exist. (See Hobson’s Functions of a Real Variable, 
Ist Ed. p. 428.) The existence of one or of both of the repeated 
integrals is no warrant for assuming the existence of the double 
integral. 


128. Volume. Area of a Curved Surface. The equation of 
a surface, the axes of coordinates being rectangular, is in general 
of the form (2, y, z)=0, and a line parallel to the z-axis may 
meet the surface in more points than one ; a part of the surface 
which is met by a line parallel to the z-axis in not more than 
one point will be represented by an equation of the form 
z= F(x, y) where F(z, y) is single-valued and continuous. 
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Suppose now that F(z, y) is single-valued, continuous and 
positive (or at least not negative) when the point (x, y) is in 
an area A bounded by a closed curve C and lying in the plane 
z=0. A cylinder which has the curve C as its section by the 
plane z=0 and its generators parallel to the z-axis will intersect 
the surface z = F(x, y) in a curve C’ of which C is the projection 
on the xy plane ; let V be the volume that is intercepted by the 
cylinder between its base A and the portion of the surface 
bounded by the curve C’. The measure of the volume V will 
now be defined. 

Let the volume V be divided by two sets of planes parallel 
to the yz and zx planes respectively into elementary volumes 
that may be called columns ; the area A will at the same time 
be divided into meshes that are, except possibly near the 
boundary, rectangular. If o is a typical mesh and if Κ᾽ (2, ψι) 
and F(x, y,) are the least and greatest values of F(z, y) when 
(x, y) is a point in o, the column which has o for base will lie 
between two cuboids (that is, rectangular parallelepipeds) 
which have as their measure the products F(x, y,)o and 
F (22, ψο)σ. Hence the volume V will lie between two sets of 
cuboids whose measures are S and s where 

S=X F(x, ψω)σ, 8 ἘΣ F(x, Yi) 9, 
and the summation extends over all the meshes of A. 

Now F(z, y) is continuous in A and therefore S and s have 
a common limit when the number of meshes tends to infinity 
and at the same time the diagonal of each mesh tends to zero ; 
this limit is the double integral of F(x, y) over A and is taken 
as the definition of the measure of the volume V or, when the 
measure of the volume is obviously meant, simply the definition 
of V. Hence 


v= Fe, ydo=|| Fe, y)dx dy. = Soeveete (1) 


Further, since the integral is independent of the shape of the 
meshes so long as the diagonal of each mesh tends to zero, the 
element of area do is itself arbitrary in shape. 

Again, if there are two surfaces or two parts of the same 
surface that are each met by a line parallel to the z-axis in only 
one point, their equations will be of the form z= F(z, y) and 
z= F(z, y), so that if F(x, y) is greater than or equal to F(z, y) 
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the volume intercepted by the cylinder between the surfaces 
will be 


[ Fucdo-[ Τί, νγάσ-- [ Ue.) - Fe, wide. 


The form of the result shows that the formula holds even 
when F(z, y) is negative as would be the case, for example, 
if the surface were the sphere 2? + y?+2%=a? and 


F,(x, y) =(a2 2? -y?)? and F(x, y)= -- (a? -- αΣ -- ψϑγ- 
If the curve C is HFGH, Fig. 7, p. 317, then 


Μη , VS 
ye [ dz | Fra, y)dy=[ dy | F(a, y)dz. 


When C may be cut by a line parallel to an axis in more points 
than two, it may be divided into a finite number of curves each 
of which will be cut by a line parallel to an axis in not more than 
two points and the volume would be given by the sum of the 
integrals over the partial areas. 


Ex. 1. The volume intercepted between the plane x+y+z=a and 
the paraboloid 2az =z? +y? is given by the integral 


" {(a —x—-y* ΞΕ 9. dx ἂν =4na* 


where A is the area bounded by the circle z =0, x? + y? + 2a(a + y) = 2a’. 

Here F,(x, y)=a—a”-y and F(x, y) =(x* +y*)/2a and these surfaces 
intersect in a curve whose projection on the zy plane is the circle. For 
the evaluation of the integral see § 130, Ex. 6. 


Area of a Curved Surface. If S is the part of the surface 
z= F(z, y) that lies within the curve C’ it is natural to assume 
that it has an “ area,’”’ but as the surface is not in general a 
plane surface some definition is needed of the measure of such 
an area. This definition will now be given. 

If p =dz/dx =F /dx and q¢ =0z/dy =F /dy, and if y is the acute 
angle between the z-axis and the normal to the surface at 


τανε cos y= |(pt+ gt+ 1) "| 


hence, if » and 4 are continuous, and therefore finite, when the 
point (x, y, 0) is in the area A, the normal will not be parallel 
to the xy plane and therefore no tangent plane at any point of 
S will be perpendicular to that plane. It is assumed that p 
and g are continuous. 
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- The column: (in the:-previous. construction) which has the 
mesh o for its base will cut the tangent plane at any point 
P(x, y, 2) of the surface 
that is inside the column 
in a quadrilateral ¢,totot, 
(Fig. 8). The area, o’ 
say, of this quadrilateral 
is osecy because o is the 
projection of o’ on the zy 
plane. The sum of all 
the quadrilaterals for the 
meshes of A is 


asec y.o=2,/(p? + q? + 1)σ. 
Now /(p?+q7+1) is a 
Hage - continuous function of ὦ 

and y and therefore when the number of meshes tends to infinity, 


the diagonal of each mesh tending at the same time to zero, 
this sum has a limit, namely the integral 


| J/ (p72 + φῇ 4+ I)do. 


This integral is defined to be the measure of the surface S or, 
as before, the definition of S when it is the measure that is 
clearly meant. Hence _ 


s=| Π(ς τ: τα} do, sehen) 


In the next article it is shown that this measure of the area 
is independent of any particular choice of the coordinate axes. 
See also Exercises XVI, 33. 

From equation (2) it follows that dS =do sec y, so that, if 
dS is the measure of a small area of the surface at P, 


χε -: Le Lo =F; 08 7=1. 


o—+o F σ-» 
Hence, in finding dS we may alii o’ for dS—that is, we 
may suppose the area 6S to be the quadrilateral ¢,t.f,f, that lies 
in the tangent plane at P and the arcs that bound the area 6S 
to be the sides of the quadrilateral. When o is a rectangle o’ 
may be taken to be a parallelogram of which a is the projection ; 
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the area o..may, however, be of any shape, as was noted in 
dealing with the integral (1). 

If the surface is a cylinder, y = f(x), it is obvious that dS =dzds 
where ds is an element of the curve, z=0, y =f(x).. 


_ x. 2. Apply the integral (2) to prove that if A, B, C are the points 
in which the plane tja+y/b +z/c=1 
cuts the coordinate axes the area of the triangle ABC is 
3/(b%c? + c2a? +a%?). | 
Here p= --οἰα, g= —c/b, and therefore 


2 72 | 
5 -΄ν (ι +5+5) dz dy, taken over the triangle OAB 


= $/(62c? + οΞα3 + 47b?). 
The integral thus gives the usual value, so that the two methods of 
measuring the area agree in this case. 


Hx. 3. The area of the surface of the paraboloid az =z? +y? that lies 
between the planes z =0 and z =a is 42(5,/5 -- 1)a?. 

The projection on the zy plane of the curve in which the plane z =a 
cuts the paraboloid is the circle (A) given by z =0, x2 +y? =a?; therefore 


s=|| \(S+4 fy" +1) dedy. 


Now transform to polar coordinates. (See also § 129, Ex. 5.) 


129. Curves on a Surface. Element of Surface. Let the 
coordinates z, y, z of a point P in space, the axes being rect- 
angular, be defined by the equations 


x=f(u, v), Y=G(U, Vv), ZHR(U,V) ...(εννννννος (1) 
where f, g, h and their first derivatives with respect to u and v 
are single-valued, continuous functions when u and v vary 
independently. within some given range. If the Jacobian 
“Of, 9) ; 
O(u, v) 
functions of x and y and, when these functions are substituted 
for u and v in h(u, v), an equation, z= F(z, y) say, is obtained 
so that the equations (1) define a surface. It will be assumed 
for the present that the above Jacobian is not zero. 

When » is constant, say v=%, and τ varies, the equations (1) 
define a curve, C(vy) say, which lies on the surface and, similarly, 
when wu is constant, w=u,, and v varies, they define another 
curve Cup) on the surface ; the values u, and v; determine a 


is not zero wu and v can be expressed as continuous 
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point P, on the surface which may be called “‘ the point (up, v») ”’ 
—that is, the point on the surface in which the curves C(wp) 
and C(v,), that is, w=u, and v =v, intersect.* 

The direction cosines of the tangent at the point (εν, v) to the 
curve C(v), that is, v=constant, are, by ὃ 115, Cor. 3, pro- 
portional to the derivatives /,, 9,, 4,, and those of the tangent 
to the curve C(u) are proportional to the derivatives f,, 90» hy, 
so that, by the usual formulae of three dimensional coordinate 
geometry, if 1, m, n are the direction cosines of the normal to 
the surface at (u, v), 


ae ἘῚ 
σι, σ, - χισαΞΤη 
where 
97, =Guly — MQ: J,=h,f, —fihy, Cea (2) 
H=fitguthi, P=fufotGugothuh, G=fo+gi the 


If 6 is the angle between the tangents at (wu, v) to C(u) and 
Civ), = /(EG).cos6=F, (EG) .sin@=,/(EG@ -- F?) ...... (3) 
and it is easy to prove that at the point (u, v) 

dz J, Oz dy 
ox ae Pas oy τῶν eeeceaeteseernesseneseoens (4) 


Again, an equation between wu and v will define a curve 
C which lies on the surface. If P is a point (2, y, 2) or (u, v) 
which lies on C and if s is the length of the arc AP, measured 
from any fixed point A on C, then (§ 115, Cor. 1) 


ds* =dx* +dy? +dz?. 
Now dz=f,du+f,dv, dy=g,du+g,dv, dz=h,du +h,dv, 
and therefore ds*= EH du*+2F dudv+G dv? ....««τνννννννν νος (5) 


If s, and s, are the lengths of the arcs of C(v) and C(u) then 
dv =0 for C(v) and du =0 for C(u) so that 
8, = JH du, dsp = JSG dv ἀφο ες κε νυξὶ (6) 
where ,/# and ,/G are to be taken as positive. The direction 
cosines of the tangent to C(v) are dz/ds,, dy/ds,, dz/ds, ; but 
dx Oxdu _ dy dz 
ds, ~ Ou ds, ΞΕ, ds, =9,//H, ds, —=h,/,/E, 


* See Bell’s Coordinate Geometry of Three Dimensions (2nd Ed.), pp. 348-352, 
with the references in the Footnote on p. 352. 
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with similar expressions for the direction cosines of the tangent 
to C(u), so that as before ,/( HG) cos 0= F. 

Suppose now that the curvilinear quadrilateral in Fig. 8 is 
that which is determined by the curves C(u), C(v), C(u +du), 
C(v+dv); the quadrilateral ¢,é,¢,t, in the tangent plane may, 
as has been seen in ὃ 128, be substituted for 6S and considered 
as a parallelogram with sides ds, and ds., so that the element of 
area dS is given by 


dS =ds,ds, sin 0 =,/( HG) du dv sin 0 =,/(EG -- F*)du dv ...(7) 


where ,/(HG — F?) is positive. The area S is given by the 
integral 


8 -[ JEG -- F2)dudv. ......νννννννενννννν (8) 


Suppose next that the Jacobian J, or (390 -- 9ι.0) is identically 
zero. The functions f(u,v) and g(u,v) are therefore not 
independent so that f and g, or x and y, are connected by a 
relation, v(x, y)=0 say. In this case the surface is a cylinder 
with generators parallel to the z-axis; it may be given in 
general by the equations 

x=f,(u), y=9y(u), 2=h(u, υ), 
where ἢ, and g, are functions of wu alone. 

Here F=h,h,, G=h?. If we take simply z=v then F=0 
and G=1. 

If a second Jacobian, J, say, were also zero so that an 
equation y(y, z)=0 would hold in addition to 9(z, y)=0, the 
equations (1) would represent a curve and not a surface. 

Change of axes. If the coordinate axes are changed to 
another set of rectangular axes with a new origin (a, b, c), the 
usual equations of transformation give, ἔξ, 7, ¢ being the new 
coordinates, 


e=athéE+my tne, y=b 41,6 +..., z=c+l,é +.... 
The known relations between the direction-cosines /,, ... , τς give 
ds* =dz? +dy? +dz*=dé +dn*? - ἀξ, 
so that the values of #, F', G are not changed and therefore the 


value of S, given by the integral (8), is not changed. Thus 
the measure of the area is independent of the coordinate axes, 
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as it should be. The functions HL, Κ΄, G are independent of any 
particular choice of coordinate axes, so that the value given by 
(8) depends solely on the surface. 
Change of parameters. If the parameters wu, v are changed 
to u,, v, by the transformation 
U=P(U,, V1), V= Y(U,, V,) ἀπ: ΟΝ eG 
I> “179 lo “19 δ(ιι,, v,) ἢ 
and if #,, F,, G, are the new values of HL, F, G, it is not hard to 
show that / (L1G, — ἢ = (16 -- F?).| J |, 
and therefore (by ὃ 134, Problem I), 


| | (EQ -- F%)dudv -[[ (6, - F)du, doy. 


Hence S is independent of the particular parameters w, v, as 
well as of any particular set of coordinate axes. 


Ex. 1. The curves C(u) and C(v) are orthogonal if F =0. 
For cos θ =0 and therefore 6=2/2 when F =0. In this case dS takes 
the simple form ./(HG@) dudv. 


Ex. 2. For a sphere of radius R we may put 
x=Rsin@cosg, y= sin 6 sin 9, z=R cos 0 
and dS =F? sin 6 d6 dp 
Here 6, y take the place of u, v and 
E=f?, F=0, G=R? sin?6; (HG) = R? sin 6. 


Ex. 3. For a surface of revolution about the z-axis we may put 
xZ=uUcosv, y=usinv, z2=F(u) 
and. dS =/{1+[F’(u) udu dv. 
Ez. 4. If the curve given by the polar equation r=f(@) makes a 
complete revolution about the initial line 
dS =JS{[ f(0)P +0 F(8)}}7 sin θ d6 ἀφ. 
Here we may take 
x =f(0) cos 0, y=f(0) sin @ cosg, z=f(6) sin θ sin φ. 
Ex. 5. For the paraboloid of ὃ 128, Example 3, we may put 
x=uUcosv, y=usiny, 2=ur/a 
and ΕΒ =(4u? +a*)/a?, F=0, G=u?. 
The 2442 an 2 
" 5: “ντ οὶ dudv=| dv PN aS ) du, 
J 0 θ᾽ 


so that S= 5 (5/5 ~)a*. 
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Ex. 6. If z=0 so that the surface is a plane surface, show that the 
area enclosed by a plane curve C is given by 


{85 


δία, v) ἄμ dv. 


229)" See § 134, Problem I, Cor. 


In this case ZG -- F? = 5 : 
(u, v) 


130. Worked Examples. Some examples will now be worked 
out to illustrate certain elements in the evaluation of double 
integrals. 

When a double integral is given the first consideration is to 
determine the field of integration, and the student is strongly 
recommended to sketch, roughly it may be, the area over 
which the integration extends. There is no necessity for a 
detailed drawing, but the essential elements of the figure 
should be noted. 


Ex.1. Evaluate \\ xydxdy, the field being the positive quadrant 
(that is, the quadrant in which both x and y are positive) of the circle 


x? +4? =a, 
A figure shows at once that the integral is 
a /(a? — 2%) a ν(αϑ — 2?) a 2 ,γ 4 
| de | xy dy =| «Δα ydy =| ee) ae =. 
0 990 0 0 


0 
ἔχ. 2. Evaluate | y dx dy over the part of the plane bounded by the 


line y =x and the parabola y = 4a -- x’. 

The line and the parabola intersect at the points (0, 0) and (3, 3); 
the field of integration is that segment of the parabola that lies above 
the line, and if the ordinate MP at the point P(x, y) on the parabola 
meets the line at Q the limits for the integration with respect to y are 
MQ =x and MP=4x -2x? while the limits for the x-integration are 
Oand 3. Thus 


4x -- x* 
(\ydeay =| dee | y dy =5£ =10- 8. 
0 x 


Ea. 3. Integrate (x? + y*) over the circle x? + y? =a?. 

In this case rectangular coordinates are laborious and it is simpler to 
suppose that the area is divided by the use of polar coordinates r, θ. 
The element of area is then (Ε.1'. p. 338) rdrdé@ and the integrand is 7? ; 
the angle θ will vary from 0 to 2x and r from 0 to a. The integral is 


2 a 4 
therefore “a9 redr = : 
0 JO 


Ez. 4. Integrate F(x, y) over the positive quadrant of the ellipse 
w/a? + y7/b? = 1. 
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This example is taken to illustrate the method of changing 
the variables of integration in a double integral ; at each stage 
the diagram should be drawn. The integral is 

[Pax ("He ydy, νι τε (a? -- αὐ. 
0 Jo | 

Now let y =bn, dy=bdn. The limits for ἢ are 0 and n, =* /(a* — 2), 

Be Ppa ("ae re, y)dy =o ("de "Fee, bn)dn. 
0 0 0 0 


Let the order of integration be changed. The limit 7, is an ordinate 
(in the first quadrant) of the ellipse a*7? =a? —z?. When the order of 
integration is changed the limits for a will be x =0 and x =z, =a,/(1 -- 7”) 
while the limits for ἡ will be 7 =O and7=1. Thus the integral becomes 


b [« er bn)d 
x, : 
ὖ ) ὃ ἢ) αῇ 
If now «=aé, dx =adé and the limits for ᾧ are 0 and &, =/(1 -- η3) 
so that the integral becomes 
1 ἕ 
αὐ [ «ἡ |"“F(ag, δηγάξ, ἔν τον - 2") 


The field of integration is now the positive quadrant of the circle 
€*+72=1. This transformation is often useful, as in the next example. 


n/(a2b? — b2x? — ay?) 
(ab? + 62x? + a2y?) 
being the positive quadrant of the ellipse x?/a? + y?/b? =1. 


Ex. 5. Evaluate|| dxdy, the area of integration 


ap (Nia ξὅ --η) 24 9% -- 
Integral =ab|| V(L4 et 47) dé dyn over pos. quad. of circle &? +77 =1 


To evaluate the integral in ξ, 7, use polar coordinates ; the integral 
becomes, if the factor ab be omitted, 


1J/(1 -7r?)rdr 3 _ ave : z= 
\ J(i +7?) (00-5, aa es Cae Sa 


Ex. 6. Evaluate ||’ - ϑαί(α +y) -- (x? +y%)} dxdy, the field of inte- 


gration being the circle x? + y? + 2a(a + y) =2a?. 
Transfer to (-a, —a) as origin by putting x+a=&, y+a=n; the 
integral becomes 


- -- £2 .. n*)dé dn over the circle &? +n? =4a?. 


Now change to poiar coordinates ; the result is 82a‘. 
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Ex. 7. The volume common to the sphere z4+y?+z* =a? and the 
cylinder 2* + y? =ay is ἢ (32 — 4)αϑ. 

The volume required is double the volume that lies above the plane 
z=0 and is therefore if z =,/(a? -- x? — y?), 


2}: dx dy, taken over the circle x? + y? =ay. 


Transform to polar coordinates and integrate over half the circle, 
that is from 6 =0 to 6 =2/2; the volume is therefore 


ny (a -- γ3)ν dr τ ξἔ(ϑπ -- 4γα3. 


w/2 ras 
2 x 2| 49] 
0 Jo 
Ex.8. The volume common to the surfaces y?+z?=4ax and 
x? +y? = 2ax is #(32 + 8)α3. 
The volume is given by the integral 


2a 1 
4 dx /(4ax —y?)dy, γι =V(Zax -- 2). 


Now, x is constant when intégration is made with respect to y; we 
may change from y to @ where y =./(4ax).sin @ and then the integral 


becomes 
l κα 


4" ἀκ οὐδ δ, sina = (5 - z) 


ee es 1 ὦ / 1 αὶ ae ΓΝ Ι] αὶ 
=8al ὡ{γ(5- aa) (5+ aq) t8in (5- aa) } ar. 
If for x is put 2a cos φ the result comes at once. 
The fact that one of the variables is constant when integration is 


made with respect to the other should not be forgotten when change of 
one of the variables is being made. 


' Ex. 9. When the integrand is the product of a function (2) of z 
alone and a function y(y) of y alone and the limits a, ὃ for the z-integra- 
tion and a’, 6’ for the y-integration are constant, show that 


(° ae (ote) vtyrdy =((’ (era) x((" wiy)dy). 


The following examples refer to the change in the order of 
integration ; a diagram of the field of integration is useful, and 
the student should make one, however rough. 


Ex. 10. I" ae |* Fe, y)dy =(" dy [ Flat, y)d2. .scscescsesceseeeen(i) 
a a a ν 


[: dx [" F(x, y)dy = i dy γ ΩΨ (ii) 
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The field. in case (i) is: the triangle ABC (Fig..9), and in case (ii) the 
triangle ACD; AD, BC are the lines ὦ = 8; ἃ. = =b and AB, aid the pues 
y=a, y=b while AC is: a τεῦ. 


Taking the triangle ABC as the area of integration we have 
b © | το [ὃ MQ 
᾿,, 4 |i Fe, v)dy=(" de (" r(x, yay =(’ ay ( Fle, y)de 
a a a MP 


= dy [ F(a, y)dx. 


The other equation is proved in the same way. The special cases in 


which a =0 are frequently required and are sometimes called Dirichlet’s 
Formulae. 


Ex. 11. Prove that if n=0 


[αν [Py -2 fede = 4) 0 -ay41fle)de. 
Apply (ii) of Example 10; thus the double integral i is equal to 


\,2@ [2 y-2)" fe)dy =[? fle) . do [ ea? _0? CT ea )ae. 


; a a-z : 
Ex. 12. Prove | «οἱ F(x, y)dy = | ὯΝ Fe, y) dz. 
0 90 

The field is the triangle bounded by 2 =0, y =0 and 2 ἐν =a. 
Ex. 13. Prove that | | 

24 (8a-2 3a 3a-y 

| dx ᾿" F(x, y)dy = =|" dy ine Fe, y)dx + ἣν dy | F(z, y)dz. 

4a 
(Todhunter, Int. Cal. p. 212.) 


The field is the area bounded by the straight lines x =0, y=3a-—2 
and the parabola y=2z?/4a. The parabola and the line y=3a-zx 
imtersect at A (2a, a) and the field is the area OAB where OB =3a: 
the lines MN, CA, PQ are parallel to the x-axis and OC =a (Fig. 10). 
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In this case the area OAB must:be divided into the partiai areas 
OAC and CAB; the arc OA and the line AB give MN =2,/(ay) when 


Fig. 10. 


OM =y and PQ =3a -y when OP=y. The double integral becomes, 
when the z-integration is taken first 


| ‘dy |" Pla, y)dx 4 y | “Fe, δὲ 


3a 38a -- ν 
=| ay [Fe yaw + ("dy |" He, γγάι. 
Ex. 14. Show that if 0<a<b 
b x a b b b 
᾿ de (DPC, y)dy = ("ay exes y) de + (" dy [ F(a, y)dx. 
Pa b y 


The field is the sector bounded by the hyperboia zy =a? and the 


straight lines y=z and x=b; it must be divided into two partial areas 
as in Example 13. 


131. Green’s Theorem. Let F(z, y) ἁπὰ σία, a be two 
single-valued functions of x and y which, with the partial 
derivatives 0F'/dy and dG/dx, are continuous when the point 
(x, y) is inside or on the boundary C of an area A. Green’s 
Theorem gives the following relation between a double integral 
over A and a curvilinear integral along C 


[(Ξ (= - 5) dzdy=[ Fx +Qdy) weecceceeee. (1) 


where the integral along C is taken in the positive direction.* 


* The relation (1) is a particular case of Green’s general Theorem for 
expressing an integral taken through ‘a volume by an integral « over the surface 
that bounds the volume. See § 138. 
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Suppose first that no straight line parallel to either axis can 
cut C in more than two points and take the notation of Fig. 7, 
p. 317; then ' 


[| Zezay= [2 eae = | G(NS, y) dy -- -[ ow, y) dy 
where VS = y,(y) and εἰ R=y,(y). Hence 

{| oO dx dy =| σία, y) dy -{ G(x, y) dy =|@ GUS οὐλ δ δα (2) 

sOk EFG EHE σ 
sr 
"eo F b b 

ie —=— da dy -ἰ de 5 U=\ F(x, MQ) dx -| F(x, MP) dx 
where “Ὡς y,(x) and MP =9,(x) ; therefore 

[ ny id= [ Fe. δε: [τα dese [: We cians (3) 

From (2) and (3) equation (1) follows. The particular cases 
(2) and (3) should be noted. It is obvious that the curve C 
may consist in whole or in part of rectilinear segments; for 
example, C might consist of the arc FGH and the segments 
HA, AB, BF. Along AB, y is constant and the contribution 
to the integral (2) from AB is zero ; similarly the contributions 
to the integral (3) from HA and BF are zero. 

Next, if C can be cut by a 
line parallel to an axis in more 
than two points, as in Fig. 11, 
(a), the area may be divided 
by the lines PQ, RS, TU into 
partial areas whose boundaries 
satisfy the condition first im- 
posed on C. The double integral 
over the whole area is the sum 
of the double integrals over the 
partial areas, while the curvilin- 
ear integrals along the auxiliary 
lines cancel since along each line 
the integral is taken twice in 
opposite directions. The area 


might be the ring-shaped region between two closed curves 
(Fig. 11, (6)). 
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Ἐχ. 1. If δα! δα -- Ο /dy for every point (z, y) in A and if α. and β are 
any two points in A, prove that the integral 


| (Fae +@dy) 


has the same value for every path from « to β, provided the path lies 
in A. 

Let α.γβ and «df be any two curves joining « and β that lie in A and 
have no points in common except « and β. Green’s Theorem holds 
for the area A’ bounded by the curve nyfda (or C’); but the double 
integral over A’ is zero since δά [δα =0F/éy at every point in A’ and 
therefore the integral along C’ is zero. Now 


| (Pde +@dy) =| (Faz +@ dy) -| (Fdx --6 ἀν) 
ο΄ αγβ αδβ 


so that the two curvilinear integrals are equal. 


Ex. 2. If the curvilinear integral in Ex. 1 is independent of the 
path of when « and β are any two points in A and the path lies in A, 
show that 0G/0x2 = ὃ ΕἸ ὃν for every point (2, y) in A. 

If A’ is the area bounded by any closed curve C’ that lies in A then 


0G oF 
F =YV, \\ (Ξ -.---- ) ἡτξν. 
dx +Gdy)=0, so that Δα by dx dy =0 
Now if the continuous function (G, -- F,) is not zero at P, any point 
in A, there is a region A’ surrounding P in which (G,, -- F',) has the same 
sign as at P and the integral over A’ could not be zero. 


Ex. 3. If δα δὰ -- ΘΕ ὃν for every point (x, y) in A then Fdx +@Gdy 
is a complete differential (H.7'. ὃ 94). 

Let P(é, 7) be any point in A. It is always possible to choose 
another point M(a, δ) in A so that the path MNP, where N is the point 
(ξ, δ), liesin A. Let f(&, 7) be defined by the equation 


Fé, n=|_ (Fae +@ dy) +const., 


= Pa, b)dx + ᾿; Θ(ξ, y)dy + const. 


Nw 8] Σ = F(E, b) 4 aw) Y) dy = FE, b) + [ 5: 2: - EE) ἂν, 
so that ᾿ f= F(g, b) Τί, η) -- P(g, δ) -- Ρίξ, η). 

Also _ n). 
Hens F(E, n)dé +G(, ηγάη =2L fae +34 of L an =af(é, 1), 


or, x and y being put for &€ and ἡ ee 
F(x, y)dx + G(x, y)dy =df(z, y). 
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EXERCISES XV. 


1. The volume common to the cylinders 
ci+y*=a?; α +272 =a? 
18q5 and the surface of one cylinder that lies inside the other is 8a?. 


2. A sphere of radius a is pierced by a circular cylinder of radius 
b(b< a), the axis of the cylinder passing through the centre of the 
sphere. Prove that the volume of the sphere that hes inside the 
cylinder is ἐπίαϑβ — (a? -- 633} and that the surface οἵ the sphere inside 
the cylinder is ἀπαία — (a* -- δ2γ8). 


3. The sphere 2? + y? +z? =a? is pierced by the cylinder 2? +y? =ay ; 
the area of the spherical surface inside the cylinder is 2(π — 2)α3. 

4. An arc AB of a circle of radius r subtends the angle @ at the centre 
O of the circle; show that the volume of the sector of the sphere 
formed by the revolution about OA of the sector OAB of the circle is 
22 


—— 73(} -- 
3 r3(1 —cos 8). 


Deduce the expression (H#.T. p. 346) for the polar element of volume 
of a surface of revolution about the initial line. 

5. One loop of the curve r*cos?@=a’?cos2@ makes a complete 
revolution about the initial line ; the volume of the solid generated is 
$2(10 - 8π)αδ. 

6. The area of the surface of the sphere:z? + y? +z? =1 that lies inside 
the cylinder 2x?(z? + y*) =3(z? -- y?) is 

22 ~- 4/2. {o/3 log (3 +2) -- 21Ιορ (1 -- ιν 2}. 
7. The volume and the surface of that part of the cylinder 
| x*/a*+27/c2? =1, α —c* =e*a’, 
which lies between the planes y=0 and y=ma(m > 0) are ἀηιαῖς and 


apt 
mat{ 2+ roe log (574)} respectively. 


8. ABC is a spherical triangle and the angle A BC is 7/2 ; if the radius 
of the sphere is unity, show that the area of the triangle ABC is 
Α 0 --δἰπ where A and C are the numbers of radians in the angles 
BAC and BCA. 

9. The sphere x? + y? +2% =a? is pierced by the cylinder 

(x? Ἐν") τε α"(α3" —y?) ; 
prove that the volume of the sphere inside the cylinder is 
8),π 5 4/2 
3(a+3- 3) 
and that the area of the spherical surface inside the cylinder is — 


τ a 2 
8(F+1 V2) at. 


3 
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10. The part of the volume of a sphere of radius a that lies inside a 
right circular cone of semi-vertical angle α. whose vertex is on the sphere 
and whose axis is a diameter of the sphere is πᾷ] — cos*a.)a’. 


11. O is the centre of the ellipse x?/a? + y?/b2?=1 and P,Q are two 
points on the ellipse whose eccentric angles are a, B («a < β) respectively. 
A cylinder with OPQ as base and with generators parallel to the z-axis 
intersects the paraboloid 2?/a +y?/b=2z; prove that the area of the 
surface of the paraboloid inside the cylinder is 


$(2/2 -- Ἰ)(β —a)ab. 

12. The area of the paraboloid 2x?/a +y?/b =2z inside the cylinder 
x?/a* +y2/b? =k is ἐπί +k)® — ljab. 

13.* The area of the surface of the sphere x? +y?+z?=2cz, c>0, 
inside the cone 2? =2? tan’a + y* tan?f is 42c?cos a cosf. 

Take the coordinates x =csin @ cos φ, y=csin@sng, z=c+ccosé; 
the element of spherical surface is ο sin θ 40 dp and the values of θ and φ 
at the intersection of sphere and cone are connected by the equation 


(1 + cos 6) =(1 — cos θ)( cos? tan?a +sin?¢ tan? £), 
area =c? (a — Cos θ)άφ =e? Fe aaa eat ay etc 
Jo 9 1 +cos?¢ tan?a. +sin? 9 tan?p’ ~” 
14. If in Example 13 the cone is replaced by the paraboloid 
az =z* tan?a +y? tan? B 

the area is ὅπαο cot « cot β. 

15. The area of the surtane az=xy that lies inside the cylinder 
(x? + y)® = 2a%xry is 1(20 -- 3π)αϑ. 

16. If p is the perpendicular from the centre of the ellipsoid 

x? /a? + y?/b? +.22/c2 =1, a® > b? > οἷ, 

on thé tangent plane at the point P(x, y, z) and dS the element of area 
at the point, prove that, p being positive, 


(i) | pdS =4n abe ; 


(ii) | = as =o (bit + ca? +0%D2), 
the integration being in both cases over the whole surface. 
Deduce from (i) the volume of the ellipsoid. 
17. The surface of the itl of Example 16 is given by the integral 


al[{1-S 3a 2 rae} {1-3-4 "aed, 


the integration being over the ellipse x?/a? + 2/b? = 1. | 
Evaluate the integral for the spheroids given by (i) ὃ =a, (ii) c-==b 
(Z.T. p. 310). See also Examples 21, 22. 


᾿ Examples 13 and 14 are modified forms of examples given by Schlémilch, 
Ubungsbuch, ii. pp. 281, 282. 
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18. The coordinates of the point (x, y, 2) on the ellipsoid of Example 
16 are given as 


2 =asin 0cosg, y=bsin Osing, z=ccos 6 ; 
show that dS may be expressed in the form 
dS = {b*c? sin20 cos*p + ca? sin?6 sin’p + a*b* cos?6}2 sin θαθ ἀφ, 
and that the whole area of the surface is obtained by integrating with 


respect to θ and φ from 0 to 2 and from 0 to 22 respectively. 
Evaluate for the cases b=a and c=b. 


19. If r, 0, φ are the spherical polar coordinates of 8 point P ona 
surface and γ the acute angle between the radius vector OP and the 
normal to the surface at P, prove that the element of surface may be 
expressed by the equation : 
| dS =r*secy sin 6d0 ἀφ. 

[Let dS’ be the element of surface of a sphere with centre at the 
origin O and unit radius, and let a cone with O as vertex and dS’ as 
base cut the given surface in the element dS; then dScosy=r" dS’ 
so that 

dS =r*secy dS’ =r? secy sin θ dé ἀφ.] 

20. Find, by applying the form of dS given in Example 19, the total 

area of the surface given by the equation 


and show that it is equal to the total surface of an ellipsoid whose 


semi-axes are bc/a, ca/b and ab/c respectively. 


21. In the notation of Example 16, if θ is the angle between the normal 
at P and the z-axis, cos θ =pz/c? ; show that if @ is constant P lies on 
the curve C in which the surface 

cos?6(a?/a* + y2/b* +-2?/c*t) =z?/c4 
intersects the ellipsoid. Suppose z >0 and 0=6< 2/2; let S be the 
area of the surface bounded by C (and containing the point (0, 0, ¢)) 
and σ the area bounded by the projection C’ of C on the plane z=0. 
Show that the surface dS lying between the curves C and C, that 
correspond to the values θ and 6 +d@ is equal to do sec @ where do is 
the area between the projections C’ and ΟἹ of C and C, and that 


o = nab(1 — cos?6)/4/{(1 — e? cos?6)(1 — οἢ cos*@)} 
where εξ = (a? —c*)/a? and 63 =(b? — c*)/b?. 
[Obviously the equation of C’ is 


(1 -e? cos*@) 2. Ἐ6(ΠῚ -- οἢ 6ο520) 3: = 1 —cos?0 
1 a* } 2 b2 ~ ᾽ 


and the expression for σ is the area of this ellipse. ] 
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22. The area S within the curve C (Ex. 21) is given by the integral 
=| doa -(cemed 
~ Jeos@” cos@ | cos?@ 


Ψ 


the initial value of θ being zero. 
[To evaluate the integral, let 


é,cos@=sing, ef/e2=k?<1, g=sin—e, when 6=0 
then it may be shown that S/zab is equal to 


[(1 -- ὁ}) -—e2cos? gy] sin φ 
MT τ οῦνα - οἷ) cos oil — Rising) 


1 sinter dy oo λα —Wsin®p) d 
ee )|, yrceainrgy ter), VO -Hsintp) ap, 
The transformation is somewhat laborious, but it forms a good 


exercise. The whole area of the surface is found by putting g =0 and 
doubling the result. ]} 


23. Apply the method of Example 22 to Example 12. 


CHAPTER XI 
MULTIPLE INTEGRALS. SURFACE INTEGRALS 


132. Multiple Integrals. Suppose that a single-valued, 
bounded function F(z, y, z) of three independent variables is 
defined for all points (x, y, 2) in a volume V, the surface of the 
volume being included in the region of definition; the volume 
may be, for example, a tetrahedron or a cuboid (that is, a 
rectangular parallelepiped), or an ellipsoid. 

If the volume be divided in any way into n elementary 
volumes 2, V2,.--, Un, and if M,m and M,,m, are the upper 
and lower bounds respectively of F(x, y, z) in V and v, we 
may form the sums 


SS Ma. 82> ΜΑΣ datvertecdeinus: (1) 
r=1 r=1 


as was done for functions of one and two variables; as before, 
S and s will be called the upper and lower sums for the function 
F(x, y, z) and the particular division [v, v,,...,0,] of V. After 
the discussion of the corresponding sums for the cases of 
functions of one and two variables there can be no difficulty 
in establishing similar conclusions for this case, and we will 
therefore simply state, without further proof, the fundamental 
results and then give the definitions of the integrals. 

It is assumed as before that all curves are rectifiable and 
that all plane areas bounded by curves are quadrable; the 
measure of a volume is defined in § 128. 

By the diagonal ὦ, of an element of volume v,.is meant 
the upper limit of the distance between two points on the 
surface that bounds the element; clearly v,<d?. When 
d,—0 the element v, will tend to zero in all its dimensions. 


The sum S has a lower limit Z and the sum s an upper limit ¢ 
342 
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to:which they tend when ἢ tends to infinity in such a way that 
the diagonal of each element of volume tends to zero. — 

The limits Z and / are called the upper and lower triple 
integrals respectively of F(z, y, z) over the volume (or region, 
or field) V, and are denoted by the symbols 


γε F(x, y, z)dv, ι- EPH, Ὡς Z)AV. vesesccccees (2) 


_ When L=1 the common limit of Κ' and 8 is called the triple 
integral of Fiz, y, z) over the volume V and is denoted by the 


symbol | TOE YZ) 00s aseorasvcesiesads νόμον (9) 


The symbol dv represents the elementary volume v, and is 
called, with reference to the integral, “‘ the element of volume.”’ 

The mode of dividing V into elementary volumes is arbitrary, 
so long as the elementary volume tends to zero in all its 
dimensions when its diagonal tends to zero. If V were a 
cuboid given by the equations z=a,, x=6,, y= y =6,, 2=4sz, 
z=6;, the intervals (a,,0,), (ας, b,) and (a3, 63) might be 
divided into m, n and p sub-intervals respectively and planes 
drawn through the points of division parallel to the coordinate 
planes. The typical elementary volume would then be 
(hykl,) where h,=2,4,-%,, ke=Yeir-Ys L:=%41—2%, the 
numbers 2,, y,, 2, being representative numbers in the intervals 
(41, 51), (ας, be), (ὦ, bs). If (&,, ἡ.» 64) is any point in the 
elementary volume (h,k,/,) the triple integral over V would be 
defined as the limit of the sum 


>; F(é,, Ns» C) Ak, 
ara t=0, 1, 2,..., (p—1) 


when m, 7 and p tend to infinity in such a way that the diagonal 
/(h2 + k2+12) of each elementary volume tends to zero. The 
corresponding notation for the triple integral would be 


[ F(x, y, 2)(dxdy dz) or "Π F(x, y, z)(dxdydz) ...... (5) 
the element of volume being now (da: dydz). The three symbols 
Ϊ of integration become appropriate when the evaluation of 


the triple integral is made by three repeated integrations ; it 
is usual then to omit the brackets round dz dy dz. 
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Integrable Functions. The condition that F(z, y, z) should 
be integrable over V is found as before ; ZL will be equal to ἰ if 
there is a division of V for which S — s is less than « (see ὃ 122, 
Note), or if S—s tends to zero when the diagonal of each 
elementary volume tends to zero. 

If F(x, y, 2) is continuous in V it may be shown as before, 
by using the property of uniform continuity, that F(z, y, 2) 
is integrable over V. If F(x, y, 2) is discontinuous in V it will 
be integrable over V if its discontinuities are finite in number 
or if, when infinite in number, they all lie on a finite number 
of surfaces, which can therefore be enclosed in a finite number 
of volumes whose total volume can be made arbitrarily small. 

The reduction to repeated integrals is effected by the same 
method as in ὃ 126. Take the case given by (4) for the cuboid. 
In the sum keep all the numbers except those that refer to the 
division of (a3, b;) constant and let S, be the sum 


»-1 
S,= DF (és, Ns» sales 


when p-> this sum tends to a limit, (&,, ἡ.) say, where 


WE) =|" FEn nw 203, 


because F(é,, 7,, 2) is either continuous or has only a finite 
number of discontinuities. The sum Σφίξ,, 7,)h,k, can now be 
treated in the same way and we find 


[ Ϊ F(a, y, 2d ἂν dz =|" az [ay [τὰ ψ, 2) 44. ...(6) 


The order in which τι, ἢ,» are made to tend to infinity 
makes no difference to the value of the triple integral and 
therefore the six repeated integrals, of which that in equation 
(6) is one, are all equal ; in other words the order of integration, 
when the limits are all constants, is indifferent, just as for the 
case of two variables. The repeated integrals will exist even 
though there be a finite number of planes of discontinuity 
parallel to the coordinate axes though the separate integrals 
may not exist (see § 127). 

If V is not a cuboid the reduction to repeated integrals may 
be effected in the same way as for a double integral by enclosing 


§§ 132, 133] REPEATED INTEGRALS 345 


V in a cuboid and taking F(x, y, z)=F (x, y, z) for points in 
V, but F,(x, y, z)=0 for points in the cuboid that are not in V. 
(See ὃ 126.) See also L.7. pp. 338, 339. 
If F(z, y, z, w) is defined for a four-dimensional region R, 
say for the points (x, y, z, w) where 
4S2rSb, aSySbh, agSz5b, and aswsh, 
the quadruple integral 


| F(z, y, 2, w)(dz dy dz dw) 
would be defined as the common limit of sums S and s where 
S=)>/U,W, 4-ὦ δὴ πὶ, ΤΡ, 
r=1 r=1 


and M,,m, are the upper and lower limits of the function 
F(x, y, 2, 10) in the elementary region W,, and the integral 
would be reducible to four repeated integrals 


by be 3 be 
| F(x, y, 2, w)dx dy dz dw = dx | dy ! dz} F(x, y, z, w)dw. 
R " 4.) ay a a, 


In the same way quintuple, sextuple, ... , n-ple integrals may 
be defined. 
dx dy dz 
Ex. 1. \\\ lotytz+1) throughout the volume bounded by the 
planes x =0, y=0, 2=0, e+y+z=1. 


See Fig. 78 (8.1'. p. 339) and let OA =OB=OC=1. The integral is 


[ ae [ὁ ἂν} ** dz log 2 
ol, ay rer ip FB? τήν 


Ex. 2. Ifa? +y2+2z? =r?, calculate the integral of r? when the field of 
integration is the volume inside the sphere x? + y? +2? =a’. 

In this case it is most convenient to take the polar element of volume 
x? sin 0 drd@ ἀφ (E.T. p. 346). The integral is 


Ν rar ἢ" sin θά 67. “dp --Ξξέ as. 


Examples 6-14 (#.7. pp. 348, 349) furnish easy cases of double and 
triple integrals. 


133. Change of Variables. The method will first be con- 
sidered for special cases that will illustrate the general process 
and emphasize important details. 
The first point that must be grasped is that in the case οἱ a 
double integral, for example, when the variables x and y are 
changed to « and v by the substitutions x =f(u, v), y=g(u, v) 


346 ADVANCED CALCULUS TCH. ΣΙ. 
and %-is to take thé place of x and v the place of y, the change 
from y to v is made on the supposition that x is constant; the 
variable u may be supposed to be eliminated between the 
equations *«=f(u, v), y=g(u, v) so as to give an equation 
y=g(x,v). If uw is not eliminated the relation between dy 
and dv would be obtained by differentiating the equations 
x=f,y=g, treating x as constant and eliminating du from 
the equations 


Next when v has taken the place of y the order of integration 
must be changed ; the value of dx is then obtained from the 
equation between 2, u and v, the variable v being now treated 
as a constant. 

Care must be taken to assign the limits of the new integrals 
properly, and in any given example the use of a diagram is 
strongly recommended. 


Ex. 1. Transform the integral J = | ae ᾿ F(a, y)dy by the substitutions 
L+y=Uu, L=w. 

We can at once express y in terms of x and w and since the first 
integration is with respect to y we replace y by u; thus we find 


1=(de\" F(x, u-—x)du= [αυΤ. DS (Pee 1) Serre (i) 
Jo Ja lo Ja 


where F',(x, u) is the value of F(x, y) in terms of x and wu. 
The next step is to change the order of integration ; we get 


I= | au| 3 (a, U) dE. «ὐννννννννννον Pe haus (ii) 


Finally from the equation x τυ we have dx =udv and the limits for v 
are 0 and 1 so that 


f= [aul F,(uv, wdo = (aul Pate,» v)udv 


where F,,(u, v) is the value of F(x, y) in terms of τὸ and v. 
The integral has therefore been expressed as an integral with constant 
limits. 


Ex. 2. By means of the substitution in Example 1, show that 
ἢ 1-2 1 1 
| da | m—lyn-1(] — x ~y)?Idy - ymin-l(] - 4)? du | υ (1 —v)"“Idu 
oe 4) “0 . 0 


where m, n, p are each not less re unity (so that the integrand may 
be bounded). Prove that the value of the integral is: 


ΤῸ) U(r) P (py Tim +n +p). 
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a-ZUnmy 7 
Ex. 3. Transform the integral J = fi dx 3 “dy J F(z, y, z)dé by 


the substitution G+yt+z=u, e+y=uvy, L=uvw, 
. First, let z=u -z -- and change from z to τὸ ; then 


-Ζ ᾿ εὐ τὰς ἃ 
I = ("ae ᾿ dy \* Το ἣν δῆς ee (i) 
“0 0 να ie 


where F',(z, y, u) is the value of F(x, y, z) in terms of z, Y, Ὁ 
The next step is to change the order of integration. The integral 


ae dy ἊΝ εἴτ, Ys ia 
0 


is taken over the triangle ee y=0, u= =a, u=y +2 (x constant) ; 
a diagram will show at once that the limits for y are 0 and τ —z and for 
warex anda. Hence ἮΝ 


: a a --1 a a ee 
1=| de | du | F(x, y, u)dy =| dx | φία, u)du, say: 
0 z 0 0 "2 τς 


where  (u-2 
y(x, u) =| F(x, y, u)dy. 


The change of order in this value of 7 is given by Ex. 10, § 130, so that 


a 17) u-Zz : 
I -| du | dx | By, Y, UY. oo. ccc ccc ἐν λιν ζνοος (ii) 
0 0 “0 | ; 


Now take the equation y=uv -2; keep u and = in (ii) constant and 
then dy =u dv so that we find 


a " 1 eu 
I =| due | de: | ΜΝ (iii) 
J0 0 = 
where f',(z, v, u) is the value of F(x, y, z) in terms of 2, u, v. 
Again, the order of integration with respect to x and v has to be 
changed ; by Ex. 10, § 130, slightly modified, the integral becomes 


Ῥ 
I= ΠΣ | aol al, DCU AD oll she 5 cles: (iv) 
Finally, let z=uvw and then dx =uv aie: so that | | 


I= = (aul aol, F(w, v, UW VW .....«οννννννννννννννν (v) 
0 


where F’;(w, v, u) is the value of F(z, y, z) in terms of u, v, w. 
The new integral has constant limits. 
Hx. 4. In Example 3 let 
=1 and F(a, y, 2) =”™-lyn-1g?-(] —~ x -~y -- )γ τ | 
where m,n, Ὁ, Τὶ are each not less than unity so that F(z, Ψ, 2) may ‘be 
bounded ; then prove that the value of the integral is 


Pim) P(n)C(p)P(r)/T(m +n +p +r). 
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Ez. 5. Prove that the integral | 


1 l—-a, (1-- 51 --24(1-- α τ 34 - ὅς 
| de, | diz,| di Τία,, Vay Lay δι) dX, 
o 90 “0 0 

can be expressed as a quadruple integral with the limits 0 and 1 for 
each of the new variables. Extend the result to an n-ple integral. 


a Φ 
Ex. 6. 111 =| ἀα] F(z, y)dy and 2(1+u)=v, y =Zu, prove that 
0 


1=(dul Ὁ υ 
=|: ul 2(U, Trap 


where F’,(u, v) is the value of F(x, y) in terms of u, v. 
Here the equation y =xu at once suggests that τ should take the place 
of y and then we find 


a fl 1 a 
I =| der| F(x, xu)x du =| du| F(x, σι) dx. 
“0 90 0 90 


The change of order is easy since the limits are constants. We 
then take the equation 2(1+u) =v; since τ is constant for the 2-inte- 
gration dx =(1+4«)~!dv and the result comes at once. 


Another method may be adopted for integrals of the type of 
Examples 3 and 4; we take a=1 and transform the integral 
in Example 3. 

Ex. 17. First, let z=(1-x-y)¢; therefore 


1-7-y 1 
| P(x, y, z)dz =(1-2 -οἹ Fle, ν, (1—« - υγχζ]ας 


=(1-2 - ")φία, “), say, 
because the integral is a function of x and y alone. 
Next, let y =(1 -- α)η so that 1-2 -y=(1 —x)(1—7); then 


1-2Z 1 
{ ἃ -α -υ)ρίω, νγάν =(1 -α) (1 τ-ηγφῖα, (1 --)η] δ 


1 
where φία, (1 -2)7] =| Fe, (1 --α)η, (1 -2)(1 — n)CId¢. 


Lastly, let x =¢, for symmetry, and we find that the given integral 
becomes 


1 1 1 
| (l - )*d8| (1 ~n)an\ FLE, (1-2), ( -ὃα - nde 
0 0 0 


1pll 
=f { [Pte (12m, (12901 τη) - C1 =) ded ας. 
The transformation is given by 
w=t, ν --  -- ἔγη, 2=(1- (1 --ς 
The method obviously applies to Example (4) and the general integral 
of the same type. Note that 


O(x, Y, ) oy ἊΣ 
BE nO) et EM τ}: 
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184, General Method. In the method of the preceding 
article the new variables are introduced in succession, and when 
the first new variable has been introduced a change in the 
order of integration is necessary before the second new variable 
can be brought in. In the general method that will now be 
explained the same procedure will be adopted, but no attempt 
will be made to specify the limits of the individual integrals 
either before or after the transformation has been made. The 
equations that connect the old variables z, y, z,... with the 
new u, v, w,... will transform the old field of integration into 
a new field, and when the integral over the given field has been 
transformed into one over the new field the actual specification 
of the limits of the integral in both forms of it is left for deter- 
mination in each particular case. The following observations 
may be useful. 

Let I be the integral of F(x, y, 2) over a region A and suppose 
that it is expressed as a repeated integral, say 


φ:() f*'2(z, ν) 
1=[ az | dy F(x, y, 2) dz. 
« ὑφ) J ylz,y) 

The integral will be said to be in standard form if the upper 
limit of each of the repeated integrals is algebraically greater 
than the lower limit. The student might write down the 
values of the functions 9,, %2, Ψι, ΨΩ for a region bounded by 
a simple surface (such as an ellipsoid) which is cut in not more 
than two points by a line parallel to any coordinate axis ; 
there is no real limitation in supposing that the region can 
always be divided into partial regions that satisfy this condition 
and the integral over the whole region is the sum of the 
integrals over the partial regions. In any particular case this 
division is usually made (see, for example, § 130, Examples 13, 
14). 

It will be assumed that every integral is expressed in standard 
form and that the change of order of integration can be effected 
though the actual limits of the integrals will not be specified. 
The importance of the assumption of the standard form will 
be seen in the discussion of Problem I. 

Again it will be assumed that the old variables are expressed 
in terms of the new by functions which are not only continuous 
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but have continuous partial derivatives of the first and second 
orders and that the correspondence is ‘“‘ one-to-one ’’—that is, 
that to each point, (x, y, 2) say, within and not on the boundary 
of the old region there corresponds one and only one point, 
(u, v, w) say, within and not on the boundary of the new region 
into which the old region is transformed by the equations of 
transformation. 

Problem I. Two variables The field is a region A and the 
integral is 7 where a | | 


1=[{ F(w,y)dedy=[ de | Fe, ν) ἀν -- [ἀν | Τί, y) de. 


Let the transformation be given by the equations 


t=f(u, v), Y=G(U, V) ...6ὁἈ6 εν Giemeavausiall) 
and let J be the Jacobian 
J=J _|fus fo|_| %us %o ; 
| (9) 1 9.» Jv Yur Yo 


If J is not zero and does not change sign the correspondence 
is one-to-one (δ 56, Theorem ITI, Ex.). 

(i) Substitute for y in terms of v. In this operation z is 
constant and wu may be considered to be a parameter ; theoreti- 
cally w might be eliminated between equations (1) and y 
expressed as a function of x and v but, though this elimination 
is sometimes useful, it is in general impracticable. Of course, 
if z is constant and v varies, uw must also vary, but this variation 
is taken into account in findingdy. Take the differentials of the 
functions in equations (1) ; then 


O=f,du+f,dv, dy=g,dut+g,dv 
and therefore, solving for dy, 
SuGv —F Gu d J 
weet dv=7dv. 
fu f 


- 


Now the integral J is in standard form and therefore the 
upper limit, y, say, of the y-integral is algebraically greater 
than the lower limit y, and dy is positive ; let the values of v 
given by the transformation be v,, v, when those of y are 
Y1, Ye respectively. 

If J/f, is positive v will increase when y increases cand there- 
fore v,>v,. On the other hand, if J/f, isnegative v will decrease 
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as y increases and therefore v,<v,; the upper limit of the 
v-integral when in standard form will now be v, and this 
interchange of the limits is made by changing the sign of the 
v-integral, or the sign of the integrand, so that (J/f,,)dv becomes 
(-J/f,)dv. In both cases therefore 


dv, I= faz [δια v) 


where F(x, v)=F (xz, y)—that is, F,(x,v) is the value of 
F(x, y) in terms of x and v. 

In general, therefore, however many variables of each set 
there may be, when the transformation gives dy = . dv, where 
gy is a function of v and other variables, the form to be sub- 
stituted for dy is not mdv but | g|{dv. This form will now be 
used, without further remark, in all cases. 


J 


—— 


dv 


wl 


u 


(ii) The next step is to change the order of integration, and 
this change is assumed to be made so that 


I = {ae [Fic v) 


(iii) Finally, substitute for x in terms of u, keeping v constant; 
then dx=|f,,| du so that 


I= {do [Γχω, ») |J|du = [[Fate. v) [J |dudv 


where f’,(u, v) = F(x, y). 

If f,, were identically zero the above process would fail because 
of the value it gives for dy. But in this case f, cannot be 
identically zero because, if it were, J would be zero and x 
would be constant. Consequently we can begin by substituting 
for y in terms of u. We may, however, begin by substituting 
for x in terms of v and then dx=|f,|dv, and the integral 
becomes 


1-- [ἀν | Fyy, Ὁ)} foldo=[ dv [ Puy, Ὁ} foldy. 
Next, dy = |g,,|\du so that 


1-- do | F,(u,»)| follguldu=|[ Fa(u, o)|J|dudv, 


the same value as before, because |J| =| /.9,|. 
G.A.C. N 


τἀ. 
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Cor. The element of area dA in terms of the coordinates 
u,v is dA =|J|du dv, 
as may be seen by supposing F(z, y)=1. 
Ex. 1. If x=rcos 06, y=r sin θ then |J|=r so that 
| F(x, y) dx dy =|| F,(r, 0)rdrd, F,(r, 0) =F(x, y). 
This example shows that J may be zero at isolated points, provided 


it does not change sign. 
Ex.2. Tfx=aé, y=bn, a >0, ὃ >0, then J=ab >0 so that 


i, F(a, y) du dy --αὖ \|_ Fue n) ἀξ dn. 


If the field A is the ellipse x?/a? + y?/b? =1 the field A’ is the circle 
&472—=1; if the field A is a sector of the ellipse the field A’ is the 
corresponding sector of the circle. 


Problem II. Three variables. Let the transformation be 
x=f(u, υ, αὐ), y=9(u, v, w), z=h(u, v, 10). .«Ὑὐνννον (2) 


The Jacobian J = pele must be different from zero and 


always of the same sign; the correspondence will then be 
one-to-one. 

The work may be carried out in this case with less fulness 
of detail. 

(i) Substitute for zin terms of w. The differential dz is found 
by taking the differentials in equations (2), x and y being 
constant ; then 

O=f,du+..., O=g,du+..., dz=h,du+h,dv+h, dw, 


J 7 aU, 9) 
so that, if J, 90, aa cae Js aOR ᾽ς 


Hence 


1={ dxf dy | Pye, yw) 7 
3 


(ii) Change the order of integration and substitute for y in 
terms of v; dy is found from the equations x =f and y=g, when 
x and w are kept constant. Hence 

0 =fu du +fo dv, dy =9,du+g,dv, 
so that dy = (J,/ f,) dv, 


and 1- dw ax | F 


dw, F,(x,y, w) =F (a, y, 2). 


" dv, F(x, v, w) τὸ F(z, y, 2). 
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(ili) Change the order of integration and substitute for z 
in terms of u; then dx=f,du and 


1=| dw | de | πο δ Jidu={{{ πος δ] δι δ δὼ 


where F',(u, v, w) is the value of F(z, y, 2) in terms of u, v, w. 

If J; is identically zero there must be at least one of the first 
minors of J, say a(g, h)/A(v, w), that is not identically zero, 
otherwise J would be zero. The differential dx, when y and z 
are constant, is given by (J/J,)du where J, is the above minor; 
begin therefore by substituting for x in terms of u. In all 
cases the form of the resultant integral is the same. 


Cor. The element of volume dV in terms of the coordinates 
u,v, wis 


dV =|J|dudvduw, 
as may be seen by supposing F(z, y, z)=1. See also Exercises 
XVI, 34. 


Hu. 3. Ifiv=rsin θ cosy, y=rsin θ sing, z=rcos@thenJ =r? sin 6 
and 


\\\ F(x, Ὁ» 2) dx dy dz -[}} Fr, 6, 7) ,»3 sin θ dr αθ do. 
See remark on Ex. 1. 


Hu. 4. Ifx=aé, y=bn, z=cl, a>0, b>0, c>0, J=abe 


and i\\ F(a, y, z) da dy dz =abc i\\ F(aé, bn, οὗ ἀξ dn dé. 
(Compare Ex. 2.) ) 
Problem III. Implicit Functions. If the old and the new 
variables are connected by equations of the form 
P(X, Y, 2, u,v, w)=0, y(z,...,w)=0, x(z,...,w)=0, 
express the Jacobian J by means of the relation, § 55, (3), 
AP, ψ, χ) «ϑίφ, ψ, x) | 
O(u, υ, w) Wee δία, ψ, 2) a 
The transformed value of the integral may therefore be 
expressed by using the solution in Problem II, when z, y, z 
have been determined as functions of uw, v, w; this is possible 


since obviously the Jacobians are supposed to be different 
from zero. 


Problem IV. nm variables. If there are n variables 
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21, Uy, +..,L_, connected with the new variables y,, ¥2,..- , Yn by 
the equations 

=f (Yr) Yo: ees, Yn), T= 1, 2,..., Ἢ, 
the solution will obviously be 


[- | P (204, gs «++ 5 Lp) d% tte... ἄπ = [{- Pid | duydys, »-. dis 


where F,, is the value of F'(x,, 22, ... , Z,) in terms of Y;, Yo, --- 5 Yn 
and 2 Oss ἀλλ θές en) 
Yr, Yor ess» Yn) 


If the variables are given as in Problem III by equations of 
the form 
ει γον 5 Uns Yys ees Yn) =O, THI, 2, , N, 
proceed as in Problem III. 


Ex. 5. If the variables x, y, z are changed to ἕξ, ἡ, ¢ by a Property 
chosen orthogonal transformation, show that 


{Πα τὸν +02) de ἀν dz =|\|P(ke) ἀξ dn ae Pe ee (1) 


where k =|(a? + 6? +02)8| and the region of integration in each case is a 
sphere of radius unity with centre at the origin of coordinates. 

The new and the old variables are connected (Bell, Coordinate 
Geometry of Three Dimensions, Chap. IV) by equations of the form 

E=lxetmy +n, n=l τ πυρὰ +N, ζ τεῖχος +mgy + N32 

where ἐξ, ηδη (2 =o? +y? +22 
and the coefficients l1,, ..., n3 satisfy certain conditions—the conditions 
of orthogonality. (See Bell, l.c., Equations (A), (B), (C), (Ὁ) of ὃ 53, 
2nd Ed.) 

Now let a=kl,,b=km,, c=kn,; this choice is possible provided 
k? —qa? +b? +c? and k will be taken to be positive. 


Again, 
, Mm, ἢ 
δ(ξ, η, ὃ ιν ἧς Me = δία, ψ, 2), 
δία, y, 5) iit o(é, η, ἢ) 
ls, 3 3 


Since | J| =1 and ax+by+cz=ké& the equation (1) follows at once 
and the region of integration in the new integral is the sphere given 
by €+7'7+@=1. 

The theorem may obviously be extended to the case of n variables 
2, Xa, ...,%, when the transformation to the new variables &,, &,... ,&, 
is orthogonal—that is, when the coefficients of the transformation satisfy 
equations corresponding to the equations (A) ... (D) mentioned above 


so that w+as+... esas +h +... ἐξ, 


§§ 134, 135] SURFACE INTEGRALS 355 


The function F'(a,%, +@o%_ +... +@,%,) would become f'(ké,) where 
k is |(af+az+... +a?)e| ; the Jacobian | J | =1 and the new variables 
are such that 0= é?+63+...+&%1, it being understood that the 
old variables are such that 02? +234+...+02=1. 
- The student should work some of the earlier examples in 
Exercises XVI before reading further in the text. 


135. Surface Integrals. On a surface given by the equation 
g(x, y, 2) =0 let there be a portion S, bounded by a closed 
curve C, which is such that it cannot be cut by any line parallel 
to the coordinate axes in more than one point; the relation 
between the coordinates of any point on S may therefore be 
expressed in any one of the forms 


BHT, 2), 9 —O(2: ἃν, SRG Y). sicsiedaiseaces (1) 
where f, g, A are single-valued, continuous functions of their 
variables. 

Let C,, C,, C,; be the projections of C on the coordinate 
planes of yz, zz, xy respectively and S,, S,, S; the areas enclosed 
by these curves. 

If F(x, y, 2) is single-valued and continuous when (7, y, 2) 18 
any point in S the function depends only on two variables 
because one of them may be eliminated by using the equations 
(1). Suppose that z is eliminated so that F(z, y, 2) becomes 
F{x, y, h(x, y)} or F,(x, y). The area ὅς in the xy plane is the 
projection of S and the definition is now made : 

Definition. The double integral of F(x, y) over ὅς, that is, 


[[ ΜΕ (2) 


is a surface integral of F(x, y, z) over the surface NS. 

Similar definitions hold when the variables x or y are elimi- 
nated and the double integral is taken over S, in the plane of yz 
or over S, in the plane of zz so that there are three types of 
surface integrals when zx, y, 2 are the variables. 

If 1, m,n are the direction cosines of the normal to the 
surface S at (x, y, 2), and if the element dS projects into the 
element dzdy then, if » is positive, dvedy=ndS8 and the integral 


(2) may be written 
νῶν [ F(z, y, 2) ye i eee ee ee (3) 


but questions of sign arise when ἢ is negative and the relations 
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between the forms (2) and (3) must be investigated. In some 
of the most important applications the double integral (2) has 
to be transformed into a curvilinear integral round C,, and the 
relation between the positive directions of integration along C 
and along Οἷς needs elucidation. The following example illus- 
trates the nature of the difficulties (or ambiguities) that occur. 

Suppose that the partial derivatives Ff, and F,, are continuous 
when (2, y, 2) is any point on S; by Green’s Theorem (§ 131, 


3 
(3)) [ πᾶν { nD de dy, ἐπι δ οὐδ (4) 


provided the curvilinear integral is taken in the positive 
direction round C3. 
Now OF%(x, y) OF (x, y, 2) OF (x, y, 2) dz 
Oy oy dz oy 
since x is constant. The value of dz/dy may be obtained 
from the equation of the surface S, namely, z=h(z, y) or its 
equivalent g(x, y, z)=0; thus, 


Op dp oz δ: Py _ =m 
ay * ae ay ay Ἐφ, δ’ 


because the direction cosines of the normal are proportional 
tO Pz, Py, Y, respectively. Hence 


[. F(x, y)dx= [ὦ ες πα i) μέλον 9) ey (5) 


But, by the definition of a ΕΝ integral, 


| F(x, y)dx =| F(x, y, 2)dx, 
and dz dy =projection of dS =nd5, if n is aiid ; therefore 


[ F(x, y, 2)dx= [[ (m= n=) 48. eee (6) 


The proof of the equation (6) is, aad unsatisfactory ; 
equation (4) assumes that the direction of integration along 
Cz is positive, and we have no guarantee whatever that when 
(x, y, 2) moves along Οὐ the projection of the point on the zy 
plane moves along Οἷς in the positive direction. Further, if 
nm were negative, the sign of the double integral in (6) would 
apparently need to be changed. The whole matter therefore 
must be considered more carefully. 
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136. Surface ; positive and negative Sides. A small area a, 
bounded by a curve y, is taken on a surface given by the 
equation 9(x, y, z2)=0 and σ΄, γ΄ are the projections of o, y 
on a coordinate plane, say the plane of zy. 

Take any point P in o and let NPN’ (Fig. 12) be the normal 
to the surface at P. The ‘ half-lines ’’ PN and PN’ are drawn 
in opposite directions from the surface o ; one of these direc- 
tions, say that of PN, is chosen as the positive direction of the 
normal at P, and PN may be 
called the positive normal, PN’ 


. Ν 
the negative normal. That side 

of the surface o which faces the C fe )) 
positive direction of the normal 


at P will be called the positive 
side (or face) of the surface σ, 
the other side of o which faces 
the direction PN’ being the negative side of the surface. If 
a surface is closed—the surface of a sphere, for example— 
the area o on the side chosen as positive may be supposed to 
spread out till it covers the whole surface and the whole of that 
side will be positive ; it is not possible to pass from the positive 
to the negative side without penetrating the surface. If the 
surface is not closed, such as a spherical cap, it has a bounding 
edge and it is not possible to pass from one side to the other 
without crossing the edge. 

The coordinate planes have also two sides. The direction 
of the positive normal to a coordinate plane is the positive 
direction of the coordinate axis that is perpendicular to the 
plane, and the positive side of the plane is that which faces in 
this direction. 

Convention as to sign. The positive direction along the 
curve y, that bounds the area σ, is that which is determined by 
the right-handed screw relation ; when the screw advances in 
the direction PN it twists in the positive direction of rotation 
round PN (the arrows in the diagram show the relation). This 
convention agrees with that already adopted for plane curves. 
Further, the area o is always assumed to lie on the positive 
side of the surface and to be positive—that is, measured by a 
positive number. 
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Now suppose that o cannot be cut by a line parallel to the 
z-axis in more than one point and that ἢ, where 7 is the cosine 
of the angle between the positive direction of the z-axis and the 
positive direction of the normal at any point P in o, does not 
change sign as P varies in o so that it is in general either always 
positive or always negative. 

The area σ΄ which is the projection of o on the xy plane will 
always be assumed to lie on the positive side of the plane. If 
Q’ is the point on γ΄ which is the projection of the point Q on y, 
it will now be shown that when Q describes y in the positive 
direction Q’ will describe y’ in the positive or in the negative 
direction according as n is positive or negative. 

A small area σι at any point P on o projects into an area o,’ 
on the xy plane whose measure is (approximately) no, and is 
therefore positive or negative according as n is positive or 
negative ; this relation holds for the complete area o’ since 
nm does not change sign. Now [σ΄] is given by the double 
integral 


i dx dy, taken over the area bounded by +’. 


When the double integral is transformed into a curvilinear 
integral round y’ the number that measures the area o’ will 
be positive or negative according as the direction of integration 
is positive or negative ; in other words, Q’ describes y’ in the 
positive or in the negative direction according as n is positive 
or negative. 

The same considerations apply when the projection is made 
on the other coordinate planes, the projections of the area o 
being always supposed to lie on the positive side of a coordinate 
plane. The change from one coordinate plane to another is 
made by the symmetrical change of x, y,z; to pass from the 
xy to the yz plane, put y for x and z for y, etc. 


137. Stokes’s Theorem.. Consider equations (4), (5) and (6) 
of § 135. If n is positive no change is needed; when the 
direction of integration round C is positive, as it is always 
assumed to be, so is that.round C3. If, however, 7 is negative, 
Q’ passes round C, in the negative direction: But in Green’s 
Theorem the direction round C, must be positive, and therefore 


§§ 136, 137] STOKES’S THEOREM δ 


in equation (4). the sign of the curvilinear integral must be 
changed so that the equation becomes 


-{ F(z, y)dx = { δ δ ε(α, ψ) an dy 
C3 33 oy 


where now the integration round Οἷς is in the positive direction. 
We thus find in this case 


F(x, y)dx -ἰ ED) ἀν αν. δου ος ἐλευ (4) 
The equation (5) thus becomes 


᾿ δία, ν,.) | OF (ty, 2)\dady _,, 
[ Pole, yd = [ὦ pe nO ) oY, (8) 


Now, however, dx dy= —nd8 so that we get 
OF oF 
[ F(x, y, 2z)dx - (m ὃς 5 By GS ραν δ κῶν (6) 


which is the same equation as before. 

Suppose now that G(z, y, z) and H(z, y, z) are single-valued 
and continuous and have continuous partial derivatives 
G,, G, and H,, H, when (z, y, 2) is any point on 8; it may be 
proved in the same way, or it may be deduced by symmetry 
from equation (6), that 


0G .06 
| ee, y, z)dy = ff (no - ΕΞ OS ρος νκου δε: (7) 
0H oH 
[ He, ψ, ε)ά4.- [[ (τ: — m= GS. ἀρ σξοδι (8) 
and therefore, by addition of (6), (7), (8), 
Ϊ (Fdx + Gdy + Hdz) 
oH aG OF oH 0G OF 
={[ {2 Oy OF +m( = ~ Fe) + Se 5 \ as. .»(9) 


Equation (9) is Stokes’s Theorem for transforming a curvi- 
linear integral round a curve C into a surface integral over a 
surface on which C lies. 

In equation (9) the surface y(x, y, 2) =0 appears only through 
the numbers J, m, n which are the direction cosines of a normal 
to φεῦ; any other surface therefore which satisfied the 
conditions to which y=0 has. been subjected might be taken. 
as that on which the curve C lies. 
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It has been assumed that the surface is not met by any line 
parallel to the coordinate axes in more than one point ; but 
this condition is obviously unnecessary if the surface can be 
divided into a finite number of partial surfaces each of which 
satisfies the condition just stated. The curvilinear integrals 
along any curve that is introduced would, as in the case of 
Green’s Theorem, § 131, cancel and the sum of the surface 
integrals over the partial surfaces would be the integral over 
the given surface. 

Again, it is not necessary that the derivatives 9,, Q,, 9: 
should be everywhere continuous, provided they are in general 
continuous. For example, the surface might be a tetrahedron ; 
along the edges the derivatives y,, p,, y, are double-valued, but 
they are continuous in each plane of the tetrahedron. 


138. Green’s General Theorem. Let w, v, w be single-valued 
functions of x, y, 5 which, with the derivatives du/dx, dv/dy, 
@w/dz, are continuous throughout the volume W bounded by 
a surface S, and let 1, m, n be the direction cosines of the normal 
PP’ at a point P(x, y, 2) on S, where PP’ is the inward normal, 
that is, the half line from P to a point Ρ' near P and inside W. 
The following relation holds : 

{| ᾿ (2+ ὅν Ὁ +2) de dy dz= -- [ (lu+mv+nw)dS ...(1) 
where dS is the element of the surface S at (x, y, 2). 
Let Fig. 13 represent a section of the surface by a plane 


τὸ Ξ 
we 


vw 
Fie. 18. 


δα αὶ ἴο ene zz plane. The parallel to the x-axis through 
point (0, ¥, 2) will meet the surface in 2 or 4 or 6 or, in general, 
in an even number of points, say P,, ᾿ς, P3, Py. 
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Now let MP,=2,, MP,=2,, MP,=x;, MP,=2,; then 


Π ἐν dx dy dz = {fi — U(X, Y, Z) + U(X, Y, 2) 
—U(Xg, Y, Z) + Ula, Y, 2}} dy dz. 

A cuboid with base dy dz and with lateral surfaces parallel to 
the x-axis will cut out of the surface S the elements aS,, dSo, 
dS;, dS, at P,, P., P3, P, respectively. If the direction 
cosines of the inward normals at P,, P,, P;, P, are distinguished 
by the suffixes 1, 2, 3, 4 respectively, then | 

dy dz=1,dS8, = —1,d8,=1,d8,= —1,d8, 
because dy dz is positive and the angle between M P, and the 
normal is acute at P, and ᾽ς, obtuse at P,, P,. Hence, when 
expressed in terms of dS, the element of the double integral is 
of the form — u(x, y, z)dS, so that 


Ou 
[|] Shaxay az = -[[ was, 


The other two triple integrals in (1) may obviously be 
treated in the same way as the first triple integral, and the 
equation (1) follows. 


Now let py gage ag. 
Ox oy Oz 
2 2 2 
and let γεν. .ὃ , par Ν 


gat * Gye + εξ" 
then 


ΟΥ̓ aUaV οὔ ΟΥ̓ : 
ΓΞ ax” dy dy Oz ὅς) de dy dz + [| UV? Vdzx dy dz 


δ δ΄ ὃΓ, 
- -ἰ[σ( τος +m Ene ΗΝ (2) 


where (#.7'. p. 219, (3)) 0V/dy is the derivative of V in the 
direction of the inward normal. . 

Equations (2) and (3) give Green’s Theorem. The form (1) 
was given independently by Ostrogradsky in a memoir read 
before the St. Petersburg Academy in the same year (1828) 
as that in which Green’s Essay was published. For a short 
note on the history of Green’s and similar theorems see Pro- 
ceedings of the Edinburgh Mathematical Society, vol. 8, pp. 2-5. 
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In (3) let V=U ; then 


KE ee (5) + (5) | avayae+ [[[ov2vde dy de 


= -σςς ΓΗ  ΡΠΡΡΗΡΕΓΕΠὋὍὋ (4) 


In (3) interchange U and V and subtract the members of the 
equation thus obtained from the corresponding members 
of (3) ; thus 


{{{Ὁ uvev - γυεῦ) dedyde = - [}Ἃ (us - v= )as. ...(5) 


In equations (1) ... (5) the sign ( — ) before the surface integral 
will be changed to ( +) if the outward normal is chosen instead of 
the inward. 


139. Transformation of V?7V. Suppose that in equation (2) 
of § 138 the function U is zero on the surface S that bounds the 
space W ; the equation will then become 


(lf | Se oe |e dy dz= - ff UV2Vde dy dz. ......(1) 


Now let x, y, z be changed to u, v, w where 
x=f(u,v,w), y=g(u, v, 10), z=h(u, υ, w), 
and the surfaces u —const., v=const., w=const. are orthogonal. 
If ds is the segment joining the points 
(x,y,z) and (x +dz, ταν, z +dz) 
ds? = Xdz? Fe A fudutf,dv+f,dw)?, 
or ds? => (f2z+92+ ada? = = 0?du? + o2dv* + ozdw* 


U,V, W 
where gf =f2+g2+hi, of =fit+ge thi, sa aula 
because fy 70 Ὁ GuJo t+ Puby=9, fofut---=9, fufut 
since the surfaces are orthogonal. 
If ds,, ds,, 485 are the elementary segments of the normals 
to u, v, w respectively, | 
ds,=0,du, ds,=0,dv, ds3=0,dv 
where 01, 0, 03 are positive, and the new element of volume is 
d8,d8,0 85 = 0; 0203 du dv dw. 
(Note that 0,0.0;=|J|, where J is the Jacobian of ~, y, z 


...(2) 
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with respect to u,v,w; this may be seen by forming the 
square of J.) 

From the equations 


dz=f,du+f,dv+f,dw, dy=g,du+..., dz=h,du+... 
we find 


ojdu=f,dz+g,dy+h,dz, ofdv=f,dx+..., oidw=f,dx+. 
so that 


Ou .» ὃν g, Ou_h, ὃν ᾧ, dw fy 
dx οἷ᾽ Oy of? dz οἵ’ Ox of"? Oe of" 
Hence 
aU οὐ, OU }. OU Sew ὁ ο 
ὃς διρὶ δυρὲ οδιυυρξ᾽ dy “δ᾽ 
so that 
La aU eV | Aare a AAA 
Ox Ox pf Ou Ow 03 Ov ὃν ok διυϑιυ 
by using equations (2). 
Thus the integral on the left of (1) becomes 


| 1aU av 
[ΠΣ Sai} 01020,dududw 


= Q2039U OV 4030, δῦ OV + ote at 
-{{ Q, Ou du saya du ὃυ 0, dw dw dudvdw (3) 


where W’ represents the new field of integration. 

Now 

02039U OV _ Of ( G22 Ὶ ῃ.3 ΡΑΝ 
οι Qudu dul οι δ.) [ὁ ει πὶ 0, Ou 

If the transformation of ὃ 138 is now applied, u, v, w simply 
taking the place of x, y, z, the surface integral into which the 
first term on the right of the equation is transformed will be 
zero since U is zero on the bounding surface. Hence the 
integral (3) is equal to 


(6:8: }). 0 /030,0V 010,0V ᾿ 
Ὁ eal οι Ou + 5s x) pie? 03 0) ananan*) 


which is thus the form taken by the integral on the left of (1), 
U, V being now expressed in terms of τι, v, w. 
The integral on the right of (1) is transformed into 


Ξ {| Ϊ | σὴν | cress ἄτι dvd. ........ἁὁνννος (5) 
w 
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The only restriction to which U is subjected is that it be 
continuous and vanish on the bounding surface and therefore, 
since the integrands of the integrals (4) and (5) are continuous, 
it is necessary that the coefficient of U in each integral be the 
same. Hence V?V becomes 


ὃ (02030V ὃ 030, 0V ὃ (01020V 

ent “0, Ou ne G2 ov εν θ3 30) f = 

The above transformation is due to Jacobi. If x=f(u, v), 

y=g(u, v) and z=w (so that z is only formally changed ; com- 
pare £.7'. p. 237, equation (8)); we have 


fo=0=Jum, hy =O=hy, hy =1=05, 2V/dw?=a2V [23 


1 (δήρ.9 7 ἐπ᾿ 0,0V 02V 
2 2 1 bas 
ἐδὼ ᾿ προ, δα οι Ou a ts 20) Oe? 


where 0?V /dz? is zero if V is independent of z. 


140. Worked Examples. The following examples give some 
Ulustrations of the theorems of Green and Stokes. 


Ex. 1. If H,=G,, F,=H,, G,=F, for every point (2, y, 2) in a 
volume V, bounded by a closed surface S, and if a and β are any two 
points in V, prove that the integral 


| , (Ede + σαν +H de) 
a 


has the same value for every path of, provided the path lies in V. 

As in § 131, Ex. 1, take two paths ao yf and «66 lying in V and having 
no common points except α and β. If C denote the curve ayfda, the 
curvilinear integral round C is zero by § 137, (9), and therefore the 
integrals along ny 8 and «68 are equal. 


Ex. 2. If the curvilinear integral in Ex. 1 is independent of the 
path «f where « and β are any two points in V and the path lies in V, 
show that H, =@,, F,=H,, G,=f, 

Proceed as in § 131, Ex. 2. 


Ex. 3. If H,=G,, F,=H,, G,=F, for every point (x, ψ, 2) in V, 
prove that 'dx+Gdy+Hdz is a complete differential. 
Let P(é, 7, Ὁ be any point in V. Wecan choose the points L(a, ὃ, c), 
M(E, ὃ, c), N(é, 7, c) so that the path LMNP (or p) liesin V. Now let 
(ξ, η, Ὁ be defined by the integral 


ΚΕ, η, ὃ =| (F dx +Gdy +H dz) +const. 


-(' LG Ds SNe 4; G(é, ν, ογάν εἰ Η(ξ, n, z)dz -- const. 
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Differentiate with respect to ξ and note that 
OG(E, ν, ὃ). OF(E,y,c) OH(E, n, z)_ OF (E, ἡ, z) 
= : δὲ τ Oz ° 


0g oy 
ence 
ze = F(é, ὃ, ὁ) +[ F(é, η, ο) -- F(é, ὃ, c)] +L F(E, η, ὃ - Flé, 0, €)] 
= F(é, > (). 


Similarly of/on=G(E, ἡ, ἢ, Of/e¢=HA(é, n, ᾧ so that 


ἔξ, n, (dE +G(E, ἡ, Ody - Η(ξ, n, Ode =adf(é, n, 0), 
and for &, 7, ( we may put 2, y, z respectively. 


Hx. 4. If wu, v, w satisfy the conditions of ὃ 138 and if K is a surface 
inside W bounded by a closed curve C, under what conditions will the 
surface integral 


\), +m +mw)dS vies Seiiaauss (i) 


depend solely on the curve C and not on the particular surface K on 
which C lies ? 

The numbers |, m, n are the direction cosines of the negative normal 
at a point P on the surface K (§ 136) and the integration is taken over 
the positive face of K. Now let S be a closed surface formed by two 
surfaces K, and K, that lie in W and pass through C but contain no other 
common points than those on C; denote by V, the volume enclosed 
by S. 

If the integral (1) depends only on C then 


| (lu +mv +nw)dS -|| (lu +mv +nw)dS 
Κι | Ke 
and therefore, if K, is on the positive face of S, 

i, (lu+mv +nw)dS =0; 


because in the integral over the part K, of S the normal at a point P 
on Κα, is an inward normal to S, that is, is a positive normal to K, so that 


Ι (lu +mv +nw)dS -| (lu +mv +nw)dS -| (lu +mv +nw)ds. 
Ss x, Ka 


ad 


Hence by § 138, equation (1), 


ou ov ow 
{ (Ὁ Sut py )dedy dz -ἰ (ἴω +mv +nw)dS Ξε 0. 

Now the surface S is arbitrary since K, and K, are any surfaces, and 
therefore the triple integral cannot be zero unless its integrand, which 
is a continuous function, is zero. Hence the condition 


must be satisfied at every point in W if the integral (i) is to depend 
solely on C and not on K ; that is, condition (ii) is necessary. 
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That condition (ii) is also sufficient may be shown by finding, if it is 
satisfied, the line integral round C that is equal to the surface integral (i). 
By Stokes’s Theorem we have to find F, G, H so that 


oH 0G_,, oF Ἢ δ oF __, oi 
By Oe = Oe Be? Be By Te ον i 
Now if F,, G,, H, are values of Ff, G, H respectively that satisfy (iii) 
so will the functions 
opel? g@ug.42? wun (ὃν 
Be tae ppt ΞΟ τ Ή ge ee ee ere (iv) 
where Ψ is a single-valued function of x, y, z which has continuous first 
and second derivatives ; because 
oH oG (0H, , @y OG, ὃ 
Oy az =( dy * ae) -(3 sate) ee 
The functions F,, G,, H, may be taken to be 


F,=(" ode +91(%, y), A= - |" ude + 4(2, 2), Hy =0 .......(v) 


where ¢ is a constant and 9,, y, are functions of x and y. These 
equations give 
0H, 0G, OF, 86, 

Ox 


ὃ oz” & 
Se Sm Fe de 4 ee an fF ae ϑφι. ὅρι 


ὃ ὃν \e dat By δ ὃν ἰεῦς ou ody 
by equation (ii). Hence 
OG, OF, _ Op, 1 _ 0. 
ἜΣ ey =U(x, ¥> Zz) —w(z, ψ. Cc) + ax ~ By =w(2, Y> Ζ) 
OP a Os... 
if Se Oy SUN DUOC). “hgh dowd cua euay strw cael an walideuee Wa ας ἐπῶν (vi) 


Let one of the functions ¢,, y, be chosen arbitrarily ; the other is then 
determined by the equation (vi) and the functions F,, G,, H, satisfy 
equations (iii), Hence the functions 7", G, H given by (iv) are such that 


| (lu +mv +nw)dsS =| (Fdx +Gdy + Hdz). 
x σ 


Solid Angle. Definition. The solid angle subtended at a 
point A in space by a surface S, bounded by a closed curve C, 
is measured by the area intercepted on the sphere with centre 
A and unit radius by the cone with vertex A and the surface S 
as base ; the measure is positive or negative according as the 
positive or negative face of the surface is seen from A. 

If the surface S is closed (like an ellipsoid), the solid angle 
will be measured by the complete surface of the unit sphere 
when A is inside S but will be zero when A is outside S. These 
two results may be obtained from the expression (i) of Ex.:5 
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as limiting cases ; the definition assumes that S is not a closed 
surface but is bounded by a closed curve. 


Ex. 5. Expression for a solid angle. 

Let A be (a, ὃ, c), P any point (2, y, z) in the small area 6S and 6 the 
angle between the positive normal PN to 6S and the direction PA 
from P to A. Let dw be the area intercepted on the sphere with 
centre A and unit radius by the cone with vertex A and base 6S; the 
area of the section of the cone by the plane through P perpendicular 
to PA is (approximately) 6S |cos6| in numerical value where 6S is 
positive. But, if |PA|=r, we have, by geometry, r? |dw| = dS |cos 6| 
and therefore, in sign and magnitude, r?dw = 6S cos @ so that 


ω-ἶ ΟΕ | ae ce κικῖρο (i) 
5 


If 1, m, n are the direction cosines of PN, we have 
cos 0 = {l(a -- “) +m(b -- ψ) +n(e —2)}/r 
since the direction cosines of PA are (a —2)/r, (ὃ —y)/r, (c —z)/r, so that 


" Ua —x)+m(b —y)+n(c -- 2) i 
@ -ἰ, {Saami pene τὴ τα (11) 
If u=(a -- αἹ γ8, υ τε (ὃ —y)/r?, w =(c —z)/r3, itis easy to verify that 
ou εϑὼ ow 
Oa + By Se τῷ; 


so that (Ex. 4) w is independent of the surface S and depends only on 
the bounding curve. 


EXERCISES XVI. 
1. Change the order of integration in the integral 


2. When the field of integration is the triangle given by y = =0, y=a 
and 2 =1, show that 


ἤν" - γηάσαν =3(F+¥3). 
dy 1 ab 
dx\ ———4___—- tan-2 { —_® _ 
᾿ ( οἱ, (x? -ἰΊϑ +¢2)% oe re + 6? +c?) 
4. When the field of integration is the circle x? + y? =2ay, show that 
[νιν —2x*)dx dy -- 1 (3π-.- 8) αϑ8. 
5. The integral of (#sina-ycosa)?, taken over the ellipse 
v7/a* + y?/b® = 1, is equal to 
¢zab(a? sin?a +b? cos®a). 


_ If the integral is taken over the rectangle given by %=a,.2= —a 
and y=b, y= --ὃ, its value is 


$ab(a* sin? +b? cos*a). 
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6. If 1 =|| ag taken over the circle x*+y*?=a?, find I 


and show that 
ol . 6 
τῆς =2{1 - Tarren) 
7. ἤ (az + by? +cz*)dx dy dz, taken through the sphere α + y* +24 = R? 
is A,2(a +6 +c) 5. 


8. ii 2dxdy dz =" et cot o cot B 
Vv 


where V is the volume bounded by the cone 2? =z? tan*a +y* tan*B 
and the planes z =0, z =c. 


9. If V’ is that part of the volume V of Example 8 for which 2, y, and z 
are positive, show that 


᾿ xyz dx ἀν dz =, οὗ οοὔξα οοὐξβ, 
γ᾽ 


10. If » is the perpendicular from (x, y, 2) on the diameter of the 
ellipsoid z*/a* + y*/b* +z*/c?=1 which is inclined to the axes at the 
angles a, β, y, prove that 

\{ p*de dy da -- ἘΞ abe(a? sinto. + b*sin®f + οἱ sin®y) 
where the integration is taken through the ellipsoid. 


11. The value of i{\ “5 ἀα ἂψ ἀξ, taken through the volume common 


to the sphere 2? Ἐν +z? =a? and the cylinder x? + y* =aa, is 


s- τε )α' 
15\2 15/7 © 


12. The mean value of (ax +by +cz)*", where n is a positive integer, 
over the surface of the sphere x* + y? +z? =1 is 
(a® +b? +.02)"/(2n +1) 
and the mean value over the volume of the sphere is 
3(a® +b? +07)" /(2n + 1)(2n + 3). 
13.* | gn? dy πρῶ +e)ymrn-l(] —7 —y)"1 dx 
0 0 
=4T()C(m)(n)/V(l+m+n), 121, m2 1, n=. 
14. If m, n, p are each not less than unity, 
[° (a - nym de |”  - ψγηϑαν |P (ν -2)° 292) 
_Tim)P(n)I(p) (" Pere a 
=m τη ΤῈ] (272) f(z) dz. 


*1,m,n are taken to be each not less than 1, so that the integrand may be 
a bounded function of x and y. When the improper integral has been defined 
it will be seen that the result holds if 1, m,n are each positive. A similar 
remark is applicable in the case of other cxamples. 
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15. If m20, prove that the integral 


((( 1-%- "fae + By) dx dy, 


taken over the ellipse x?/a? + y2/b? = 1, is equal to 


1 
Bd, m+ jab] (L—atym+4f(leyde, k=(Atat + Bays, 


16. (" ἀφ 35 ΤᾺ -sin cos) sin 646 =3|" F(a) de. 
0 20 20 


2 © fem? 2 “26 ain 20. ὃ 
17. "ἀφ (Ξ use ie each “510 i το “) sin 6 d0 -- ἀπαδο. 
0 0 α b σ 


18. (i) If 6» α, show that the integral 
| | (c —x)dxudy 
(c -—x)?+y?’ | 
taken over the ellipse 2?/a? + y2/b? =1, is equal to 


A708 (c —/(c? —a? +b4)} : 
(1) Ifa>h>0, show, that the integral 
(| (a -- 2) dx dy dz 
{x2 +y? +(a —z)}8 
taken throughout the volume bounded by the cylinder 2? +y? =c? and 
the planes z =h, z= —h, is equal to 
n{[e? + (a —h)?]® —[c? +(a +h)®]2 + Qh}. 


19. Prove that when the double integral in x and y is taken over the 
positive quadrant of the circle x? + y? =1, 


(i) | | dx dy . δὲ 
YS) γα =a? - γῆ" Σ᾽ 
and deduce that, if x=sin 6./(1—m?sin’y), y=sin p/(1—n? sin?6), where 
m+n?=1 and 0OS0=a/2, 0X φΞ: π|9, 
(ii) ( ( (m? cos*p +n? cos?6@)d6 ἀφ _2 
” No Jo VW(L —m? sin®p)/(1 —n?sin20)~ 2° 
Give a geometrical interpretation of the integral (i). 
[The integral (i) is not a proper integral. See, however, p: 380.] 


π 


5 do 5 
20. If F(m) =|" Ti nmismy Em) =| /(1 —m*sin26)d6, 


and m* +n? =1, deduce, by the help of Example 19, that | 


F(m) E(n) + F(n) E(m) -- F(m) F(n) Ξ , 
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21. If x=rsin 64/(1-m?sin’—), y=r sin p/(1—n*sin*@), z=7 cos 0 cos p 
where, as in Example 19, m? +n? =1, prove that (2, y, 2) is a point on a 


sphere of radius r and change the variables in the integral i\\ dx dy dz, 


taken over that octant of the sphere x? + y? +z?=1 for which 2, y, z are 
all positive, to the variables r, 0, φ. 
Deduce the value of the integral in Example 19, (11). 


22. Prove that 


29 
[ ἀφ 7" F(asin θ cos φἘ sin θ βίῃ p +¢ cos θ) sin θ4θ 


1 


=2a | PUdcx) de, k =(a? +b? +c%)?. 


By differentiating with respect to a, δ, ec other integrals may be 
derived ; thus, differentiating as to c and putting f(z) for F'’(x) we find 


2 ὄπ 
| "ae |" flasin 6 cosy +bsin θ sin y +c.c0s 8)cos θ sin 6 d0 
: 1 
=e | 5 J (hee) dx. 
23. From the sphere αΣ Ἐν +2? =a? a segment is cut off by the plane 
z=h>0; P is any point on the curved surface S, Q any point in the 
volume V of the smaller segment and C the point (0, 0, 6), where 
c>a. Prove 
. ao GS ὥπα,, _ 4γὲ _ . 
ὦ Uy =| ppp 5. “οὐ -- Bak τ αν) -ο τα); 


ὦ τῇ, 2508 


= 220 — 2Qch +a*)? +a} -- 3 (2c -- 6ch + 3h? + 3a?). 


If the segment is made by the plane z= —k, where k > 0, show thet 
the values of U, and U, are obtained by writing ~k for h. 


24. If F(a, y, z)=al-ty™ 12" f {(2)'+ ( " + (=) } , where a, b, c are 
positive and the indices are such that F(z, y, z) is continuous, show 
that the integral of F(z, y, z), taken through the part of the volume 
bounded by the surface 

(x/a)? + (y/b)* + (z/c)’ =1 
in which 2, y, 2 are all positive, is equal to 


l-a-y *-1 
ἄμ"; f(a ΄-ἶἰοἮΡῪ +2) dz. 


oe are (“ye αν] 
Pq? jo 0 0 

The example may easily be extended to the case of n variables. The 
integral may be transformed to one with constant limits (§ 133, 
Examples 3, 7). Iff(w)=(1 -- ει)ῦ, the integral can be expressed in terms 
of Gamma Functions. 
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25. Elliptic Coordinates.* The equation f(t) =0, where 


2 g2 
f(t) =1 7.21 ΣΤ’ δὲ « οἥ, 


is satisfied by three real values λ53, μδ, v?, where 

A> c? > wp? > db? > 2? 
and the three surfaces A=const., ~=const., »=const. are confocal 
conicoids which pass through the point (z, y, z) and intersect ortho- 
gonally. The values of x, y, z are given by 

yt Bate ας, (λ5- Bu BEV - δ) ,. (λ5- 08)(u8—08)(0#@- C8) 

b*c? ’ b?(b? — c?) ; c?(c? — 6?) 

When 4, μ, » are fixed, the point (x, y, 2) will be uniquely determined 
if, for example, », ν (μ —b?) and 4/(/2 —c?) are allowed to take either 
positive or negative values while j, 4 and the other square roots are 
kept positive. The numbers 4, μ, ν are called the elliptic coordinates 
of the point (z, y, 2). 


(i) Tf J qe, prove that 
| J| = (A? — u?)( A? — v3)( 42 — v3) 
~ VRE BAYH? -- 08)( ua? -- δ) -- A)(B* -- vAV(CF — aA” 
(ii) If ds is the distance between the points 


(A, u,v) and (A+dA, u+dyp, ν +dy), 
show that 


ds* =dx* + dy? + dz* 
(A= WANA - νὴ) yg (λ᾽ wat -- νὴ) gg (29MM 74) ἀγα, 
(TF = B28 -- 8) ©" © (uF = BA) (oF = pt)“ (65 v8) (oF — νῇ) 
(111) If ds,, ds, and ds, are the respective values of ds when A, μ and » 
alone vary, prove that 
ds, =Adi, ds,= Βάμ, ds, =Cd», 
_| { (42 =n?) (4? - 9%) \3 (A? — μδ)γ(μδ — v3) 
where =| { Geminis ταῦ (a? — δῆγ(ο: - μὴ 
(A? -- »?)(u? --νδ) γὲ 
ΟΞ =| (63 — v2) (ce? — 9?) yl 
Deduce from (iii) the value of |.J|. 


, B= 


26. If p is the length of the perpendicular from the centre of the 
ellipsoid 4=const. on the tangent plane at (/, μ, v), prove that 


= λδ(λθ ~ δ3)15 -- 08) (22 -- w8)(A¥ -- 4) 
and deduce, by expressing the volume of the positive octant of the 
ellipsoid as the integral } | | pds, ds, over the surface, that 
[; dys [: p? — v2) ἂν 
oVi(u Ber = 23)(68 —08)(oF — vy 3 


* See Bell’s Coordinate Geometry of Three Dimensions, Chapter X, for the 
properties of Confocal Conicoids. 
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27. Prove the following results : 


() [aa l? ayl” 17 ἀν = 3 λιν Cat - O44 - cP 


2 _ 42)(c2 — y? 
(ii) f aul’ (3 Sa A teeta caer ay dv =% c%(o8 _b?: 
S53 ὃ A2 — μ3)(18 --ἰνϑ —v?)d } 
(111) [ bP rea 3 = 2(b? + c?)A? + b2c7}. 
28. Express V?V in terms of the elliptic coordinates 4, u,v. If 


λ ἀλ —oa*  μὄὌἂὃ 
ἐπαὴ Trea 1- ἢ, eT’ 


( =a?” ὌΠ he 
τ 20 ν {(δ5 — v?)(c? — v?)}” 
show that 

VIV = =K{(u ~ Fe oa Ce + (2 - μος 56) 
where K =a4/(A?2 — ?)(A? — v?)( uu? — v?). 


29. EF is the ellipse z?/a? + y?/b? =1 and the equations 
2?/cosh®u - y?/sinh2u =c?, x?/cos*v — y?/sin’v =c? 
give respectively ellipses and hyperbolas confocal with H. 
If p is the perpendicular from (0, 0) to the tangent at (z, y) on the 
ellipse u, show that 2 and y may be expressed in the forms 
xg =ccosh ucosv, y=csinhwsinv 
and then prove 
(i) J = =¢? (cosh?u sin*v + sinh?u cos*v), p? J =c* cosh? sinh*u; 
τὴ 2 _ 3 2\ _ (q@2 — d2\2 oe ede ee 
(ii) Ι;» dx ἂν =F ab(a? +b?) — (a? — δ3)3 cosh Vat 55} : 


80. If x=o οο8 φ, y=e sin φ, 2 =2 and if U =e'V, prove that 
aa 1eU @U U 


οἱ 2 σου go. 
VV =a +73 Spi ὁ δεῖ + agi? 
dif = fen __ bsinw 
or ~eoshA+cosw’” coshda+cosw 


ee aU eo) eu 1 
εἶν =(sinh A)? (Sa + tar + 5gnt aU: 
31. If 2,=rcos6,, xv,=rsin@,cos@,, «#,;=rsin @,sin8@,cos6,; and 

2, =r sin 6, sin 6,sin 63, show that 

δία, Le, Tz, Ue) 5... an | 

a(r, 0,, Oo» Os) Ξε sin?6, sin 02, | 
and extend to the case of two sets of n variables 7, 2, ..., 2%, and 
r, 0,,...59,-1- Prove that 

(i) αξ +ah+... +02 =r; 


(ii) ho a ay =r"-1(sin 6,)"-2(sin 64)"~2 ... (sin 0,2). 
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32. If 

| x,=rsin Ocosy, ὧς ΞΞ- Υ 510 Osing, x, =7rcos 6 cosy 

and x, =r cos θ siny then 2a? =r? 

ie Ξε) a at = =? cos @ sin 6. 


33. If the rectangular axes of x, y, z are changed to another set of 
rectangular axes ξ, ἡ, ( with a new origin (a, ας» a3), show that 


2 2 
Iv Cae) (a5) 51} ara = [IV { (SE) τίσ) 1} ate 
The formulae of transformation are 
L,Y, 2=a, +Lé+m nin’ r=1, 2, 3. 
If p =02/0u, q =0z/dy and P =0(/0é, Q = ὁ{[ δὴ, it is not hard to prove 
that 


and 


(i) V(p? +97 +1) =| np +n — τ]. /(P? +O? +3); 

.-. | O(%, ψ) 

ci | SEH 

The measure S of a surface is therefore independent of any particular 
set of coordinate axes. 


34. If r=f(u, v, w), y=g(u, v, w), z=h(u, v, ὦ) and if P, A, B,C 

are the points determined by the parameters 
(wu, v, w), (uU+du, v, w), (u, v+dv, w), (u, v, w+dw) 

respectively, prove that the volume of the tetrahedron PABC is 
4|J|dudvdw where J is the Jacobian of f, σ, h with respect to u, v, 
w and du, dv, dw are positive. 

The volume of the parallelepiped of which PA, PB, PC are con- 
terminous edges is |J|duwdvdw. Deduce the transformation of 
Problem 11, ὃ 134. (Compare Exercises VI, 14.) 


Ἴπιρ +Noq —N3{=1. 


35. The value of | (la? + my? +nz?)dS, taken over the surface of the 


sphere (2 -- α)Ὦ +(y —b)? +(z —c)? = R? 
is §a(a+b+c)R%, the direction cosines 1, m,n being those of the 
outward normal to the sphere. 

Verify the result by transforming the integral into a triple integral, 
taken through the sphere. 


36. C is the curve given by the equations _ 
a? +? +2? - 2az -2ay=0, σεν τα; 
prove that ce 5. Ν 
| (ν ἀχ:-- ταν +xdz) = —-2/2 . παῖ, 
σ Seer eee ame cee wee γεν 


the path beginning at the point (2a, 0, 0) and lying at first below the 
plane of zy. Transform the curvilinear integral into a surface integral 
over the plane area enclosed by C. 
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37. Verify Example 19, Exercises XIV, by applying Stokes’s Theorem 
to transform the curvilinear integral into a surface integral over the 
relative portion of the surface of the sphere. 


38. On the perpendicular from the centre O of the circle zx? + y? =a? to 
the plane of the circle a point P is taken; if OP =z >0, show that the 
solid angle w subtended at P by the circle is 


> 
an{1-Tarca}- 
Tf z< 0, what is the value of ὦ 


39. Prove that, if the symbols have the same meaning as in Example 5, 
§ 140, the integral (i) that measures w is, when S is a closed surface, 
4x or 0 according as A is inside or outside the surface, the inward 
normal being considered the positive normal. | 

If A is outside S, a line through A will meet S at an even number of 
points, P,, P,, Ps, Py say (compare Fig. 13); a cone with vertex A 
and small vertical angle, having AP, ... Py as axis, will intercept areas 
OS,,..., OSzatP,,.,.,P,. If these areas be projected on the unit sphere 
with centre A, the area intercepted on the sphere by the cone being 
dw, then 

dw= dS, cos 6,/AP?= -- dS, cos 6,/AP3 
= dS; cos 0,/APZ= — dS, cos 0,/AP}, 

so that the sum of the four elements 6S cos 0/AP? is zero. For the 
whole surface it follows that the sum is zero so that ὦ is zero. 

If A is inside it is plain that the sum is simply the area of the unit 
sphere, that is, 47. 


40. If as in § 140, Example 5, 


o=({ l(a -- “) Ἐπεί τ) +n(c =2) ag, 
8 
show that 


Ow _ 0/a-2x 0/b-y δύο - 

Ba7 We {ταί r ΩΣ γῇ )+naal - }) 48. 
z—-C ψ --ὃ 

Ἐπ το τ δ 


ν show that 


δὼ 
δα 
where C is the curve that bounds S. 
Prove in the same way that | 
δὼ (x —a)dz —(z —c)dx 
spa στο τα θα, 
ὃς, [Ὁ ~b)de - (x - αγᾶν. 
ee 


Ισ 


᾿ (Gdy +Hde)={ 9 :Ξ9εν ye 
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CHAPTER XII 
IMPROPER INTEGRALS 


141. Improper Integrals. The definition of an integral in 
Chapter IX expressly assumes that the integrand is bounded 
and the range of integration finite. It is possible, however, 
to extend the definition so that the integral will still have a 
value when the integrand is not bounded or the range is not 
finite ; the integral, as thus extended, is called an Improper 
(or Generalised or Infinite) Integral while, for the sake of 
distinction, the integral of Chapter IX is called a Proper (or 
Finite) Integral.* 

The following preliminary definition is given as it simplifies 
the expression of conditions in many cases. 

Singular Point. A point c in an interval (a, ὃ) is called a 
singular point of the interval for a function F(z) if F(z) is 
not bounded in the interval (c— ὃ, ὁ +6’) where ὃ and 6’ are 
arbitrarily small positive numbers ; 6=0 when c=a and 6’ =0 
when c=b. It is often convenient to say that | F'(x)| = 0 
for x=c, but this expression means simply that c is a singular 
point. 

It will be assumed throughout that the number of singular 
points in any interval is finite and therefore, when the range of 
integration is infinite, that all the singular points can be 
included in a finite interval. This restriction on the number is 


* The term “infinite integral” is in some respects more suggestive than 
“improper integral,” especially because of analogies with “‘ infinite series *’; 
but it seems to be too great a strain on language to describe an integral as 
infinite when the infinity attaches not to the range but to the integrand. 
None of the terms is really satisfactory, but that of “" improper integral ᾽" is 
in such general use that it seems best to retain it. _ 
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not necessary for the existence of the improper integral, but 
the consideration of an infinite number of singular points is 
beyond our limits. 

Note. The sketch of the improper integral in the Hlementary 
Treatise (Chapter X XI) is based on the supposition that the 
integrand is in general continuous, but the method is equally 
applicable when the integrand satisfies the conditions for a 
proper integral. The improper integral of a function over any 
range will be defined as the limit of a proper integral over a 
part of that range ; ὦ necessary condition for the existence of an 
improper integral is therefore that both the corresponding proper 
integral and its limit should exist. It will save much tedious 
repetition to assume once for all that the proper integral and 
the limit both exist, and this assumption—which should be 
steadily kept in mind—will be adopted ; explicit reference 
will be made to the proper integral and to the limit only when 
there seems to be special reason for it. 


142. Definitions. A set of definitions will now be given. 
Take first the case of a finite range (a, δ), where ὃ >a, and let 
ὃ, 6’ be two arbitrarily small positive numbers. 

Range Finite. If a is the only singular point in (a, b) the 
improper integral of F(x) over (a, b) is defined by the equation 


b b 
| F(x) dx= L F(a) d2y- ἐν, φεςόξθκ sees (1) 
a ὃ-» 0" a@+6 
while if 6 is the only singular point in (a, 6) 
b ὃ -- ὃ 
[ F(x) dz= ΑΙ F(a) δᾶ: ὠνὶν ἐουὺςοφοοςξει (2) 
a $->0*%a 


The integral is often said “to converge at a” (or at δ); 
again, such an expression as “ the integral over (a, 6) is con- 
vergent ” is often used as equivalent to the statement that 
the improper integral over (a, δ) exists. Similar. language, 
borrowed from the theory of infinite series, is used throughout 
and will require no further explanation. 2 

If c, where a<c<b, is the only singular point in (a, δ) the 
improper integral over (a, ὃ) is defined by the equation 

pe 6-- ὃ | b 
| F(x) dx= ΑΙ F(a) dx + L Ῥ(α)άχ, ...... (3) 
a 80% a i 


§’—> 0" +8 
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provided each of the limits exists ; in other words, the limit 
must not depend on any relation between ὃ and 0’. 
This proviso is important, as the following simple case shows: 
on ee 
a “£-C 6-α᾽Ἡ Jory --Ο δ' ᾿" 
Neither of the limits for 6—0 or δ' -»Ὁ exists, so that the im- 
proper integral of 1/(z~—c) over (a,b) does not exist. If, 
however, we suppose δ' -- the limit for 6-0 is the definite 
number log[(b —c)/(c —a)], and this limit was called by Cauchy 
the Principal Value of the integral, in accordance with the 
definition : 

Principal Value. If the integral of F(x) as defined by 
equation (3) has a definite value when 6’=6, but not when 
6 and 6’ tend independently to zero, that value is called the 
Principal Value of the integral. 

This so-called Principal Value is clearly of a very special 
kind, and we shall make little or no use of it. (For notation, 
see below.) 

The definitions (1), (2), (3) may be supplemented by the 
following. 

If a and 6 (but no other point in (a, δ) ) are singular points, 
take any point ὁ such that a<c<b ; the integral of F(x) over 
(a, 6) is defined by the equation 


[ F(x) dx = Li Fe) dx + 4 ἼΤΩ) AX, ......(4) 


ὃ-»0 
provided (as in (3)) that each limit exists. 
If there are m singular points ¢,,C.,...,Cm in (a,b) where 
AS Cy, Cy < Cg, ..., Cy SO, and if each of the integrals 


[ F(x) ἄχ, ἢ F(x) dz,... = F(x) dz, [ F(x) dx 


Cm—1 


exists in the sense of equation (4), then 
- 1 =1 fer, . 
[τῷ da -ἰ F(x) dz 5) Ἵ() dx +f Τα) ἀκ ...(5) 
a a γε1"5 6,0. Cm ἜΝ" : 
where the first integral on the right disappears if c, =a and the 
last if c,,=6. | 7 


‘The case of an infinite range of integration will now be 
considered. 
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Range Infinite. Suppose >a. The definition is now 


i ὙΠ ἢ [ F (at) di τος ιἐροῤτὀελφυνοςς (6) 


~—> 2 


while if ξ΄ is positive and — é’<a@ 


[ μα) 4:.-.-ὄ αὶ Pade. caren τσ τ (7) 


ξ΄» — 
If each of the limits in equations (6) and (7) exists when é 
and &’ tend independently to infinity, then, by definition, 


[ x (x) dx =|" ie) de {τῷ Ges. ἡωυθονελφθίς (8) 


€ 
Let o(é)=| F(x)dx. If when > the integral ¢(é) 


becomes and remains greater than any positive number N 
(or less than any negative number - JV) the integral (6) is 
divergent. It may happen, however, that when > the 
integral neither converges nor diverges ; φίξ) may tend to no 
limit and yet be bounded. 

For example, if F(x)=sinz, (§)=cosa-cos¢ and 
| ~(é)| S 2 for every ἐ. 

In this case the integral is said to oscillate (finitely). H 
φ(ξ) neither converges nor diverges to + or to - and is 
not bounded when £—, the integral is sometimes said to 
‘‘ oscillate infinitely.” 

It may happen that the limits in equations (6) and (7) do not 
exist when & and ¢’ tend independently to infinity, and yet 


that the limit 

L [ F(x) dx 

ἔ- το " -Ἔ 
is a definite number ; in this case the integral is called, as for 
a finite interval, the Principal Value of the integral. The 
notations 


P[ F(a) de and P{” Fla)dz 


are sometimes used to denote the Principal Values. 

If the integral of F(x) over a given interval is convergent, 
F(z) is said to be integrable over the interval. 

Absolute Convergence. Hf the integrals of F(x) and |/(x)| 
over a given interval are both convergent, the integral of F(z) 
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is said to converge absolutely over the interval; or F(z) is said 
to be absolutely integrable over the interval. 

For an important contrast between Proper and Improper Inte- 
grals in respect of absolute convergence, see § 145, Theorem B. 


143. General Conditions for Convergence. In stating the 
conditions for convergence it is clearly sufficient to consider 
the convergence at one singular point of an interval (a, δ) and 
at © ; if c is the singular point, a<c<b, the condition for 
integrability at c must hold whether x tend to c from below 
or from above, and it will therefore secure brevity without 
loss of generality to take the singular point to be at an end of 
the interval. It has to be remembered that we always assume 
that the proper integral of which the improper is the limit has 
a definite value—that is, that it exists. 

Let a be the only singular point of F(x) in the interval 
(a, 6), and let 


w(é)=[_ Fle) de, pe: 


The condition that φ(ξ) should tend to a limit when ἔ- σα is 
that, given the arbitrarily small positive number ¢, there shall 
be a positive number 6 such that 


| (a) = φί(α,4)[ Ξε 1 AA «ὦ. sSa+ ὃ. 
φία,) -- φία,) = | "F(a) dz, 


and therefore the condition that the integral of F(z) should 
converge at a, or that F(x) should be integrable at a, is that 


Now 


[τω ae | <e if AXA <g SAHOO 2... eee ce ceeee (1) 


or, what is equivalent, that 


L [τω dx =0 if a<a,<ay. 


If 6 were the only singular point in an interval (a, 6) the 
condition would be 


ὃς 
| | F(a) dx | <e if b-8 Sb, <be<b, «.νννννννννον (2) 
‘ bi ; 


be 
or ZL, (F(x) dx =0 if 6,<b <b. 
δ, > ὃν ὃ; 
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In the same way for convergence at o there must be, 
given ¢ as usual, a positive number JN such that 


[τἀ <e if c>b SN, ciceccesceee peaweasld) 


or L |r) dx =0 if c>b. 


b> ὦ 

The integrand always of the same sign. Suppose, for example, 
that F(z) is not negative for any value of x in the range. In 
this case the proper integral must be positive (or, at least, can- 
not be negative) and therefore must tend either to a (finite) 
limit or to +, so that the corresponding improper integral 
must either converge or diverge and cannot oscillate. 

A change of variable, the change being made in the proper 
integral of which the improper is the limit, will sometimes 
transform an improper into a proper integral. For example, 
if f(x) is continuous for 0< 2 < 7/2, and if 0 <a<1 the change 
from x to y where x=sin y gives 

i ik oo -[ f(ein )d 
and therefore 


J ὃ ὌΝ Ἃ LJ fein y) dy = “fi y) dy. 


Again, an integral over a finite range ‘any be changed into 
one over an infinite range and vice versa. Thus, if x=e-" and 


0< 6< 1 1 
log = 


] log (=) dx -ἰ ye" dy, 


and if one of the integrals converges so does the other. ) 
Change of values of the integrand. As in the case of the 
proper integral, § 110, Theorem II, it is obvious that for the 
values of F(x), when these values are finite, there may be 
substituted at any finite number of points in the range any other 
finite values without changing the value of the integral. 

Singular Integral. For brevity, the integrals in (1), (2), (3) 
will sometimes be called the singular integrals at the singular 
points a, ὃ, ©; if a<c<6 there will be two singular integrals 
for the point c, and these may be called the left and the right 
singular integrals. 
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144, Special Test. The following test for convergence covers 
a large class of integrals. 

I. Convergence at a Singular Point. Let a be the only 
singular point of an interval (a, b), and suppose there is a 
neighbourhood (a, a + δ) of a for which (x -- α)" F(x) = φ(α). 

(i) If 0<n<1 and if y(x) is bounded, say |y(x)|<K, F(z) 
is absolutely integrable at a ; 

(ii) if n= 1 and if y(2x) is always of the same sign (never zero) 
in (@,@+6), say 9(z)>K,>0 or g(x)< - K,<0, where Καὶ, is a 
constant, f(x) is not integrable at a. 

(i) 0<n<1, a<a,<a,<a+6 and |o(x)| <K; 

[τω dx | =|" F(x)| da< eae 


αι((ὦ = a)" 


Top 142 - α)""" -- (α; -- a}. 


Both (a,—a)'-" and (a,—a)!" tend to zero when ας-»α; 
therefore both F(x) and | F(zx)| are integrable at a. 
(1) Suppose n= 1 and that F(z) is positive and (zx) positive, 
not zero, P(x)>K 1>9; then 
:Κ) K, 1. 1 
[Ωρ de> ne psa Sy er ag er cle 
am, log ((ας — a)/(a, —a)}, n=1. 
Clearly the integral does not tend to a limit when a,—a, and 
therefore F(x) is not integrable at a. A similar proof holds 
if o(x)< -- K,<0. 
If 6 were the singular point we should put (ὁ — x)" F(x) = p(x) 
for the range ὃ -- 6<6,<b,<b. 
Hx. 1. Of the integrals 


n>1 


δ sin ( -Ξ 5) de 
.. [ὃ sin (ὦ -- α) dx és | x-a ὃ cos(x —a)dx 
ὦ), sa Gi) |, — Sa, (iti) | -ῶρο, 
a (x -a) (5 —a) (x -- a) 

the first and the second are convergent while the third is not. For (i), 
note that (a -- α)δ F(x)—>1 when z->a; if n were taken to be 3/2 the 
imtegral might seem to be divergent but then (a) would be .zero and 
the conditions for I (ii) would be violated. 

II. Convergence at ὦ. Suppose that x"F(x)= (x) when 
x = ὃ, an arbitrarily large positive number. 

(i) If n>1 and |g(x)|<K, a constant, F(x) converges 
absolutely at o ; 
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(ii) if ~<1 and if ¢(zx) is always of the same sign (not zero), 
say 9(z)>K,>0 or 9(x)< — K,<0, where K, is a constant, the 
integral of F(x) does not converge at οὐ. 

(i) If n>1, c>b and |¢(x)|<K, 


6 c cKdx Καὶ ] l 
[τῷ dx | <[1F@) εχ «- spe ea (pi Ξε τ) : 


Hence, since n>1, (b'-" —c!-")->0 when bo, and therefore 
both F(x) and | F(x)| are integrable at o. 

(ii) Suppose nS 1 and g(x) positive, g(z)>K,>0; then 
F(x) is positive and 


[Fe cP ἐς e Κιά Ky (cl-" i= bi-"), n<l 
δ bp & —-nN 


= K,log(c/b), n= 
The integral therefore cannot converge at «. A similar 
proof holds if gy(z)< -- K,<90. 


wala zie are both convergent. 


Ἐπ. ἃ. The integrals Ν me oe d Ν ΒΒ oe 


For the first integral n =3/2 and g(x) -εϑίῃ 2. For the second integral 
there is convergence at 0 by I (i) above, but the convergence at © 
cannot be tested by the above rule. However, 

|; sin ὦ 
» ve 


oe sin ὦ 


1 (é.. 
Tro =|, sin x de ; » wie de | = gra. 


but in this case the convergence is not absolute, as may be proved by the 
method given in the H#.7T. p. 445, Ex. 1. 


145. General Theorems. The improper integral has been 
defined as the limit of a proper integral, and it is therefore 
necessary to inquire whether certain General Theorems, proved 
for the proper integral in §§ 109, 111, 112, are valid for the 
improper integral. The definitions 1 and 2 of § 111 may simply 
be assumed for the improper integral, and Theorems I, II 
and VII of § 109 are valid for the improper integral as being 
either definitions or simple consequences of the definitions. 
Theorem III, however (and as dependent upon it Theorems IV 
and V), and also Theorem VI, require modification. 

ΤΉΞΟΒΕΜ A. If g(x) and y(x) are absolutely integrable over 
an interval so is their product unless the functions have the same 
singular point, in which case the product may or may not be 
entegrable. 
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(i) Interval (a,b). Let ὃ be a singular point for p(x) but 
not for g(x) and suppose |g(x)|<K if ὃ - δα ΞΞ ὃ; then, ε 
and ὃ having the usual meaning, if ὃ -- 63 b,<b,<6b, 


[lo@w@)| de<k | ‘Ip(2)| de<e 


because |y(x)| is integrable at ὃ and therefore ὃ can be chosen 
so that the inequality is satisfied. From Theorem B below it 
follows that (x)y(x) is absolutely integrable over any finite 
interval. 

It may again be noted that the integrals used in the proof 
are proper integrals so that the various inequality theorems 
may be used. 


Cor. If g(x) is bounded and integrable and y(x) absolutely 
integrable so is y(x)y(x), because in this case |g(x)| is bounded 
and integrable. 


(ii) Interval (a, ©). The convergence at οὐ alone needs 
investigation since the convergence over any finite interval is 
settled by case (i). 

Obviously neither the integral of |g(x)| nor that of |y()| can 
converge at οὐ unless |g(x)| and |y(x)| are bounded when z= ὦ, 
an arbitrarily large positive number. Suppose |¢(x)|<K’ 
when x= 6; then if c>b 


[Ἰρώνψω)! dx<k [ive dzx—>0 when ὃ--»ο, 
ὃ b 


because |(x)| is integrable at o. Hence |y(x)y(x)| is integrable, 
and, from Theorem B, 9(x)y(x) is absolutely integrable over 
(a, @). 


Ex. 1. Let the interval be (0,1). If g(x) =(1 -- α) ἃ, w(x) =(1 -- x)-24, 
both (zx) and y(z) are positive and integrable but their product is not; 
if p(x) =(1 -- ) "ἘΜ the product of g(x) and y(x) is integrable. 


An extension of this theorem is given below, Theorems E 
and F. 


THEOREM B. If the integral of | F(x)| converges at a singular 
point or at © so does that of F(x), but the integral of F(x) may 
converge while that of | F(x)| does not converge. 

G.A.C. ο 
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Let the integral of | /(x)| converge at 6; with the notation 
of Theorem A we have 


be 

| F(x) dx 
by 

since | /'(x)| is integrable at 6. Similarly, if c>d, 


| [τω dx 


The first part of the theorem is therefore proved. 
It follows that if both F(x) and | (x)| are integrable 


[τῷ dx | ΞΞ [iF@ dx, [τῷ dx | <| Ire) Ax. 


An example of the truth of the second part has been given 
in the Hlementary Treatise, Ὁ. 445, when the range of integration 
is infinite ; the following illustrates the case of a finite range. 

Ex. 2. Let F(x) be defined for the range (0, 1) as follows, r being 
any positive integer : 

F(x) =(-1) rif (r+1jt<a< rt. 

The point 0 is a singular point. Now 


ΩΣ ΕἸΣ ares we het τι; 


2) --Ὁ Ὁ 
1 nN 1 
but ie |\F(x)| da = 2 ars Wades when no. 
a 
In the case of a proper integral, | /(zx)| is always integrable when 
F(x) is, but for an improper integral this statement is not correct, 
F(x) may be integrable when | F(x)| is not. 


be 
<| | F(x)| dx+0 if b>, 
by 


<[1Fe@ dz—+0 if ba. 
b 


THEOREM C. An improper integral is a continuous function 
of its limits. 

If x and x+h are both within the range of integration, we 
have in the notation of § 112 


φ(α) -ἰ F(t)dt, φίω +h) -- φ(α) = { F(t)dt 


When ~ is not a singular point, ὃ can be chosen so that the 
interval (x -- ὃ, x + 6) contains no singular point, and therefore 
when |/:|<6 the function F(t) is bounded and (x +h)+ ¢/(z) 
when h->0, because the proof of § 112 is applicable. On the 
other hand, if z is a singular point (7) has a definite value 
because, by hypothesis, the improper integral exists; next, 
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p(x +h)—(x) when h->0 by the definition of the convergence 
of the integral at z. 
We can now prove a theorem that is of constant application. 
TuHroreM D. Jf F(x) 1s integrable over (a, δ) and if there is a 
function f(x) such that (i) f(x) is continuous for axx<b and 
(ii) F(x) Ξξ [ (5) except at a singular point, then 


b 
| FP@ae=70) - fa. 
Let c, where a<c<b, be the only singular point; then, 
ὃ, 0’ being as before, 
ὃ -ὃ b 
[Fe@d= LE fede+ Ll fea 


$->0 δ΄΄-»0 ὁ e468’ 
= Lite-)-fay+ Lise) - ον δῊ 


=f(b) —f(a), since f(x) is continuous at c. 
If the range is (a, «) we have, if c>8, 
2» b δ 
[ E(x) da =[f@) dx + Α [fe dx, 
a a c>adb 


where we now suppose the conditions to hold for an arbitrarily 
large interval (a,c). Thus 


[ Fe@de=-fa)+ £ fle)= -fla)+K 


c~> © 
if f(c)>K when co. 

The conditions of Theorem A for the integrability of a 
product are supplemented by the following Theorems, often 
called Abel’s Theorem and Dirichlet’s Theorem respectively. 

THEOREM E, or, Abel’s Theorem. If (x) is bounded and 
monotonic and if w(x) is integrable, whether the range of integra- 
lion 18 (i) finite (a, ὃ) or (ii) infinite (a, ©), their product is 
entegrable. 

(1) v(x) is integrable since it is bounded and monotonic. 
If bis asingular point for p(x) and if b - 6<6b,<b,<b, we have 
by the Second Theorem of Mean Value for proper integrals 
(ὁ, S ESb,) 


be be 
| H(z) w(x) de = (by +0)[" yl) der + 9(b, -0)f p(x) de 
«' δ by é 
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Each of the integrals on the right tends to zero when 0,4, 
since (x) is integrable at ὃ while y(b, +0) and (b,—0) are 
finite ; the integral of the product is therefore convergent at 6, 
so that the product is integrable over any finite range. 

(ii) Take ὁ so large that all the singular points of ψία) lie 
within (a, δ) ; then, if c>b andb<éSc, 


δ ἐ δ 
[ oe) vla) dar= 9(b το) v(x) dx + φίο - 0)| y(e) ας; 
b b ἑ 


as before, it follows that the product is integrable over (6, ©) 
and therefore by (i) over (a, ©). 
Cor. The product is absolutely integrable if y(x) 1s so. 


THEOREM F, or, Dirichlet’s Theorem. If g(x) 1s monotonic 
and tends to zero when x—>0, and if the integral of p(x) converges 
over an arbitrarily large interval (a, δ) but oscillates (finitely) at «, 
the integral ὡ 

Feteytea 
as convergent. 

By Theorem Εἰ the product (x) p(x) is integrable over (a, 0). 
If c>b and bx &é<cwe have © 


foe) 9) de |=| 910 +0) fy(e) de | <K |p +0) 


since the integral of y(x) oscillates finitely. But (b+ 0)--0 
when b->o and K is finite so that the integral of the product 
converges at οὐ. 

Theorems E and F give useful tests for the convergence of 
an integral. Abel’s Theorem shows that a convergent integral 
remains convergent when the integrand is multiplied by a 
bounded monotonic factor, while Dirichlet’s shows that an 
oscillating integral may be made convergent by multiplying 
the integrand by a monotonic factor which tends to zero 
when «x tends to infinity. 


Ex. 3. Discuss Dirichlet’s Theorem for a finite interval (a, δ). 


The student should now have little difficulty in extending the 
Fundamental Inequality Theorem and the two Theorems of 
Mean Value to improper integrals ; a sketch of the proofs will 
therefore be sufficient. 
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If a is the only singular point in (a, δ) and if F(x) is integrable 
over (a, δ) and not negative, then, a<dg, 


[ Fedszo, [ Feae= £ ” F(x)da =O. 
fy a 


Similarly, if F(x) is integrable over (a, ©), the integral is 
not negative. 

The First Theorem of Mean Value follows at once. In the 
notation of ὃ 111 put y(x){p(x)-g} and then o(x){G -- y(z)} 
for F(x); these products are integrable by Theorem A, and 
the method (#.7'. § 124) applies. 

For the Second Theorem of Mean Value, with the notation 
of § 111, w(x) being integrable over (a, ὃ) so is p(x)p(x) by 
Abel’s Theorem. Now suppose that c, where a<c<6, is the 
only singularity of w(x) in (a, ὃ) and enclose c in the interval 
(c -6,c+6) where 6 is positive and arbitrarily small; since 
the integrals of y(x) and φ(α) φ(α) exist, the interval (ὁ — 6, ὁ + δὴ 
instead of (ὁ -- δ, ὁ +6’) may be taken. Choose y, (x) so that 

y, (z)=y(a) ifasasc-édorc+ébsrxsb, 
but y, (4%) =0 if c-d<a<c+o. 


Let I=| p(e)p(e)dz, L=| p@y(e)dx, 


ond fe)= J yodt, — fe)=] wilde. 


All these integrals exist and J,—J, f,(v)—>/f(z) when 6—>0 ; 
for, by the definition of y, (x), 


1-α]- [γωνιά =n, 170) Δ) 1 [ yoae| =ns 


and, since the integrals converge at c, both 7s and 73 tend to 
zero when 6 tends to zero. 

The Mean Value Theorem holds for the integral J, since 
y,(z) is finite; therefore if g, and G, are the minimum and 
maximum value of ἢ (x) fora  ΞΞ ὃ we have 

,-9,9(a+90)20, Gyp(a+0)-1,209. 

Hence, since g,—>g and G,—G when 6->0, we find 


gp(a+0) S| p(x)p(a)de< Gy (a +0), 


The theorem, being now proved when there is one singularity, 
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can be extended to the case of a second singularity c’ by the 
method just used and then, in succession, to the case of m 
singularities. A similar method is obviously applicable when 
the range of integration is infinite (a, «). The usual form 


b g 
[ σι ya)de=o(a+0) [ y(x)dx 


is deduced as before, ὃ being finite or +. 

Transformations of the Improper Integral. In practice it is 
advisable to carry out a change in the variable of integration 
by operating on the proper integral and passing to the limit; 
if the precautions required for operating on the proper integral 
are observed there will be, as a rule, little difficulty in com- 
pleting the transformation, so that little or nothing is to be 
gained by elaborating any special rules for the improper 
integral. 

A similar observation is applicable to the rule of integration 
by parts. The student’s ‘‘ common sense ’’ may be left with 
some range of operations on which to exercise itself. 

a) y" dy 

o(I+y)™™ 

If 0< m< 1 and 0< n< 1, the integral 
Bim, n) =[ em —x)"1dx 


is an improper integral. Let A and yu be small positive numbers; the 
integral 


1 
iz. 4. | x™—-l(] —x)"-1dx =| m>0, n>0. 
0 


1-μ 
| xml] —2x)"*I1dz 
λ 


is a proper integral, and if x =1/(1+ y) the integral becomes 


=a 
Ay tdy | 
w (l+y)™tr 

1--αμ 
The limit of this integral when A->0 and μι--» Ὁ is the convergent integral 

\aeae 

1 0 n—1 
—\ χηνπλ 1 —~ 7)\"-I1dr— _ yt tdy | 

so that B(m, n) =| 2 (1 —2x)""dx \, (lpy)mrn 


146. Worked Examples. Additional Tests. The Special 
Test, given in § 144, and the Tests of Abel and Dirichlet, 
given in § 145, are sufficient for determining the convergence 
of large classes of integrals, but, as in the analogous theory of 
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the convergence of series, there is no set of Tests that cover 
all cases. In this article examples will be worked to illustrate 
the use of the Tests mentioned, and some additional methods 
of considering the convergence of improper integrals will 
be indicated. The student is reminded of the assumptions 
stated in § 141, Note. 


Such limits as Lan log 7, n>0 and L, π- (8.1. p. 99) 


x<0 L—> ὦ 
are often required, and elementary transformations of a very 
simple kind are frequently effective. For example, if 0<a<f, 
let sinz be put in the form (sin x/x)z, taking the value of 
(sin z/z) for x=0 to be 1; then 


[ log sin x dx -f log ( 


Now Singhal 


e x 


dz+ log % dx ......... (a) 


and therefore the integral of log sin x converges at 0, because 
each of the two integrals on the right of equation (a) tends to 0 
when β-»0. 

Again, if 0<a<1, z'log (l+z)=1-42+... so that the 
integral of x! log (1+) converges at 0; the singularity in 
this case is ‘“‘ removable,” as in that of (sin 2/x), by defining the 
function for the value στὸ to be the limit for z—>0. (See 
£.T. p. 418; also § 29 above.) 

See also the remarks about change of variable in § 143. 


1 
Ex.1. The integral B(m, n) =| 2™-1(] -2)""ldz is convergent 
| Tp 


(absolutely) if, and only if, m >0 and n>0. 

So far as the question of convergence is concerned we may take the 
integrand to be x™~1 near the lower limit and (1 -- α)͵ἘΠῚ near the upper 
limit ; because near these limits the integrand is of the forms A a#™-! 
and B(1 -- α)ἘΠ1Ὶ respectively where A and B differ but little from unity 
and the convergence is not affected by the particular values of A and B 
so long as these are finite. The Test of ὃ 144 then gives the relations 
m>0Oandn >0. 

Ex.2. The integral | inf) dx, where f,,(x) and f,(2) are poly- 

n 
ΣΙΌΤΩΙΔΙΕ of degrees m and n respectively, is (absolutely) convergent if 
n=m +2, (i) provided a is greater than the greatest root of f,(x) =0, 
(ii) for every value of a, including -- οὐ, if the equation f,,(z) = Ὁ has no 
real roots ; it diverges if n< m+2 for every value of a. 
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The integrand is of the form Axv™ {1 +n,} where n,-0 if r+; 
the result then follows by § 144. 


Ez. 3. Of the following integrals, 


fi Aut+Be+C 4. (" Adx — ‘ dx 
aVi{(z—a)(b-2)} ᾿ «(ὦ -- α)ὴν (ὃ --αιὐ᾿ Jo Vi(x -—1)(x -- 2)} 


the first and third converge while the second diverges. Show that the 
first is reducible to a proper integral by the substitution 
x =a cos?0 +b sin?9. 
Ex. 4. The integral | (sin 2)™—! (cos x)""! dx converges if, and only 
0 

if, m>0,n >0. 

Here (sin x)™~! =(sin x/x)™—! . 2-1 so that, near the lower limit the 
integrand may be taken as x”; similarly, near the upper limit the 


πὶ 
integrand may be taken to be (5 -2) . Apply § 144. 


If 0<a< p< = and sin x =y? we have 
πβ. ™_ 3} ΠῚ 
᾿ (sin z)™ \cos ΝΑ y2 (1-y)* dy; 
a 81η“α 


let o> Oandf—> =; the iven integral is 4B me) by Ex. 1. 
9 & 2° 9) °Y 


bal 
2 x2™dx 


Ex. 5. The integral ( (sin x)" converges if, and only if, n<m+1 


and ἣ 0g (sin) 7 converges if n< 1. 


o (sin x)” 
Note that the first integrand =x™"—" (2/sin 2)". 
Ὁ Ῥ-Ὶ dx 
ο 1+2z 
Apply the method of Examples 1 and 2. 


Ex. 6. The integral | converges if, and only if, 0< p< 1. 


3 
ἔα. 1. The integral | Sim (ae +O) ae converges if 0<n< 1, a0, 


b=£0, but if O0< n< 2, a0, b=0. 
By Dirichlet’s Test the integral converges at o if m>0; for con- 
vergence at 0 apply § 144. 


1 ΜΕ 
ἔα. 8. The integral [ῳ +2—P) log (1 +2) = converges if ~l<p<l. 


Ex. 9. Prove that | 


οῦ gP-l ἘΝ Ῥ 1 “«Ῥ-ὶ = oP . 
δ 1 =2| Tug ae if 0< p<. 


The value of the integrand for x =1 may be taken as (1 — 2p). 
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Hz. 10. Prove that, if 0 is the only singular point for F(x) in (0, a), 
(i) \" F(x) dx εἰ Ρία —2) dz ; 
then, as in #.T'. p. 332, Example 6, show that 


rT 
(ii) ° logsin xdx = —Z log 2, 


. -ὃ 
For (i), if 0<d<a, \" F(x) dx =|" F(a -y)dy ; then let 6-+0. 


Ez. 11. Show that | log I(x) da is convergent and then, by using 
0 
the relation (§ 96, (4)) Γ (ΓΙ -- 5) =2/sin zz and the results in Ex. 10, 


prove that 1 
|" log Γ(α) da =} log (22). 
Since ['(z)=I'(x +1)/x2 and log I(x) =log I(x +1) —loga the integral 
converges at 0; then, asin H.7. p. 332, Example 6, 
1 
[ log Γ(α)άα = ᾿ log ΓΙ —2) dx =} [ log [I'(a)I(1 -- x) ]dz, 
and therefore |" log Γ(“) da =} [ log [/sin πο ἄς, etc. 


σε ὃ 
Ex.12. Ifu= | log I(t) dt, x= 0, prove that ἀμ [ἀκ =log x and deduce 
5 
that u=xlogx -x+}log(2z). 


1 
Ife<a<x+l, ΠΗ͂Ι log T(t) dt -ἰ log Γ() dt, 
a a 
and therefore 7 ~log D(z +1) —log Γ (5) =log zx. 


Now integrate and apply Ex. 11 to determine the constant of inte- 
gration. 


1 
Ex.13. The integral ᾿ cosx logxdx converges but the integral 


[ cosz log αὶ ὅσ; oscillates when &->0. 


A simple but useful Test, called from analogy with a test 
for series (#.7'. p. 380) the Comparison Test, is derived as 
follows : 


Let o(é) -[ F(x)dz, y(é)= [ fix)de, 


where 6 is an arbitrarily large (positive) number. If F(z) is 
positive for x= 6 the function φί(ξ) is positive, monotonic and 
increasing, so that if φ(ξ) is bounded, say 9(£) < K, a positive 
constant, for > 6 it tends to a limit and the integral of F(z) 
converges absolutely at ©, while if φ(ξ) is not bounded for 
&>b the integral of F(z) diverges at oo, 
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Again, if F(x)</f(x) for x=b (f(z)> 0), and if the integral 
of f(x) converges at οὐ, so that y(&) is bounded for £ > 6, then 
φ(ξ) -- ψ(ξ), and therefore the integral of F(x) converges 
(absolutely) at © if that of f(x) does so. Similarly, when 
F(x)>f(x) for ~=b, it is seen that if the integral of f(z) 
diverges at « so does that of F(z). 

A similar test for convergence at the ends a and 6 of an 
interval (a, δ) may be derived by considering the integrals 


b é 
olé)=[ Fede, φρίε)-- [ Fedde. 


The Comparison Test applies only to absolute convergence. 


k>0 
n> 0. 

(i) Convergence at o. If k>0 and p is any positive integer 

eke > (ka)? |p! ; eta" 1< K/x? 

where is so chosen that p —n > 1 and K is a constant (k~?p!). In the 
comparison test let f(x) =K/2z? and, by § 144, the integral converges at οὐ 
for every value of n. 

If k=0, the integral converges at οὐ if m is negative (not zero), while 
if k< 0 the integral obviously diverges at οὐ. 

(ii) Convergence at 0. By § 144 the integral converges at the lower 
limit if, and only if, n > 0. 

Thus the integral converges if k >0 and » >0 and diverges in all 
other cases. | 


© 
Ex. 14. The integral | ektgn-ldxy τε Γ (n)/k", 
0 


From this example a useful Comparison Function is derived. 
Put +1 for πὶ and let f(x)=Ae-“2z", A>0; the integral of 
f(z) converges at © , if k>0, for every n but diverges at οὐ, if 
k<0, for every n. If &=0 the test of ὃ 144 may be used. 


Ex. 15. If f(x) =Aa-*"(log x)", A >0, x >b (arbitrarily large), the 
integral of f(z) converges at οὐ, if k > 0, for every n but diverges at οὐ, 
if k< 0, for every n. 

Let log «=t; then 

jnde=[laeea, Daet 
When é- 80 does 7 and the result follows from the comparison 
function Ae-*t#. Thus, by the change of variable, another comparison 
function is obtained. 

Ex. 16. If f(x)=Aak—[log (1/z)]", A >0, 0< 21, the integral of 
f(x) converges at 0, if k > 0, for every n, but diverges at 0, if k< 0, for 
every n; if k=0, the integral converges at 0, if, and only if, n< —1. 
The integral converges at 1 if, and only if, n > —1. 
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Let z=e-*; then if O0<a< B< Il, 

a =log(1/«) 

b=log(1/f), a>b. 

When f-> 0, bo and the result for k = 0 follows, as before, for con- 
vergence at 0. If k=0 the test of ὃ 144 applies for convergence at 0; 
the same test applies for convergence at 1 for every value of k. 


[ Π)α = Ι; Ae-#t" di, 


oO 
Ex.17. The integral Ϊ e-*z"-1 (log x)™ dz converges (absolutely) if 
90 


n >0Q and γι any positive integer. 

If 0<a< 1, the integrand is less than x"-1( -logzx)™, numerically, 
while for large values of x the integrand is less than e~*z"—1+m, 

Now apply the results of Example 16 for convergence at 0. 
οὐ 


Ex. 18. If a>1, the integral | 


diverges if m= 1. 


z(log x) converges if m>1I1 but 
a 


Ez. 19. Letlz, l’x, Bx, ... denote log x, log(log x), log [log (log x)], .... 
Show that, when ἃ is large enough to make Jz positive, tho integral of 


f(x) where 
F(x) =A fla le. Pa... U1 2. (I™x)F] 


converges at οὐ if k >1, but diverges at o if k= 1. 
Let x=et so that lz =2,, [?a =Ix,,...1%z =I1™—1z, ;_ then if c>b, 
ς _ (a dx, σι =loge 
\; Jade εἰς εἴα, Pay... ἐπ (τὶς) ὅδ. -ε]ορ ὃ. 
Next let x, =e", then x, =e*s and so on ; the integral is thus reduced 


°m dtm Cy»=l™e 


to δ ἂς 
[70 =|. zk? ὃ, =I", 


Now apply § 144. . 
Hz. 20. (i) If αὖ and b? are both different from zero the integral 
90 
converges (absolutely) for every value of n. 
., (“2" log x da 
Sa , +28 
Deduce that, if a > 0, 
ΞΘ τ n+l n+ *) 
Jo (a? + 4?)n+1 ΠΣ qn+l ( 9” 9g ὶ 
When the range of integration is not bounded it is often useful 
to express the integral as a series; the following examples 
illustrate the method. 


=Oifn> -l. 


. © sin 2 a 
Ex. 21. The integral Ι. Urs dz =2 Ι; sin (x*)dx converges con- 
ditionally. 


394 ADVANCED CALCULUS (CH. XII, 


If na = ὃ «(ἡ - 1)π, divide the interval (0, ¢) into the partial intervals 
(0, 2), (2, 22)... [(n-1)a, nz], (na, ¢). Now 


(+1)7sin we, π sin y dy aS ; 
κι γε eal eaegy? Sarees 
therefore , 
sing ἀν rf oe sinydy | mot τ! 
= Ξ +R, πα, t+ Ry, 
ΝΙΝ Ξ δὴ "ον πεν)" 5 » rt Ry 
where ἢ 
ξ-πηπί -- 1)} smn y 
Ry) =| SEY ay |< 52 
\Bal=||) inary) |< een)" 


When é-- οὐ, R,,-> 0 and the series 2u, is a convergent alternating 
series so that the integral converges, but not absolutely. 


The integral is equal to (20/2)? (Ε.Τ. p. 471). 
Ex. 22. If «£0 and B>0, the integral ( - 

es ᾿ 1 +28 sin*a 
absolutely if B > 2(a +1) but diverges if B= 2(a +1). 

The integrand is never negative, so that the intone cannot oscillate. 
Now if n is zero or a positive integer and nn =2=(n+1)z, 

(na) a = (n -- 1) πᾶ 
1+(n + 1)βπβ sin*2 = Tieésints = 1+ (70) sin2x © 


converges 


But if A and B are positive 


Adz 2Acosetxdr 2A 

᾿ 1+Bsn'c ( cotr+1+B_ /(1+B)’ 
and therefore, from the inequalities, 

πο" [Ὁ Ἐπ x%da (n + δ πον! 
n= Vil +(n + 1) 2} | i+a@sin’x~V(1 + nba) . 
Each of the series Su,, and Dv, converges (absolutely) if B > 2(a +1) 

but diverges if B= 2(α -- 1) because Σιν, and 2v,, behave like 21/ni#~*. 
Hence the integral behaves as stated. 


Uu 


Ex. 23. As particular cases of Example 22, prove that the integrals 
% dx o «ἀκ 
|, ΤῊ asints | ᾿ ΤῈ αδείαξς 
are convergent. 
Prove by a similar method that the integrals 
°  xede d e = e¢dx 
\ T+a{sing| °° \o 1+ αβ]δίπ αὶ 
are respectively convergent and divergent. These are particular cases 
of the integral | oc αᾳβάχ 
\ 1 + 2%|sin 2| 
(See Hardy, Messenger of Mathematics, XXXI, Note VIII) wich 
converges if « > β-1 and diverges if «=f+1. [The series ὍΣ Notes 
contains much instructive analysis. ] 


,a >0, B>0, 
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Ex. 34. Show by dividing the range into partial intervals, as in 
H.T. p. 449, that — Gs: 


ee eee 
(i) { FyGinzy F=(" Pysina) 5 


if F,(u) is an odd function of τ, and 


ste fo _ ax 5 : dx 
(ii) ᾿ F’,(sin 5) = ἡ ΤΕ, (81 x) (εἴα w)?” 
if F,(w) is an even function of τι, it being understood that the integrals 
converge. 


π ᾿ ἷ ᾿ : 
lf0<é=25 δ’ 88 expression for cosec?z in terms of partial fractions 


is given in Exercises XII, Ex. 3, (iii) by substituting ἃ for xz; namely 


1 aS | . Ξβξ] ] 
sintz x? H4 L(na+a)* (na -- α)Σ ; 


Of the methods applicable to particular types of integrals 
one of the most interesting is a method of treating Frullani’s 
Integral (8.1. p. 480, Ex. 22). An important article by 
Hardy, A Generalisation of Frullani’s Integral, Messenger of 
Mathematics, XXXIV, pp. 11-18, p. 102, should be consulted ; 
also Bromwich, Inf. Ser. 2nd Ed. p. 479. | 


sg ”o(ax) -- p(bx) a>0 
Ex. 25. Frullani’s Integral. { mer samen dz, bs 0° 
Suppose that (x) is integrable over an arbitrarily large interval 
(A, 4) where A>O and that the integral of g(x) either converges or 
oscillates finitely at 0; by Abel’s or Dirichlet’s Test g(x)/x and 
therefore also, since a and b are positive, y(ax)/z and φίδια) are 
integrable over (A, « ). | 
Now, putting ¢ in turn for az and bz, we find 
[ A) de =(" ae [eC ae = Plt) ae 
I~ @ λ ὁ * Jn 4 λὸ ὁ * 
and therefore | 
("2lae) -- φίδα) ap βὲ 200 as =? φίλα) 5 
λ x λα ἔ a ὦ 
(i) Suppose that g(x)>N, a definite number, when 2-0. The 
numbers a and ὃ are positive and finite so that A can be chosen so small 
that |g(Ax) ~N| will be arbitrarily small for the range a=a2=6; the 
limit for A-+0 may therefore be found by putting N for φίλω) in the 
integral. Hence ~ | 


ου ΒΕ , ὃ 
| pase) -- φί(δα) 4 ΑΙ φίλα) gy ("Nae ΟΝ log? 
0 τ r»—>0°% x Ja ὦ a 
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(ii) Suppose that g(x)—>M, a definite number, when z->o ; -in this 
case the integral of g(x) diverges at οὐ unless M=0 and the preceding 
work requires modification. But, if y(x) is integrable over the arbitrary 
interval (A, uw}, we have 

‘ Plax) — plox) ὡς φίδ:) dx =|" Gt) oy ~ ‘a v(t) dt =(" v(t) dt -- es P(t) αὶ 
λ x λα ἔ Ao it la ὁ na it 
so that 
[ plac) -- φ(δα) νι, -- ᾿ φ(λ5) — φ(μα) 1 
λ wv Ja x 

Hence, if y(z)->N when x->0 and 9(x)>M when x o, we find by 

letting A> 0 and μ--Ὁ οὐ that 
(" CGE) OE) he ay -ἡὐ 2 aw _M) log’. 


0 H i 
Ex. 26. Ifa>0, b>0, n>0, deduce from Ex. 25: 
Ε 99 eae --ο δα ὃ ae oo e-@ —e-ne 
(i) Ι. — da =log =; (ii) | ——— dz =log n; 
Ὁ cos az ~cos bx 
———————__—— 1x 
0 wv 
© e-Gk _ pbx _ (b —a)xe~>% 
0 a? 


=log?; 


(iii) | 


dx τεῦ --α ~a log? 


(iv) | 


Ex. 27. Ifa, b,c, ... kare positive, and if the constants A, B,C,... Καὶ 
satisfy the equations 
(i) 2A=A+B+...4K=0; (ii) DAa=Aa+ Bb+...+Kk=0, 
prove that 


οΌ 
| {YAe-47} S = 2Aaloga 
0 


where NAe~@* = Ae-4% 4. Be OX 4 4 Keke 
and YAa log a = Aa log a + Bb log b +... + Kk log k. 


Conditions (i) and (ii) show that the integral converges at x=0. The 
result may be proved by integration by parts. Denote the integrand 
by F(x); then, 0< A< uy, 


ἢ F(x) dx _| - aoe (* -Σάα 6.55 ἄχ 
JA x λ λ Ὁ 
By equations (i) and (ii), the integrated part tends to 0 when A-— 0; 
also it tends to 0 when μ- © since a, b, ... k are positive. Again, by 
equation (ii), 
— LAa e~%= DAae-* — TAae~** = FAa(e-* —e-4"), 


and now, if A— 0 and μι--- οὐ, the result follows by Ex. 26 (ii). 


Ex. 28. Suppose that g(x) and φ' (2) are continuous and integrable 
over an arbitrarily large interval (A, 4), A > 0, and that the integrals of 
g(x) and φ' (2) either converge or oscillate finitely at oo, the functions 
g(x) and φ' (“) being continuous and expressible by Maclaurin’s Theorem 
near x =0. 
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If 2A =0 and YAa=0, prove that 


ἀν dx ᾿ | 
| {EAg(az)} | = ~9'(0)ZAa log a. 


Proceed as in Ex. 27. Note that, since 2Aa=0, 
2Aa y’(ax) = -- ΣΑαΓφ' (“) - p’(ax)], 


(Ὁ tine) — τη 
and Γ᾿ (9) - PAO) ty = φ0) log a. 


For example, let ¢(~) =cos x. 
For further developments consult the paper by Hardy in the 
Messenger. 


147. Complex Functions of a Real Variable. A detailed 
discussion of complex functions of a real variable is outside 
the scope of this book, but a few of the more important cases 
may be noted. 

Notation. When c=a+7f, where « and f are real, the real 
part o will often be denoted by R(c) and the coefficient β of the 
imaginary part 78 by I(c) or R(c/t). 


00 e~ca 

Ex. 1. | 6.“ dx ------ , areal, &(c) > 0. 
a 

Let c=a +278; then |e~| =e” and 


00 ead 
= [, e— 2% dae = 


a 


οΌ 
| ο΄ dx 
AT) 


so that this integral tends to zero when b-> οὐ, since a = A(c) > 0. 


b —ca —cb 
But | e-e% dz —2 __ 
Ja Cc c 
@ b e7ca 
and therefore | οὔ dx = | ee? dx = 2 
“a b—> a " < " 
The integral is therefore evaluated by the usual rule when (6) > 0. 
adx ai” 
Bea. Sapo, Rin)< 1. 


Here a is necessarily real. Let n=a+718; then x" =a%ei8logz and 
la" | =2* so that 


kdx|_(kdx πα -hi-* 

Ι h azn [ ze  |-a@ 
and therefore, if αἱ =R(n)< 1, this integral tends to zero when h and k 
tend to zero. The result then follows since the integral of 2” is 
zi" /(1 -—7). 


- 


b dx b+e 
Ez. 3. | = ρας +e 
Of course a and b are real. The value of log {(b +c)/(a+c)} is the 


principal value, and its amplitude θ is such that -2< 0=2 (§ 70). 


, ¢ complex. 
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Ex. 4. | evtartdn == 2) , R(c) >0, n real and positive. 
Let c=a+%b,a >0; by definition 
[" ec%yn—l dx = [ 6- οὔκ cos ba daz -- [ e~%%yn-1 sin ba da, 


and therefore (#.7. p. 471, equations (6), (7) ) the integral is equal to 
T(n)(cos n@ —4 sin n6) ur (ΞΞ θ -- ὦ 581}. oY = _T(n) 
ap ee ΣΝ ΣΝ aa 


rh 7 


since a=rcos 0, b=rsin θ, (cos θ -- ὃ 5ῖη 0)/r =(a —1b)/r? =1]c. 

The integral also converges if a=R(c)=0 and O<n<1 (H.T. 
p. 471, (8) ), 
so that I\(n) 


(iby 0<n<l, ὃ real, 


fe a) 
0 


and the amplitude of 2b is 3 or -5 according as ὃ >0 or b< 0. 


Definition of T(x) as an integral when x is complex, R(x) > 0. 
The definition of I'(x) as the limit of the product P,(x) (ὃ 95, 
(la) ), where | 
n! n* 
fal) = ie +1) (ὦ +2)... (a +n)’ 
will now be applied to show that the usual expression for [(2) 
as an integral holds for complex values of x if R(x) > 0: 


iv 4] 
Ex. 5. | οἰ ἐπὶ = Je P,(x)=T (2), R(x) >0. 
J0 ie 
Let x=é+%n, €>0; then |e-#t*-1|=e-tt-! so that the integral 
converges at © ; by Ex. 2 it also converges at 0 if § >0. 
Now, if R(x) =& > 0 and n a positive integer, the integral 


1 
| 955-11 —8)"de 
0 


is convergent ; the value of the integral is easily found to be 
(n!)/{x(~ +1)(2 +2)... (2 +n)}, 
and therefore, if 8 =t/n, 


" (1 “5) * t-ldt =P, (2). 


Hence L ᾿ ] {{π| 6}. tdi = L P,(x) =T (2) — 


N—> © n—~—> 2 


It has to be proved that 


L [( ae) re er 


n—-> 
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Now 


ΩΣ veh 
=P et-(1-g) peta eteas, 


and it is proved below that if OStSn, 
| ἐγ" (3 
—t ὃ αν. ξοξ τι 
Ose ( 1 τὴ = 67". a 
so that if Riz) =f > 0, 


᾿ ἐ 5) 1f” 1 | 
« - πὴ ἑ--ἰ « ~—t s€+1 =~ TY. . 
os {e (1 ey he us ile f+1de< T(E +2) 
ue t\" | 
Hence | {e+-(1-=) ΤΩΣ when ἢ > 0, 
0 | 


and therefore [ [ e~? — ( 1- fy bees di +0 sehen N>O, 
since | 7-1 | =#-}, 
Further, [«- {-1 αἱ +0 when ἢ -- οὦ 


« 5, 


since the integral is convergent. Thus 


ne τὸ n ee 
Je ἐν dt — ΑΙ {1} 1dt=0, 


η--ρο 50 
and | etidt=D(x), R(x) >0. 
0 


To prove the inequalities used above we have by § 25, 
Ex. 3 (ii), 


en>l-—--,e*>(1--), 0<e*-(1-—) if0<t<n. 
n n n 
Also by § 25, Ex. 3 (i), ὁ» (1+#/n)" if 0<t<n, rf that 


(0-4-9 ]<e[1-(0-$)] 


and therefore by § 11, (2), with x=1 and y=1 -- tn > 0, 
oe Cee eee | 1 -( “)| εἴ 
6 (ι ἐγεῷ nj 1l—-(l- ἡ]: εξ 


so that o<et-(1-£) <et.ito<t<n. 


When ¢ =0, it is obvious that the inequalities become equalities. 
For this method of proving these inequalities see Whittaker 
and Watson, Modern Analysis (2nd Ed.), p. 236. 
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148. Miscellaneous Examples. The following method of 
extending the range of a constant that occurs in an integral 
may be noted. | 

DO mam 

Ex. 1. Evaluate i 


m<n, and deduce that 


where ἦν and n are positive integers, 


Oe P—-ldax π 
| tae ae’ vaP< 1. 
Here Ὁ tMday _ Ϊ Ὁ 22x 
ae oe oo 227 4)’ 


and, since the last integral converges absolutely at o and at —o, we 
may take ξ΄ -- & (§ 142, (7)) so that 


[ ΟΝ [ x2*™dx 
ἑ 


-ουξπι -εαϑπ ε1΄ 


Express the sa as as a sum of ger fractions : 


zm -Σ 3 2A,(x — cos Or) ὦ >> sin 6,sin (2m + m +1)6, 


en 1 x? — 2x cos 0,+ itn 4 (x — cos 6,)? + sin?6,” 
where 6, =(2r+1)z/2n. Now 
§ 2(2-cos0,)dz .- &-2&cos6,+1 
ee ~2a¢cos0,+1 — ΟΕ €2 δὲ cos 6, + ee a ae 
and therefore 
2 2°™dz π (2m -ἰ 1ὴ)π 
| ae 2'S) sin (2m ΕἸ), r= —cosec SA, 
δὲ | Ξε ΤΊ _* donee Ee 
9227 +1 Qn ὃ 
Now change the variable by the substitution 22"=y; then 
2m+1_4 
0 l+y 2n 


If we put p =(2m + 1)/2n it is not hard to prove that the integral is a 
continuous function of p for the range d= p= 1-7, when ὃ and ἢ are 
positive and arbitrarily small ; since cosec pz is also continuous for the 
same range, the integral can now be defined to be equal to zcosec pz 
if p is any real number such that d=p=1-7. (See § 26.) 


Ex. 2. Tf m,n, p are positive integers, m<p and n<p, and 
if (22™ — x2”) /(¢2? —1) be defined for x = +1 as the limit of the fraction 
for « tending to +1, prove by the method of Ex. 1 that 


= aim — ain _ οὐ tt 2m +1 
προτὶ (5 (co - cot 2p mn), 


= = 


— οὐ 
and deduce that if 0< a< 1 and0<b< Il, 


“Ts Σ dz = 2 (cot az —cot bz). 
‘ = 


§ 148] INTEGRAL AS LIMIT OF SUM 401 


The definition of an integral as the limit of a sum is not 
directly applicable when the integrand is not bounded or 
when the range of integration is infinite; there are, however, 
classes of cases in which the limit of a sum may be expressed as 
an improper integral. 

Suppose first that the range (a, δ) is finite and that a is the 
only singular point of F(z) in (a, δ) ; in the notation of ὃ 113 let 


S,= >) F(a+rh)h, nh=b -a, 
r=1 


so thath—Owhenn—-o. The following theorem may be stated. 
ΤΉΒΟΒΕΜ I. If F(x) is monotonic and has always the same 
sign in (a, δ) and if the integral of F(x) over (a, δὴ) converges, then 
n b 
L S,= L >) Fla +rhyh=| F(x) dz. 
n—> a h—-Or=1 a 
Suppose F(x) to be positive so that F(x)>+ 0 when 
x—>a+0. (If F(x) is negative, let p(x) = -- F(x) andthe reasoning 
holds for g(x), and therefore for F(x) by changing sign in each 
member of the above equation.) Thus f(x) decreases as x 
increases. 
By the monotonic property of F(x) we have 
a+th 
F(x)dx > F(a +rh)h, r=1, 2,..., ἢ, 
a+(r-h 
and therefore, summing from r=1 to r=n, since the integral 


ὃ 
Ob a (9) ΘΟΒΎΘΣΒΈΒ, | F(2)d2 > Sy scccccscacsssecssecseceeees (i) 


at(r+blh 
Again, F(a+rh)h >| "F(2)dz, γΞΞ:1͵ 2,.... (ἢ -- 1), 
a+rh 


and therefore, summing from r=1 to r=n-—1 and adding the 
term (δ), to both sums, 


s,> [ F(a)d + F(B)h. ccscecccscsscscsesee (ii) 
ath 


Let no and h->0; the inequalities (i) and (ii) give the 
theorem. 

Cor. 1. It is obvious that a similar theorem holds when ὁ 
is the only singular point of F(x) in (a, δ) and F(z) is monotonic 
and of the same sign in (a, 6); in this case 


π-| 
Si p>, F(a+rhyh. 
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Cor. 2. Further, the monotonic property of F(z) is essential 
only in an interval (a,c), a<c<6, (or in an interval (c, 5) ); 
it is not hard to modify the proof to suit this case. Lastly, 
F(z) might, when F(z) is supposed as in the proof to be positive, 
be allowed to take negative values in an interval (c, δ), a<c<6 ; 
the theorem would hold for F(z) +C, where C is a constant 
such that F(x) +C is positive, and therefore would hold for 
F(z). 


σ 


Ex. 3. ᾿ logsinxdzx = -- 5 log 2. 
In the identity 
n-1 
at —-1=(x-1) I] (- Se ~isin 2) 
r=] a ἰώ 


after dividing by x -1 let x1 and take the modulus of each side of 
the equation ; then 
n -πῷ sin =) "Tt | 2%sin Pm sin (n 1) | : 
A n A 2n 2n 

since cos(ra/2n) =sin{(n —r)x/2n}]. Take the square root (which is 
positive) ; therefore 

Jn . a . 2a ., 3a . (n-l)a 

gai sig, sing, - 51}. σ᾽ τ τ βίη ---ς-----. 

Let h =2/2n, take the logarithm of each member and multiply by h; 

thus 


n-1 
logn π 1 
S,= hlog (sin rh) = 4 8" —F(1 -=) log 2, 


and S,,—> -ξ log2 when h-0 or n>. The integral is convergent 
and its value is therefore — 5 log 2. 


ee ae 272, 
Cor. | log (sin nse) de = — | log (sin 2) de= =| log (sin ) dx = — log 2. 
0 7 10 σι JQ 


Εα.4. If0<o<1 and ρ"-»0 when ρ-»]1, prove that 


ὃ n—-1 
Ϊν log edz = Loa - 0) δ) ΟἿορ (δρ7) =b log b --ὃ. 
Ρ-Σ 1 rTr=() 


Compare Hzercises XIII, 2, (111). 

ΤΉΒΟΒΕΜ II. If F(x) is monotonic in (a, ©) and tends to 
zero when x tends to infinity: if, further, a is the only singular 
point of F(x), then 

Lh D>; Fa+nh)=|_ F(x)dz, 
λ-» 0, n=1 α 


provided that the integral converges. 
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Since F(x) is monotonic and converges to zero it cannot 
change sign ; F(x) will be supposed to be positive. Now let 


S.=2, F(a+rhyh; 


then, ἃ being kept constant, we have by equation (i) above and 
the monotonic property of F(z), 


a+t+nh ἴων 
s,<| Ῥω < | F'(x)dz=K say, 


the integral being convergent and equal to K. 
Thus S,, increases as n increases, but is less than the fixed 
number K ; therefore the series S, where 


S=h Σὺ Fla+nh), 


is convergent. It is now easily seen, by the same method as 
used for the proof of Theorem I, that 


[ F(x)\dz>h δι i'la+nh) > | F(x)dzx. 
a n=l ath 
Let h-0 and the theorem follows at once. 
Ez. 5. Prove that [" xe-le-*dx=I"(n), uw >. 


Let S = ἊΣ (nh)u-le-mh — eae le—nh_ 
n=1 
Now let > =y so that y>1 when h-0 and A/(1 —e-*)>1 when 
y->1. The series S may be put in the form 


S=(q—=x) — ye {le ~Lyt Qe —-ly? +... + me-ly™ +...} 
and, by ὃ 98, Ex. ὅ, 5 -ὁ Γ(μ) when y>1. The integral is therefore equal 
to I(x), for the integral is known to converge. 

The following test for the convergence of a series La, of 
positive terms was given by Maclaurin (Fluxions, ὃ 350) though 
it 1s often called Cauchy’s Integral Test. 

Integral Test for Convergence of Series. If a, =a,,, >0 and 
if a,=F(n) where F(x) is a positive, monotonic, decreasing 
function of x, defined for x = 1, the series Za, and the integral 
I, where 


I =| F(x)dz, 
1 


either both converge or both diverge. 
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A graph of F(x) will make the inequalities used below 


intuitive. 
n n 
Let Sn =D, Ors | F(x)dzx ; 
r=1 1 


then, from the monotonic property of F(z), it follows at once 
enue a,,2 | F(x)dx=a,. 
r—-1 
Sum from r=2 to r=; therefore 
Sn -- Qn = In = Sn —%, OF, αχ 2S,-LI,24,> 9. 
Hence (S,—J,) is bounded and not negative. Further 
(S,, —I,,) decreases as ” increases ; for 
(8, δὰ ds) (Sn4t τς Ια) ad (Laat τ 1) ἃ (Snst = Dy) 
n+1 
=| F(x)dx -—Qy,1— 9. 


Thus (S,, —I,) tends to a limit which is not negative and does 
not exceed a,; therefore S, and J, either both tend to a limit 
or both tend to infinity. , 
Even if 8, and J,, both tend to infinity the difference (S, — ],) 
tends to a limit. 


Ex.6. The series =F(n) and Ze"F(e”) are either both convergent or 
both divergent, F(x) being a positive, monotonic, decreasing function 
of x, defined for z=1. (Cauchy’s Condensation Test, § 60, Ex. 1.) 

Let N be positive and arbitrarily large, logb=N,c>6b and x=e"; 


th loge 
μὰ Ϊ F'(x)dx = | 6" F(e”)dy 
b -logb 


and therefore the two integrals are either both convergent or both 
divergent. 
Again, from the monotonic properties of F(x) and e*, 
fF (er) < ᾿ ” P(e) da LS) eRe) < " e* Fe) da 
rove : ve r= n-1 : 
r+1 = ου 
eTt1 Fe") > ἱ 65 F(e~)dax, e > οἴ F(e") > \" 65 F'(e*) dx. 
: r=N 
Hence the series De"F(e") converges or diverges according as the 
integral of e*F(e”) converges or diverges, therefore according as the 
integral of F(x) converges or diverges and therefore finally according 


as the series >F'(n) converges or diverges. 
Ex. 7. Euler’s Constant. If a,=1/r, then F(x) =1/x and 
S, —1,=1+44+49+ ee —log n=C,, say. 


But (S,, —I,,) tends to a limit, y say, which lies between 0 and a, (=1) ; 
therefore C,>y when no. (Exercises IT, 8.) 
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EXERCISES XVII. 


Prove that the integrals in Examples 1-6 are convergent. 


to 


1 


og 


em-l(1— a) ΜῊΝ 5) dx, m>0, n> 0, p ἃ positive integer. 
0 


AVG 
| 
4. "(ae -ἶν 5) ee, k>0. 
| 
2 


υ 


ydx if sinhxsinhy ΞΞ]. 


oO 


(sin 2)™—! (log sin z)?dzx, m>0, p a positive integer. 


7. The three integrals 


se 1 dx & ] ] ὧν ] dx 
ee om |} eg ee νι γὰξ -- , ΑἋῈ eee oe OE NL 
Gee ° 7: aCe ae a Gee ᾿ ᾿Ξ 


are convergent and equal. 


τ 
8. Ἐ(ξ Υ dx =z log 2. 
0 sin x 


eeu 
g, {7 518 αὐ δἰ be gp —plog2*?, a>d>0. 


M 94 


. m+ne~%\ dz __ n b 
10. fi log (see) G τορι = )log ἃ, 
where a>0,b>0,m>0,m+n>06. 


11. Ifa >0, ὃ >0 and n a positive integer, 
2n—1 2n—1 
(i) " 1) = 508 OF ἀν log? 
δ cos*"ax —cos*"bx Ὁ (2n)! b 
(ii) [ ee ae (ας el om ) 10g >. 


12. (i) | "S08 C08 OF ae xz =5(b -a), a>0,b>0; 


(11) a Sin a oN OF ae =% 6, a>b>0. 


13. If g(x) and ¢’(x) satisfy the conditions of Ex. 28, ὃ 146, and if 
a >0, ὃ >0, show that 


f [8.53 wee) (a - 8) 9) dz = y’(0){b log ὃ -- aloga +a -- ὃ}. 
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14. If n is a positive integer. 


[ βίη, 1.3.5....(2n-3)a ς ἢ 
o “3 ~ 2.4.6....(2n -- 2) 2’ 
σ 
τ 9? γ5 -Ξ-]. 


15. If F(x) is a positive, monotonic, decreasing function defined for 
x= 1 and if e* F(e*)/F(x)< Κα < lwhenz = G=1, prove that the integral 
of F(x) converges at οὐ and that therefore the series 2F'(n) converges. 


i F(x)dx =| ev F(e¥”)dy < κ᾿ F(x)dz, c>b>G, 
(1 -κ, F(x)dz< x |, F(a)dx — [, F(x) da | 


ΒΡ, Π' F(x) da -- [ Ρ)ά:) 


K (¢ 
= ταὶ, F'(x)dx, a constant. 


Hence, since F(x) is positive, the integral of F(x) converges at © and 
therefore the series >F(n) is convergent. ] 


so that (" F(x)dx< 


16. If F(x) is as in Ex. 15, but e*F(e*)/F (x)= 1 when ~=G, show 
that the integral of F(x) diverges at οὐ and that the series 2’F(n) is 
divergent. 

The tests given by Ex. 15 and Ex. 16 are known as Ermakoff’s Tests 
for convergence and divergence. 

Examples 17-22 are from Polya and Szegé, Aufgaben, I, pp. 40-42. 


17. If ~ >0, prove that 


[S14 Qed 4 BOT tenet 1, 


(i) LY, τὰ = 
vs JO-1 _ Qa-1 4 Ba-1_ -«(- 1)h-Intt 
(it) A ne pe ee ae 


18. Show that if 0<t< 1, La- το 5) ep aloe? 
tl 


19. Prove that δὲ +2 8 tum} πα 
Mies fod, 1 +77} 
20: Prove that, if.0<t<1,, 


Αἰα- Σ , pa tlog (1 -} =f" (.-.-2) ἐπα. 


t—>1 n= 
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21. Prove that 


(i) (* log (1-+27~*)da= Lis SS log +(nh)-*j, a > 1; 


h—0 n=1 
Gi) it f= Π E +(<) | he + log f(t) = 2 cosec (/a.). 
n=1 ἐπ 
22. Prove that, if OS = π, 
[log (1 — 22-7 cos 29 + 2—*)dz =2z sin φ, 
by considering the integral as the limit 


Ls Sion (1-225 2B a). 


ἢ προ n=1 
[In the infinite product for sin x/a, let x/x =e'+/h and take the squaro 
of the modulus of sin x/z and of the product ; this gives 


2 2π - 3π 
raf eh ane ce h sing — 2 cos (= cos y)} 


= 2cos2p. 1 
= (1 --Sor?+ aa), ote.) 


CHAPTER XIII 


IMPROPER INTEGRALS: REPEATED AND DOUBLE 
INTEGRALS, FIELD OF INTEGRATION FINITE 


149. Improper Double Integrals. When the integrand is 
not bounded or the field of integration not finite, the method 
employed for defining the improper integral of a function of 
one variable is again used. The double integral of a bounded 
function over a finite area is now called, when distinction is 
necessary, a proper double integral ; when the definition of the 
double integral is extended so as to provide for cases in which 
the integrand is not bounded or the field of integration not 
finite the integral is called an improper double integral. 

Closely connected, yet not identical, with the problem of the 
double integral is that of the repeated integral and, in general, 
the problem of integrating and differentiating under the sign of 
integration ; when the conditions of §§ 121, 126 no longer hold, 
the theorems need further examination. 

The subject is one of considerable difficulty ; an admirable 
treatment of it in its most general aspect will be found in 
Hobson’s Functions of a Real Variable, but that treatment is 
based on considerations that are outside the scope of this 
book. All that will be attempted here will be to give an account 
of the subject as far as it bears on the most frequently occurring 
types of integrals. 

When the integrand F(z, y) tends to infinity if the point 
(x, y) tends to one or more isolated points or to any point on 
one or more curves within or on the boundary of the field of 
integration A, these points and curves are called points and 
curves of infinite discontinuity. Let these points and curves 
bo excluded from the area A by drawing appropriate curves to 
mark off the several points and curves of discontinuity from 


the rest of the area A: for example, the lines abc and def in 
408 
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Fig. 6 of § 124 where HF and GFH are lines of discontinuity, 
or, the rectangle of sides «, ε' (£.T. p. 447, Fig. 88), or the lines 
in Fig. 89 (£.7'. p. 448). 

It will be always assumed that the number of isolated points 
and curves of infinite discontinuity is finite. 

Let A’ denote the area left in A when the areas enclosed by 
the auxiliary curves, that is, the curves drawn to enclose the 
points and lines of discontinuity, have becn excluded; we 
then have the definition : 

Definition. If the double integral of F(z, y) over A’ tends 
to a limit when JA’ tends to A, that limit is defined to be the 
improper double integral of F(x, y) over A. 

In the same way, if the double integral of F(x, y) over a 
finite area tends to a limit when that area tends to infinity— 
that is, to include a part (or even the whole) of the co-ordinate 
plane that is unlimited in extent—that limit is defined to be 
the improper double integral over that infinite area. For an 
example of a double integral over an infinite area see Ex. 3, 
p. 340, of the Hlementary Treatise. 

In the cases we discuss the auxiliary curves are of a very 
simple kind, frequently straight lines; the areas included by 
these auxiliary curves are usually specified in such a way that 
they tend to zero when certain numbers, ὃ, 6’, ἡ, ... tend to zero. 

The following statement of a simple but typical problem may 
help the student to appreciate the nature of the difficulties 
and the particular steps in a proof that require attention. 

Problem. Let F(z, y)=x™1y""If(a, y) where m and n are each less 


than unity and f(z, y) is a continuous function of z and y, and suppose 
the field of integration to be the triangle T’ bounded by the lines 


Ξε, YY H05 σε HO SO ons es evsaveneieeeaseadaes (Τ᾽) 


The function F(z, y) is not bounded in 7' and therefore has no proper 
double integral over 7'; let tho field be contracted to the triangle 1" 
bounded by the lines 4 _ 5, =O UY HR 6 Mikes Risen (1) 


where 6 and 0’ aro arbitrarily small positive numbers, and F(z, y) will 
have a proper double integral over TZ’. This double integral can be 
expressed (§ 126) as a repeated integral, namely, 


ie F(x, y)dx dy = ‘ "de " "F(a, y)dYy. ««νννννννννννον (1) 


It may be noted that there is no loss of generality in taking the 
triangle 7” as the contracted area ; for, whatever be the curve or curves 
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drawn in the triangle 7 so as to exclude the two sides ὦ =0, y =0, the 
curve or curves so drawn must, if the contracted area tends to 7’, at 
some stage lie wholly between the triangle 7” and the triangle 7 ; and 
vice versa. A similar remark may be made in other cases. 

For brevity, let D denote the double integral and RF the repeated 
integral in equation (1). The questions now arise: when ὃ and 0’ tend 
(independently) to zoro, (i) does D tend to a limit? (11) does & tend to 
the repeated integral bitte 
| |" ἊΝ Dt CoP Ye 1) Be Sane ERR pee Ine κὸν φρο θὰ (2) 
and (iii) if D tends to a limit, is that limit equal to the integral (2) ? 

Suppose it to have been proved that D tends to a limit, ὦ say ; it 
does not follow from that fact alone that R tends to the integral (2)— 
that is, that 1 is equal to the integral (2). In calculating & the numbers 
ὃ and 0’ are kept till after the integrations with respect to y and x have 
been effected and only then are they made to tend to zero. On the 
other hand in the integral (2) 6’ and 6 have been made to tend to zero 
before the integrations with respect to y and x, and proof is needed that 
this change of order makes no difference in the result (compare #.T. 
p. 472, foot of page). 

An important, and often difficult, step in the proof that the limit of 
R when ὃ and 0’ tend to zero is the integral (2) is to show that the limit 
of R is the same as the limit of the integral 


--δ' ὡς 
ἵ dx\" ” F(a, ΔΌΣ πεν eadtesveays asada ρῶν ὲν (3) 
ἢ 0 


that is, that the limit of R is not altered if in the integral with respect 
to y the number 0’ is made zero before the integration with respect to 2. 

It has next to be proved that when ὃ and 6’ tend to zero the integral 
(3) tends to the integral (2); if the integral (2) is a definite number it 
follows that the limit of the double integral D is equal to that number. 
Even when it can be proved independently of the consideration of αὶ 
that the limit of D exists it must always be proved, if the improper 
double integral is to be evaluated by the repeated integral (2), that 
that repeated integral is the limit of R. In practice the existence of 
the improper double integral is usually established by showing that R 
tends to the integral (2). 

Again, it is often important to know, quite apart from the question 
of the double integral, whether the two repeated integrals of F(x y) 
over the area Τ' are equal—that is, whether a change in the order of 
integration makes no difference in the value of the repeated integral. 
The other repeated integral over T’, which may be called PR’, is 

(°° αὐ "Fe, y)de 
and in this case a step in the proof is to show that the limit is not 
changed by taking the lower limit of the integral with respect to x as 
zero, instead of δ, before integrating with respect to y. 
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150. Absolute Convergence. The auxiliary curves that 
separate the points and lines of discontinuity from the rest of 
the area A are only restricted by the condition that the area 
enclosed by a curve which surrounds an isolated point must 
tend to zero in all its dimensions and that the area enclosed by a 
curve drawn round a line of discontinuity must tend to zero. 

One consequence of this method of defining the integral is 
that the improper integral of F(z, y) cannot exist—that is, 
the limit of the proper double integral cannot be a definite 
number—unless the proper double integral of | F(a, y)| tends 
to a definite number. In other words, the improper double 
integral of F(z, y) will not exist unless that of | F(x, y)| exists, 
so that improper double integrals are always absolutely con- 
vergent. It is possible so to define the improper double 
integral that it need not be absolutely convergent, but the 
properties of such integrals would be much more restricted 
than when the integral is defined as in § 149. For a discussion 
of the whole matter and a proof of the assertions just made the 
student is referred to Hobson’s treatise. The subject is merely 
mentioned to explain a statement that might puzzle the 
student, since no such restriction applies to simple integrals. 


The following simple example may be of interest. Let O be the 
origin of co-ordinates, A the point (a, a), where a > 0, on the line y =z, 
B the projection of A on the z-axis, C the point (ma, 0), m >1, and 
D the point (ma, a). If F(x, y) =cos y/x, the double integrals of F(z, y) 
over the triangle OBA and the quadrilateral OCDA exist and 

asin x @sin x 


Ϊ,, ΤῸ y)dzdy =|" de, Noopat 6, y)dx =|" = 


When a-> the first integral tends to 2/2 but the second does not 
tend to a limit so that the double integral over the infinite sector of 
angle AOB does not exist. It is easy to verify that the integral of 
| F(x, y)| over the triangle and over the quadrilateral is divergent. 


dx+sinalogm. 


151. Uniform Convergence. The discussion now to be given 
of repeated integrals is, like that of Chapter XXI of the 
Elementary Treatise, based on the work of De la Vallée Poussin ; 
see, besides the memoir quoted in the Elementary Treatise, his 
article in the Journal de Mathématiques (4th Series), vol. viii, 
year 1892. | 

When the limits of the repeated integrals are constant the 
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area associated with the integrals will be taken, in general 
definitions and theorems, to be the rectangle R bounded by the 
lines . 

P20, 0H 0: εξ; 9 SH0 «Mires (f) 
When the limits are not all constant the associated area will be 
taken to be that represented by Fig. 4 and will usually be 
referred to as “‘ the area A ”’ ; if any given area does not satisfy 
the conditions to which the curve HFGH of Fig. 4 is restricted 
it will be understood that it can be divided into a finite number 
of areas of the type A. 

As regards the integrand F(z, y) it will be assumed to be a 
continuous function of both variables when the point (z, y) 1s 
not a point of infinite discontinuity for the function. 

Discontinuities. The number of isolated points and the 
number of lines of discontinuity will always be supposed to be 
finite, and further, when a curve of discontinuity is not a straight 
line parallel to a co-ordinate axis, the assumption will be made 
that it cannot be met by a line parallel to either axis in more 
than a finite number of points. As in previous work, it will 
generally be sufficient to consider one line of discontinuity when 
a theorem is being proved (see the Note, ὃ 120). 

When the area is the rectangle R the following notations will 
be used : 


b δ' 
jy)=[ Fe νγάα, g(x)=| Fle. ν)άν, 


δ' δ' ὃ ὃ ὃ b’ 
u-['puddy=[ ay’ Pe wae, = ge)ae=| axl Fee, νγαν 


and the same notation, with the proper changes, will be used 
when A is the area. 

I. Let the area be R and let the lines of discontinuity be 
parallel to an axis. 

If (x1, y,) is a point of discontinuity of F(z, y) the condition 
that the integral f(y,) should converge at x, is by § 143 that, 
ε having the usual meaning, there should be positive numbers 
ὃ and 6’ such that the singular integrals (ἢ 143) 


β β' 
| F(x,y,)dx and | F(x, y,)dx 


where ὦ) - ὅξξα - β-α, and 4,<a'<f’ Sz, +0’, will each be 
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numerically less than ¢. If more than one point or if all points 
on the line =z, are points of discontinuity of F(x, y), the 
integral f(y) is said to converge uniformly at x, for the range 
a’ Sy SO’ when each of the singular integrals on the line x =z, 
is numerically less than ε for all values of y in the range ; that 
is, given ε, the same value of ὃ and the same value of 6’ will 
secure that the singular integrals are each numerically less 
than e, whatever value y may take in the range a’ ΞΞ ψ 33 δ΄. 

If there is a finite number of lines of discontinuity parallel 
to the y-axis, x=2,, X=, .... L=2,,, and if the integral f(y) 
converges uniformly for the range a’<y<b’ at each of the 
points 2, %, ..., X,, then f(y) is said to converge uniformly 
for the range a’ Sy <)’, or, to converge uniformly ‘in R.” 

Uniform Convergence in General. If a’<c’<b’ it may happen 
that the integral f(y) is only uniformly convergent in the closed 
intervals (a’, c’ — ἢ) and (c’ +7’, δ᾽) where ἡ and 7’ are arbitrarily 
small positive numbers, the convergence thus ceasing to be 
uniform atc’. If there are one or more values such as c’ but 
only a finite number of them, the integral f(y) is said to con- 
verge uniformly in general in the interval (α΄, δ) orin R. If 
c’=a’' then 7 =0, while 7’ =0 if c’=0’. 

Similar definitions hold for the integral g(z). 

II. Suppose that the discontinuities of F(x, y) in R lie on 
curves (including straight lines) that cannot be cut in more than 
a finite number of points by a parallel to either axis. 

For definiteness, suppose that x= y(y) represents a line of 
discontinuity and that y(y) is a monotonic function so that a 
line parallel to the z-axis meets it in not more than one point ; 
this line, therefore, can also be represented by an equation of 
the form y=9(zx). The first form is used in discussing the 
integral f(y) and the second in discussing the integral g(z). 

Draw the auxiliary curves x= p(y) -- δ, x= p(y) +6’ where 
ὃ and 0’ are positive constants. If the line τεῦ, meets the 
curve x= y(y) at y,, the integral f(y,) will converge at 2, if 
ὃ and 0’ can be chosen so that each of the singular integrals 
at x, is numerically less than e«. When ὃ and 6’ can be chosen 
so that the singular integrals at every point on the curve x = y(y) 
will each be numerically less than « then the integral f(y) is said 
to converge uniformly at points on that curve. If there are 
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more curves of discontinuity a similar definition applies for 
each, and if f(y) converges uniformly for each curve it is said 
to converge uniformly in the rectangle ἢ. 
A similar definition holds for the integral g(x) ; in this case 
the auxiliary curves will be of the form y = φ(α) — ὃ, y=9(x) + δ΄. 
III. The field is the area A, bounded by the curve C or 
EFGH (Fig. 7). In this case 


sty) =[" Fee, yae, o(2)=|" Fe, vay, 


where (§ 126) 2,=NR=y,(y), %=NS=v,(y), y1=MP=9,(2) 
and yz=MQ = 9212). 

The preceding definitions are readily extended to include these 
integrals. The chief point to note is that the limits 7, and z, 
are not constants but functions of y and the limits y, and y, are 
functions of x. Again, if x,= y,(y) were a curve of discon- 
tinuity only one auxiliary line, x= y,(y) +6’, would be required 
for that part of the curve. 

The various methods that are used for determining the 
convergence of the integral of F(x) at a point of discontinuity 
are of course applicable in the cases just stated ; the essential 
point is that the numbers ὃ and 6’ must be such that the 
singular integrals, at x, say, must be each numerically less 
than ε, whatever value y may have in the range a’ Sy ΞΞ δ΄. 

Note Itis perhaps worth observing that if the integral f(y) 
converges uniformly for the range a’<y=b’ so does the integral 


[ F(x, y)dx, wherea<c<6. 


Ex. 1. If f(x, y) is a continuous function of z and y and 0< m< 1, 
0<n< 1, 0< p< 1, determine the nature of the convergence of f(y) 
and g(x) in R when 

(i) F(a, y) Ξ- (ὦ -a)m™—*(b’ —y)”"F( Y) 5 
(ii) F(a, y) =(% -- απ τὸ -- x)? Uy —a’)" “F(a, y). 

In all cases there is uniform convergence in general. For (i) f(y) only 
converges uniformly for a’ = y = f’<b’ and g(x) only for a<o. Sas. 

For (ii) f(y) ceases to converge uniformly at a’ and g(x) at a and 6. 

1 1 
Ex. 3. The integrals | ἐσ ντιας, | e~“=x¥-l(log x)™ dz, 
.0 0 
where m is a positive integer, converge absolutely and uniformly for 
the range 0<c =y =d where d is any positive number. 
See § 146, Ex. 14 and Ex. 17. 
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152. Continuity of Integrals. When a curve of discontinuity 
is not a straight line parallel to an axis the assumption will be 
made that it cannot be cut in more than one point by a line 
parallel to either axis and that it may therefore be represented 
by either of the equations z= y(y) or y=g(x) ; since, by 
hypothesis, no curve can be met by a line parallel to either 
axis in more than a finite number of points, any curve can be 
divided into a finite number of parts each of which satisfies the 
above condition. Further, in proving any theorem it will 
usually be sufficient to prove it for only one curve of discon- 
tinuity, and it may be assumed that the curve begins and ends 
on the boundary of the field ; if it does not begin or end on a 
boundary, a supplementary auxiliary curve parallel to an axis 
can be introduced so as to close the area within which the 
curve lies. 


ΤΉΒΟΒΕΜ I. If the integrals f(y) and g(x) are uniformly 
convergent in R or in A they are continuous functions of y and x 
respectively for the ranges a’ S yb’ andasa«sb. 

Take the integral f(y) and draw the auxiliary curves 
z= p(y) -- ὃ and x= y(y) + 6’, thus determining a strip S within 
which the curve of discontinuity lies. Since the integral f(y) 
converges uniformly, ὃ and 6’ may be so chosen that when (2, y) 
is any point in S the contribution to f(y) from each of the 
singular integrals will be numerically less than «. Therefore, 
if y, and y, are the ordinates of any two points in S, the con- 
tributions to | f(y,)| and |f(y_)| will in each case be less than 
2ε, and the contribution to | f(y,) —f(y.)|<4e. When ὃ and 0’ 
have been thus chosen they are to be kept fixed. 

Next, in the area outside the strip S the function F(z, y) is 
continuous, and therefore also the corresponding part of the 
integral f(y), so that 7 may be chosen to make the contribution 
to | f(y1) -f(y2)|<e if |yi-y2l<n. Hence, if y, and y2 are two 
points in the closed interval (a’,b’) it is possible to choose 
ῃ 80 that, provided |y, -- y,|< 7, 


I f(s) - flye) |< 4ε +e=5e, 


and therefore f(y) is continuous for a’<yS 0’. 
A similar proof holds for the integral-g(z). 
The next theorem is important in determining the existence 
G.A.0. P 
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of the integrals of f(y) and g(x) when these functions are only 
uniformly convergent in general. 

THEOREM II. (i) Jf the integral f(y) 1s only uniformly con- 
vergent in general for the range a’ Sy Ξ3Ξ δ΄, but of the integral u(é), 


where δ' ἐ 
w(é)=[" dy [ Fee, yas, 


converges uniformly for the range aS ὃ ΞΞ ὃ, then u(€) ts a con- 
tinuous function of ὃ for that range. 

(ii) If the integral g(x) is only uniformly convergent in general 
for the rangeasxsb but if the integral v(n), where 


o(n)=| dx |" P(e, v)dy, 


converges uniformly for the range a’ Sn SO’, then v(n) 18 a con- 
tinuous function of ἡ for that range. 

Case (ii) is merely stated for convenience of reference 
as it is simply Case (i) with the réles of x and y interchanged. 
For the sake of clearness the symbols é and ἢ are taken as 
the upper limits of the integrals with respect to 7 and y 
respectively, though in practice it is quite common to put 
xfor ὁ and y for ἡ. 

The meaning of the theorem is perhaps made more evident 
if it be observed that u(é) is the repeated integral of F(a, y) 
over that part of the rectangle R between the side x=a and 
the line z=é; as é varies from a to ὃ the integral u(é) will vary 
continuously from 0 to U. 

Take Case (i) and suppose that the integral f(y) ceases to 
converge uniformly for the one value c’ of y, where a’<c’<0’ ; 
draw the auxiliary lines y=c’ — ὃ and y=c’ +0’. 


Let f(éy=[ Fle ade, we)=[ ΚΕ, vay; 


then the uniform convergence of the integral u(é) means that 
the singular integrals of u(é) at σ΄ may each be made, by choice 
of 6 and 6’, numerically less than « for every value of ᾧ in the 
rangea<s&é<b. These singular integrals are, numerically, 


[1 nedy [7eney 


Let ὃ and δ’ be chosen so that each of these will be less than ε 
and be then kept fixed. 


, σ΄ -~dSa<p<e’" ,α΄«-α΄-- !΄ 3 ς’ +0’. 
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ο' - ὃ b’ 
[- févdy and [ΛΕ y)dy 
a δ᾽ +6 


converge uniformly for the range a< <b and are therefore 
continuous functions of & ; it follows, therefore, as in Theorem I, 
that u(é) is continuous for the same range of &. 

The value u(b) of the continuous function u(é) is the repeated 
integral U and, in the same way, v(b’) is the repeated integral V. 


THEOREM III. Jf F(x, y) does not change sign in the rectangle 
KR, so that F(x, y) ts either positive or zero or else negative or zero, 
then, (1) provided the repeated integral U exists and the integral 
f(y) converges uniformly in general in R, the integral u(é) of 
Theorem II converges uniformly for aX <b; (ii) provided the 
repeated integral V exists and the integral g(x) converges uniformly 
wn general in R, the integral v(n) of Theorem II converges uniformly 
[οὐ α' ΞΞη 33 δ΄. 

Suppose, first, that F(x, ψ) is never negative in R and take 
the integral u(£); then u(é) is a monotonic, increasing function 
of and must therefore either tend to a limit or tend to infinity. 
But, by hypothesis, u(b) = U, a definite number, and therefore 
u(é) tends to a limit when €>b. Further u(é) must tend to a 
limit when ->¢, where a<é,<b; because, as before, u(£) must 
either tend to a limit or tend to infinity, and it cannot tend to 
infinity since u(&,)<1u(b) if ;<b and therefore u(é,)<U. Hence 
u(é) 15 a well-defined function for the rangea< ξ ΞΞ ὃ. 

With the notation of Theorem II we now have, for the 
singular integrals at c’ 


Pre navsfis0.ne, {ει nars [70,0 


since f(€, y) S f(b, y) when F(z, y) is not negative. But f(b, y) 
does not depend on é and therefore, since the integral u(b) 
converges, the singular integrals satisfy the conditions of 
Theorem IT so that u(&) converges uniformly for a<  ΞΞ ὃ and 
is a continuous function of é for that range. 

In a similar way the theorem is proved when F(z, y) is not 
positive ; or it follows from the above proof for the function 
F(x, y) where F,(x, y)= -- F(x, y) and therefore for F(z, y). 
The theorem (ii) is proved in the same way. 
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Ex Vf F(z, y)=(x-a)™"1(b’ -- yy)" f(z, y), where 0<m<1,0<n<Il, 
and f(x,y) is continuous in R, show that u(é) and v(n) are continuous 
functions. 


153. Change of Order of Integration. In this article the 
function F(x, y) is assumed to be continuous except on a finite 
number of straight lines parallel to the axes ; further, the limits 
of all the integrals are constants so that the field of integration 
is the rectangle R. The case of constant limits when the above 
restriction on the lines of discontinuity is removed is considered 
in § 154. 

The notation is ; ᾿ 

jyy=[ Fle, ν)γάω, g(a)=[ Fle, y)dy, 
δ' bb 
U =| fw) dy ay dy F(x, y,de, 


b ν [Ὁ 
γε γ()άε--Ἶ ax | (x, y) dy. 


ΤΉΒΞΟΒΕΜ I. [If all the lines of discontinuity in R are parallel 
to only one axis then the repeated integrals U and V exist and are 
equal either (i) if the integral f(y) converges uniformly in R when 
the lines of discontinuity are parallel to the y-axis, or (ii) tf the 
integral g(x) converges uniformly when the lines of discontinuity 
are parallel to the x-axvs. 

Take the integral f(y) and suppose that there is only one line 
of discontinuity parallel to the y-axis, say z=a. By ὃ 152, 
Theorem I, f(y) is a continuous function of y for the range 
a’ <y<b’, and therefore the repeated integral U exists. 

Now draw the auxiliary lne z=a+6. In the part of the 
rectangle Καὶ that lies between the lines x=a +6 and x=6 the 
function F(x, y) is continuous and therefore 


b b’ b’ b 
f° def" Fe,vdy=[ ἂν Pe wde 
até a’ a’ a+é 


δ' ατὶ δ 
= u -| αν] (ἃ, Yk ἀονοφονος (1) 


But f(y) converges uniformly in R and therefore ὃ can be 
chosen so that if a’ Sy δ’ 


a+é b’ a+s 
| F(x, y)dx | dy Ϊ F(x, y)dx | <(b' -- α') ε. 
a a’ a 


«Ξε, 
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Hence 
a + b’ b 
ΑἸ ἊΝ F(x, y)dz=0, ΑΙ dy | F(a, y)dz = 
ὃ-»0 ὃ-νὸ a’ α- ὃ 


and therefore : ΣΣ 

ΑΙ dx Ϊ F(a, y)dy= 
a+é a’ 

that is, V=U, 

The proof is obviously such that it may be extended to the 
case of any finite number of lines parallel to the axis of y ; the 
proof when the lines are all parallel to the z-axis is carried out 
in the same way. 

Ex.1. F(x, y)=(a% -—a)™(b -- 2x)" If (a, y) 
or F(z, y)=(y —a/)™ (δ΄ —y)"? “Ff (& Y) 
where 0< m< 1, 0< n< 1 and f(z, y) is continuous in R. 

Carry out the proof fully by dividing αὶ into two rectangles, in the 
first case by a line x=c, a< c< 6, and in the second by a line y=c’, 
a’<c’<b’; or, as one theorem by two auxiliary lines, r=a+ ὃ, 
xz =b — 0’ in the first case and y =a’ + 6, y=b’ — δ΄ in the second. 

Notation. For brevity, the rectangle bounded by the lines 
“a=, y=b, and x=a,, y=6b, will sometimes be denoted by 
(a1, ὃ. ; ας, bg). (§ 119, at end.) 

THEOREM II. If one of the integrals f(y) and g(x) 18 only 
uniformly convergent in general in R but the other untformly 
convergent in R, then the repeated integrals U and V exist, 
and U=VJ. 

Let x =a and y=a’ be the only lines of discontinuity of F(x, y) 
in R and suppose that f(y) converges uniformly for the range 
a'<ysb' while g(x) only converges uniformly fora<a+édSx2<b 
where 6 is arbitrarily small. 

In the rectangle (2 +6, a’; ὃ, δ΄) the only discontinuities of 
F(x, y) lie on the line y=a’ and the integral g(x) converges 
uniformly in this rectangle ; therefore, by Theorem I, 


fo de [. F(a, y)dy=f" dy [. F(x, y)dex. 


But the integral f(y) converges maton for a’ Sy’ and 
therefore, as in Theorem I, 


Al. ἃ [ B(x, γ)άν = 5 a ay f F(ey)de=U, ....(2) 
that is, τωρ P= dU, ee) ae ἡ 
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Ex. 2. Carry out the proof in detail (1) when g(a) ceases to converge 
uniformly for x =a, x =c and x =b while y =a’, y=c’, y =b’ are lines of 
discontinuity of F(z, y); (ii) when f(y) ceases to converge uniformly 
for y=a’, y=c’, y=b’ while g(x) converges uniformly and 7 =a, x =c, 
x=b are lines of discontinuity of F(z, y). 

THEOREM III. Jf each of the integrals f(y) and g(x) is only 
uniformly convergent in general in R but if one of the integrals 
u(é) and v(n) where 


δ’ 


w(e)=[" dy [Τί yde, o(n) =f de |" Fle, νγάν 


converges uniformly, u(é) for the range as ὃ ΞΞ ὃ and v(n) for the 
range a’ ΞΞη ΞΞ δ΄, then the repeated integrals U and V exist and 
ΤΡΈΞΗΙ 

Let μ(ξ) converge uniformly and suppose that the integral 
g(x) ceases to converge uniformly for the one valuc x=c, where 
a<c<b; then in the rectangles (a,a’; 6-- ὃ, δ) and 
(c +6’, a’; ὃ, δ΄), where 6 and 6’ have the usual meaning, the 
integral g(x) converges uniformly and therefore, by Theorem IT, 


Ὁ -- ὃ b’ b b’ 
| dx | F(x, y)dy+| dx F(x, y)dy 
a a’ c4-é” Ja’ 


ν' 6-- ὃ δ' b | 
=| dy | F(x, y)da+ | dy Ϊ EL, AE τορος οὐνΝ (3) 
a’ a a’ c+é8’ 


The two repeated integrals in the right-hand member of this 
equation may be expressed in the form 


u(c — 6) + [u(b) —u(c + δ] =U + u(c -- δ) —u(e+ δ΄), 
and therefore, since μ(ξ) is, by ὃ 152, Theorem ITI, a continuous 
function of ξ, the limit of this expression when ὃ and 0’ tend to 
zero is U. Hence 


c— ὃ δ' ὃ b’ 
Α [ὦ [ rw.nay+ LY 4 [ Τρ ν)άνεῦ, 
a’ e+6’ a’ 


6—>0"a δ’ _->0 
that is, V=U. 

The student should note the reasons for the statement that 
the limit for 6 and 6’ tending to zero of the integrals in the 
right-hand member of equation (3) is obtained by simply 
making 6 and 6’ zero in the integrals. He should also note 
that in the case of equations (1) and (2) in Theorems I and IT 
it is essentially the continuity of the integral f(y) (due to its 
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uniform convergence) that makes the limit for 6 tending to 
zero of the repeated integral in the right-hand member of 
these equations equal to the value of the integral for 6 equal 
to zero. 

Cor. A very important particular case of Theorem III is 
that for which the function F(z, y) does not change sign in f, 
because the functions μ(ξ) and v(7) are, by § 152, Theorem III, 
continuous functions of ξ and ἡ respectively when the repeated 
integrals U and V exist. 

Ex. 3. Tf F(x, y)=x2™-1ly*-\(1 -—x)?-(1 -y)t-Yf(x, y). where all the 
indices m, n, Ὁ, g lie between zero and unity and the function f(z, y) is 
continuous in the square (0, 0; 1, 1), show that 


1 L 1 1 : 
| dy | F(x, y)dx -| dx | T(E YAY. caasnciescassacees (i) 
0 /0 0 0 
Both f(y) and g(x) converge uniformly in general ; the integral 
1 
Γ΄ om—4(1 — αγρ (x, y)dx 
.0 
is a continuous function of y and therefore the integral 
1 1 
| y™ (1 ~y)t dy | el] — x)? f (x, y)dx 
90 0 
converges. If f(x, y) did not change sign, the corollary of Theorem ITT 


would secure the validity of equation (i); in any case it is easy to prove 
that u(é) is continuous. 


154. Change of Order: Variable Limits. It will now be 
supposed that the field of integration is the area A, bounded 
by the curve C or EFGH (Fig. 7); the limits of the integrals 
are no longer constants, though the conclusions hold when the 
limits are constants and the area of integration is the rectangle 
R. The lines of discontinuity are not in this article restricted, 
as in § 153, to straight lines parallel to the axes, and the 
theorems now to be proved are therefore extensions of those in 
the preceding article. 

The notation is 


ζ54 24 
Fly) al F(x, y)dx, g(x) =|’ F(x, y)dy, 
σ- ay [P(e nav, V=[ ax |" Τῷ, vay, 
a’ 21 a U1 


where = 4 = ,(y), ὥς Ξ- poly) and y= 9 (2%), Yo= Pal). 
For the rectangle R we put 2,=a and y, =a’. 
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The curves of discontinuity will be understood to satisfy the 
conditions stated at the beginning of § 152. 

THEOREM I. If the integrals f(y) and g(x) converge uniformly 
in the area A (or, in the rectangle R), the repeated integrals U and 
V exist and Ὁ --Υ͂. 

By § 152, Theorem I, f(y) and g(x) are continuous functions of 
y and x respectively for the ranges a’<y<b’ and aX<a<b, and 
therefore the integrals U and V exist. It has to be proved 
that U=V. 

As in § 152, Theorem I, let there be only one curve of dis- 
continuity and enclose it in the strip S (see the proof of the 
theorem in question). In the parts of A that lie outside S the 
function F(x, y) is continuous and therefore, when the point 
(x, y) lies in these parts, the repeated integrals exist and are 
equal. Hence if, when the point (x, y) lies in S, the repeated 
integrals tend to zero when the area of S tends to zero, the 
repeated integrals will be equal when the point (x, y) lies 
anywhere in A. 

Now it was shown in the proof of Theorem I, § 152, that the 
contributions to |f(y)| and |g(x)| when the point (z, y) is 
anywhere in S can each be made less than 2¢ by choice of ὃ 
and 6’, and therefore the contributions to the repeated integrals, 
when ὃ and 0’ have been chosen, will be less than (b’ —a’) . 2e 
and (b-a).2e respectively. Hence the contributions to the 
repeated integrals when the point (z, y) lies in S tend to zero 
when the area of S tends to zero and therefore U= V. 


Hz. 1. If F(x, y)=(x% -y)™ f(z, y), show that 
1 1 1 x 
[ay | Τα, ν)άυ =| de |" Τα, yay 
0 y Jo — Jo 


where 0< m< 1 and f(z, y) is continuous in the field of integration. 
Here | f(x, y)|< Καὶ and for the singular integrals we have 


y+é6 δῆ z ne 
(Pre, ν)4.] «καὶ, ||" Fe ydy|< Ko 
so that the integrals f(y) and g(x) converge uniformly. The theorem 
therefore applies in this case—a case of Dirichlet’s Formula (§ 130, 


Ex. 10). | 
Eu. 2. If F(z, y)=(c -x -y)?-lf(xz, y), show that (c > 0) 
\° ἂν [ἡ τα, yao =" de |" Fee, way, 
9 0. 0 Jo 


where 0< p< 1 and-/f(z, y) is continuous in the field of integration. 
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Note that, if | f(z, y)|< Καὶ and ὃ, > 6, >0, 
—y— bo 

PPR, yd | < Ξ (δὲ - 88) 

o-y -- ὃ p 


and therefore tends to zero when 46,->+0 for every value of y in the 
interval (0, c), so that the integral f(y) converges uniformly. Similarly 
for the integral g(x). 


Notation. If the line x=f=OM (Fig. 7) meets the curve 
EFGH at P and Q, thus dividing the area A into the two parts 
—A,, bounded by the arc QHEP and the straight line PQ, and 
A,, bounded by the straight line PQ and the arc PF GQ—the 
repeated integral U will be expressed as the sum of the two 


integrals 
b’ 


ξ δ' Ze 
| dy | F(x, y)dx and | dy [ F(a, y) da, ..ccece. (x) 


where x, = y,(y) is the equation of the arc GH E and z,= y»,(y) 
that of the arc HFG. 
When £=6 the second of the integrals («) is zero and the first 
of these integrals will be taken to mean the repeated integral U. 
Similarly, if y= represents the line N RS, the repeated 
integral V will be expressed as the sum of the two integrals 


[ da i F(x, y)dy and [ dx [τω ψ)άψ, .««ονννος (B) 


where y, = ¢,(x) is the equation of the arc HEF and y,=9,(x) 
that of the arc HGF: while if ἡ =b’ the second of the integrals 
(8) is zero and the first is taken to mean the repeated integral V. 


THroREM II. If one of the integrals f(y) and g(x) is only 
uniformly convergent in general in A (or, in the rectangle R), but 
the other converges uniformly in A, then the repeated integrals 
U and V exist, and U=J. 

Suppose that the integral f(y) converges uniformly in A but 
that the integral g(x) only converges uniformly in the intervals 
(a,c — 6) and (c + δ΄, δὴ) where ὃ and δ’ are positive and arbitrarily 
small; then the integral U exists, since f(y) converges uni- 
formly. The integral g(x) converges uniformly for the ranges 
axsxsec-6andc+6’<2Sb, and therefore, by Theorem I, 


6- ὃ Us b 24 
Ϊ dx | F(x, y)dy +| dx | F(x, y)dy 
a μι e+6’ μι 


δ΄. fers | fo’ : " 
=| dy Ϊ ‘F(a, y)dx +{ dy [ F(x, ψ)άχ. ««ονςὨἁοςς (1) 
a’ ΓᾺ a’ ot Ἶ ΞἪἬΘΨ 


424 ADVANCED CALCULUS [CH. XIII. 


Now the integral f(y) converges uniformly, and therefore each 
of the moduli 


| Fe. y)dx [ "Fe, y)dx 


can, by choice of 6 and 6’, be made arbitrarily small, whatever 
value y may take in the interval (a’, δ᾽). Hence the integrals 


δ΄ δ δ' 6-1 δ’ 
| dy | F(x, y)dx and | dy | “F(a, y)dx 
a’ ὃ -- ὃ a’ δ 


tend to zero when 6 and 0’ tend to zero, so that 


b’ 6 -- ὃ δ' Le 
ΑΙ dy | F(x, y)dx + L | ἂψ} F(x, y)dz...... (2) 
a’ a δ΄-»0»" a’ 


é—>0 c+é’ 


b’ δ b’ Le 
={ dy | F(x, y)du +{ Γ ας δ «ἰοκφαϑοὶ (9) 


=U, 

Therefore, when ὃ and 6’ tend to zero, the integrals in the 
left-hand member of equation (1) also tend to a limit, the limit 
of their sum being equal to U. But the limit of their sum 1s, 
by definition, the integral V, and therefore V =U. 

The student should again note the reasons that justify the 
passage from the expression (2) to the expression (3); the 
justification lies essentially in the continuity of the integral f(y). 

Ex. 3. Τὶ F(x, y) =x2™-\(c —x —y)? “f(x, y), show that (c > 0) 

ὃ c-y c 6- ὦ 

\ dy [ "Τῷ, y)dx =|’ dix \ F(x, y)dy 
when 0< m< 1, 0< p< 1 and f(z, y) is continuous in the field of 
integration. 

The integral f(y) converges uniformly and the integral g(x) converges 
uniformly except for z=0. 


Ex. 4. If F(x, y)=y"™ Ue —x —y)® f(x, y), 0 - n< 1, show that 


δ 6- 6 6--ὦ 
[° ay (Ye, yaw =|" ae |" Fe, γγᾶν 
0 /0 0 /0 


and 


the rest of the data being as in Ex. 3. 

Here the integral g(x) converges uniformly, while the integral f(y) 
ceases to converge uniformly for y =0. 

ΤΉΞΒΟΒΕΜ III. (i) Jf the integral f(y) 1s only unsformly 
convergent in general in A, but af the integral u(é), where 


b’ é i: 
αἰ): ἂν [ Τί, y)de, 
a’ ψιί(ῳ) 


converges uniformly for the range ax ὃ ΞΞ ὃ, then w(é) 18 a con- 
tinuous function of é for that range. 
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(ii) If the integral g(x) is only uniformly convergent in general 
an A, but if the integral v(n), where 


b ἢ 
v(n) ai dx Ἷ re F(x, y) dy, 


converges uniformly for the range α΄ =n δ΄, then v(n) 18 a con- 
tinuous function of ἡ for that range. 

(iii) Jf F(x, y) does not change sign in A, and 1} the integrals 
f(y) and g(x) converge as stated in (i) and (11) respectively, then 
u(é) will be continuous for the range aS ξ ΞΞ ὃ of the repeated 
integral U exists, and v(n) will be continuous for the range 
a’ ΞΞ ἡ ΞΞ δ' of the repeated integral V exists. 

There is no difficulty in adapting the proofs of the corre- 
sponding theorems in §152 to the case in which the field of 
integration is the area A instead of the rectangle R. 


THeoREM IV. If each of the integrals f(y) and g(x) 18 only 
uniformly convergent in general in A (or in the rectangle δ), but 
uf one of the integrals u(é) and v(n), defined in Theorem 11], 
converges uniformly for the respective ranges of € and n, then the 
repeated integrals U and V exist and U=V. 

Let u(é) converge uniformly, and suppose that the integral 
g(x) ceases to converge uniformly for the one value x =c, where 
a<c<b; then, if ὃ and 6’ are positive and arbitrarily small, the 
integral g(x) converges uniformly in the intervals (a, c — 6) and 
(c + δ΄, δ), and therefore, by Theorem 11., 


Ὁ -- ὃ 4 ὃ 3 
Ϊ ie [ P(x, y)dy + | de [ F(x, y)dy 
a V1 c+6’ ψι 


δ' - ὃ b’ ve 
=| dy [ P(e, yd + | dy F(x, y)de. 
a’ 4 a’ “(1 6-ἰ- δ' 


Now the integral u(é) converges uniformly for as é<6, and 
therefore u(b)=U, and the right-hand member of the above 
equation may be expressed in the form 

μ(ο -- 6) + [w(b) -- ule + 6’)]= U + ufc -- δ) -- ule + δ΄). 


But u(é) is a continuous function of ἔξ, so that u(c-— δ) and 
u(c +6’) both tend to u(c) when ὃ and 6’ tend to zero, and 
therefore. 


ΓΕ ἂν ["" F(x, y)dx + γα) dy f* F(x, y)dx =U +u(c) -- u(c), 
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so that 


c- ὃ 3 b 4 
L {| dx ["Fe, y)dy + L dx [Τω y)dy =U; 
Al Ψι 


ὃ-»05α δ΄--»0 96-Ὁ δ' 


that is, 
ec 2 b 2 
Ϊ dx ἢ F(x, y)dy 4 dx ! F(z, y)dy=U 
a V1 c "1 


or V=U. 

The student should work out the case in which v(7) is given 
as converging uniformly in (α΄, 6’). 

Cor. If F(x, y) does not change sign in A, then u(é) and v(7) 
are continuous functions of € and 7 respectively when the 
repeated integrals U and V exist (Theorem ITI) ; in this case 
the application oi Theorem IV is simplified, since it is only the 
convergence of the integrals U and V that requires investigation 
and not the uniform convergence of w(é) and v(7). 


Ex. 5. Τὸ F(x, y)=x2™ly™"(c --οὖὋ —y)? f(x, y), show that (c >0) 
6 ὃ-ν c 6-κ 
"dy | "Fle, γγάα -ἰ de |" Fle, yay 
0 0 “0 0 


when the indices m, n, p all lie between zero and unity and f(z, y) is 
continuous in the field of integration. 

The convergence of f(y) and g(x) ceases to be uniform only for y=0 
and «=0; the integral 


πω; “ας —y)?f (a, γψγάα 


is a continuous function of y and therefore the integral 
δ ὃ-Υ 
U =| y"tdy| amie — x —y)P "f(x, y)dx 
0 0 


is convergent ; if f(x, y) does not change sign the corollary of Theorem 
IV applies, while if f(z, y) has not always the same sign it is almost 
‘‘ obvious ᾽᾽ that u(é) converges uniformly. 


155. Differentiation under the Integral Sign. Let f(y) and 
y(y) denote the integrals 


fyy=| Fe, de, oy)=[ “EY ae 


and let Rf, be the rectangle (a, a’; 6,, b’), ἘΝ b,= b >a. 
Suppose that, when a, a’, b, b’ are fixed consents and £ is 

the rectangle (a, a’; ὃ, 6’), the following conditions are satisfied : 
(i) F(x, y) is a continuous function of x and y in RB ; 
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(ii) @F/dy is a continuous function of « and y in δ, except 
at points on a finite number of curves of discontinuity which 
satisfy the conditions stated in § 152, and at these points the 
discontinuities of 0F'/dy are infinite ; 

(iii) The integral g(y) converges uniformly in Κ᾿. 

When these conditions are satisfied φίψ) is the derivative 
of f(y), that is, 

Hy) al ἽΝ Ξ -[ἘΞ OF(x, ψ) 4. 
dy oy 

Let v be any ae value of y in (α΄, δ΄) and let (v +h) be also 
in (α΄, 6’); then 

a2) _ A [ {F(x, uth) -- F(a, v)} dx. .««ὐνὐνννννον (1) 

Now F(z, v) is continuous in αὶ and so is dF (z, y)/dy except 
at the points in which a line y=constant meets the curves of 
discontinuity ; therefore, by § 145, Theorem D, 


F(a, v+h) -- F(z, v)= [ ew Y) dy. 


Hence 
b b oth 
[ {Γα,υ +h) - F(x, Ὁ) ἅ5.-ἰ dx { ae) dy. ......(2) 
Again, the integral g(y) converges uniformly in ὦ, and the 
integral rth OF (a, y) | 
J v oy 
is a continuous function of x in (a,b); therefore, by ὃ 154, 
Theorem 1, 


b o+h ‘ wth b oth 
| dz | : oe) dy =| dy | ee de =| “oly)dy, (3) 


a ® 


so that, by (1), (2) and (3), 
d oth oF 
te = Ayal, συράν στὶς, ae 


dy 


dv 
d ou -[ δ. (x, y) 
or a τ]. F(x, y)dx = ΠΣ τὰ ἄχ, 


since v is any value of y in (a’, 6’). 

Suppose next that 6 is not constant but is a function of y, 
say b= p(y). Let F(z, y) be a continuous function of x and y 
in R, (a, a’, δι, δ΄), and let 0F/éy also be continuous in fy 
except on the curve x=b= y/(y), the discontinuities of 0F'/dy 
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at points on this curve being infinite. The functions ὁ or ψίψ) 
and db/dy or y’(y) are to be continuous for a’ Sy δ΄. 
Ifaszs β «-:Ὁ, formula (2) of § 121 gives 


oP re, da =" ORG ee det FB, y) iA 


If now the condition that the integral [ oF dx con- 


verges uniformly for the range a’<y<0’ is satisfied, the integral 
will be a continuous function of y, and therefore, since F(z, y) 
and db/dy are continuous, we find by letting β se Ke 6 that 


al F(x, y)dxz = [ “τς ἘΣΤΕ + 1 Ὁ, ne 


which is the usual formula. 

A similar discontinuity for x=a= y,(y) may be treated in 
the same way, the rectangle R, being. (a,, a’; ὃ, δ΄), where 
a Sa= 9, (y). 

A change of the variable of integration is often effective in 
simplifying the problem of differentiating under the integral 
sign ; see Ex. 2 below. 


Ea. 1. If f(y) =|’ (sin 7)?4¥—!dz, show that, if 0 « cy, 


ὙΠ}. _9 
The integral f(y) converges uniformly if y=c>0, and so does the 


second integral (§ 146, Exs. 4, 16), so that differentiation is legitimate ; 
similarly the 2nd, 3rd ... derivatives of f(y) are found by differentiating 
under the integral sign. 


( (sin 2)?4—1 log (sin x)da. 


Now fly) Ξ- ἐν αι  ψη  τ ἢ); 
therefore OY) Saya Yt y-1)- ψίν - δ}, 


where ψίψ) is the eee of log I'(y + 1)(§ 97). 


Bx. 2. If f=" +S. 


function of x, find df(y)/dy. 

Here, as happens not infrequently, the integral obtained by differen- 
tiating under the integral sign does not converge ; the integral for f(y) 
must therefore be transformed in some way (compare 1. Τ'. p. 468, Ex. 4). 
In this case change the variable of eee from x to ὁ where z =yt ; 


i sa =[ vt vue 
y y? Wy , 
ql a 


and it is now legitimate to differentiate under the integral sign. 


<c=y, where y(z) is a continuous 
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Thus 
oy =| ie yt wy} τοῦ 


or, in terms of z as ee oe integration, 
af(y) _ =|’ v(x) +2xy"(x) a 
dy lo ayy - αὶ 
It should be noted that, as in this example, a change of the variable 


of integration is often useful for reducing an integral with variable limits 
to one with constant limits. 


156. Evaluation of Improper Double Integrals. The General 
Theorems stated for the proper double integral in § 125 are true 
for the improper integral, as may be seen by applying the 
definition. Theorem III may be an exception, when F(z, y) 
and F(x, y) have common singularities (cf. § 145, Theorem A). 
It should be remembered that the improper double integral of 
F(z, y) is always understood to be absolutely convergent (δ 150). 

The evaluation of an improper double integral is usually 
effected in practice by means of a repeated integral, and the 
general method of procedure may be illustrated by the Problem 
of § 149; see that section for the notation. 

When the auxiliary curves have been drawn so as to exclude the 
points and curves of discontinuity of F(x, y) from the area 7, the 


proper double integral of F(x, y) over the contracted area 7" is expressed 
by equation (1) as a repeated integers 


(|_Fe. y) dx dy = ae dx Ις ” F(a, y)dYy ««ονννννννννννονν (1) 


where F(x, y)=2™ ly""If(z, y), O< m< 1, O<n< 1, f(x, y) being 
continuous in 7’. 

The next step is to show that when ὃ and 6’ tend to zero the repeated 
integral in (1) tends to the integral 


¢ δ. 
! dee i Ba Spas -deivoietasnainsencen (2) 


where the integral in (2) is taken for the given area T’. 
Now the integral g(x), where 


σία) =|" amtyn fla, y)dy 


converges uniformly for the range 0 « δξξα ΞΞο, and therefore the limit 
for 6’ tending to zero of the repeated integral in (1) will not be altered 
by taking zero instead of 6’ as the lower limit of the integral with 
respect to y. Next, when 6 and 0’ tend to zero, the integral 

c— 8’ πα 6-- δ' 

| : dx ᾿ απ (x, y)dy = g(x)dx 
tends to the integral (2) because the integral of g(z) is convergent. It 
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follows, therefore, that when 6 and 6’ tend to zero the double integral 
also tends to a limit and that limit is equal to the repeated integral (2). 


The discussion of repeated integrals in the preceding articles 
will probably be sufficient to enable the student to evaluate 
an improper double integral in such cases as usually occur. 
For fuller information on the general problem he may consult 
the memoir of De la Vallée Poussin in Journ. de Math. (see 
§ 151) or Stolz’s Differential- und Integralrechnung, vol. 3. 

One general theorem may be stated. 


THEOREM. If F(x, y) does not change sign in an area A, or 
af A can be divided into a finite number of areas in each of which 
F(x, y) does not change sign, the double integral of F(x, y) over A 
will converge and will be equal to the repeated integral U (or V) 
provided the repeated integral converges. 


157. Multiple Integrals. Change of Variables. The exten- 
sion to integrals of functions of more than two variables of the 
definition of the integral when the integrand is not bounded 
in the field of integration or the field not finite is made in the 
same way as for a double integral and hardly requires further 
explanation. The evaluation of the improper multiple integral 
is usually effected by means of repeated integrals, and the 
principles elucidated in the consideration of repeated integrals 
for two variables are to be applied when there are more than 
two variables. When the change of order of integration is 
made in the manner shown in the examples of § 133, the 
principles that underlie the change in the case of two variables 
come constantly into play. 

Again, when a change in the variables of integration is to be 
made, the conditions regarding the one-to-one correspondence 
between the old and new variables and the continuity of the 
variables (§ 134) must be satisfied. If, when the variables z, y 
are changed to u, v, the area A is changed to the area B, let 
A’ and B’ be the corresponding contracted areas for which a 
proper double integral of F(z, y) and of the transformed 
function F,,(u, v) exists ; then 


[ F(x, y) dc dy =(| F,(u, v) | J {ἀπ ἄν, 
and if the double integral of F(x, y) over A’ tends to a limit. 
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when A’ tends to A, the double integral of F,(u, v)|J | will 
also tend to a limit when B’ tends to B, and the two limits 
will be equal. 

The following examples illustrate various cases. 

Ex.1. Transform the integral of the function F(z, y) of ὃ 149 by 
the change of variables x+y =u, x =uv. 

The contracted area T’, which is bounded by the lines x =d, y =0’, 
and x+y =c, becomes the area B’ in the plane of the co-ordinates wu, v, 
bounded by w=c, and tho hyperbolas v=6/u, v=1-—-(6’/u), which 
intersect at the point w=d+ 0’, v=d/(6+ δ). Hence, if F,(u, ) is 
the value of F(z, y) in terms of τὸ and v, 


| F(x, y)dady =|\ Fy(u, v) Udude. ..ccccccccceeee oe (i) 
jr B 
Now F(a, y) =2™—ly"-1f(z, y) and therefore 
= e 4. —j | κ᾿ -} = —] ; apse 
ΠΑ͂Σ v)ududv =| "πάω |, ὅπᾳ] —o)"-¥f,(u, υ)άυ, (ii) 
μ 
where f,(u, v) is the value of f(x, y) in terms of u and v. 
1 
Let g(u) =—ymtn—-l | uml] —v)"—lf,(u, v)dv : 
0 


then g(w) converges uniformly for the range ὃ + 6’=u ΞΞ 6, since 0 « m, 
0< n, so that the limit for ὃ and 6’ tending to zero of the repeated 
integral in (ii) will not be changed if in the limits of the integral with 
respect to v the numbers ὃ and 0’ are made zero. Next, the integral of 
g(w) converges when ὃ and 0’ tend to zero, and therefore 


΄, F(x, ψ) dx ἂν -ἰ F,(u, v) udu ἄυ 


=) ymtn—-ldy [ υἹ 1 —v)" If, (u, v)dv. ....... (iti) 
0 0 


The repeated integral in (iii) is the same as that obtained in § 133, 
Ex. 1. 


Ex.2. Prove, by the same transformation as in Ex. 1, that 
1 ‘1 
Jo = Jo 


1 1 
=| wumin-l(y — u)?-Adu| v™—1(] — v)"—Idv, 
0 0 


where m, n, p are all positive. 


See ὃ 133, Ex. 2. The other examples in ὃ 133 can all be dealt with 
in the same way. 


χω. 38. Prove tnat [(m)T(n)=I(m +n) B(m, n) if m >0, n > 0. 
If a and ὃ are any two positive numbers and R the rectangle (0, 0; a, δ), 
then, 0< γι, 0< n, 
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When a and ὃ tend (independently) to © the repeated integral in (1) 
tends to the product ['(m)T(n). 

Next, whatever be the relative magnitudes of a and 0. it is possible to 
find two triangles T and T’, bounded respectively by the lines 


x=0, y=0,2+y=c, andx=0, y=0,r%+y=c' Ὁ», 
such that R lies within 7” and 1Τ' within R. Hence, since the integrand 
of the double integral is positive, 


| ες εν) a m—lyn—ldy dy < | Ϊ e—(F+V) yp M-ly"—Idzx dy 
RPP i Jk 


< | | e—(2+V) a M—lyn—ldx dy. 
τ' 


Τῇ these integrals are transformed by the substitution z +y =u, x τεῦ, 
they give the inequalities 


B(m, n)\" eMymin-iduy <|| ε΄ (At) M—-lyN—-Id x dy < B(m,n)|" e-uymtn—ldy 
!0 JR !0 


and therefore when c and ο΄ tend to » the double integral in (i) tends 
to B(m, n) T(m+n). The required relation is thus established. 


Ex. 4. If T is the triangle bounded by the lines x =0, y=0, and 
x+y=l, and if J is the integral, 0< m,0<n, 


1-ἰ 2M—lyn—lde dy, 
JJT 


prove that I=B(m, n)/(m+n)=P(m)T(n)/T(m+n +1). 


1 1-2 1[1 
Wehave [= | a™Adec| y" “dy =5| xm-1(1 —2x)" dz. 
J0 «Ὁ 1.10 
1 l-y 1[1 
Also I =| ψη-παρ] x™—-ldx =—| y™ (1 —y)™dy, 
0 0 Mo 
1 (2 
or I ==| “(1 —2)"-Idx, 
m™ Jo 


by the substitution y=1-2. Hence 


‘ 


(m+n) [= ᾿ a™-1(] -- α)π Ἰάα = B(m, n). 


Eu. 5. If F(x, y)=f(x, y)/(z* +y*)", where f(x, y) is continuous, 
show that the double integral of F(z, y) over any (finite) area A within 
which the origin lies is convergent provided n< 1. 

Change to polar co-ordinates ; then 


΄͵ F(x, ν) dx ἂν =|{ γ αν αθ =|| fe, y)ri-2"dr dé. 


Take a circle of radius ¢, with centre at the origin; in this circle 
| f(x, y) |< K, a constant, and therefore the integral over this area is 
numerically less than 1Ke?-®"/(1 —n), an expression which tends to zero 
when « tends to zero if n< 1. 


Ex.6. If F(a, y, z)=f(x, y, z)/r", where f(x, y, 5) is a continuous 
function of the variables x, y, z and r? =(x —a)* +(y —b)? +(z —c)?, show 
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that the triple integral of F(x, y, z) taken throughout any (finite) field 
within which the point (a, ὃ, c) lies is convergent if n< 3. 

Take polar co-ordinates with the point (a, ὃ, c) as origin; then the 
integral, taken throughout a sphere of radius ¢ with the point (a, ὃ, c) 
as centre, is numerically less than (| f(x, y, z)|< K) 


4nKe>-” 
πη» ’ 


and therefore tends to zero when « > 0 if n< 3. 


K|"dg|” sin 0 ao|" pind = 
20 40 0 


Ἐκ. 1. If A is the area in the first quadrant, bounded by the z-axis, 
the curve y =a, A> 1, and the circle r = 1, prove that the double integral 
of 1/(z? + y?)" over the area A is convergent provided n < (1+ A)/2. 

(Stolz, 1.6. p. 194.) 


Ex. 8. Ii F(x, y) =f(x, y)/(a* -x? —y*?)", where f(z, y) is a continuous 
function of x and y, show that the double integral of F(z, y) over the 
circle z? + y? =a? is convergent if n< 1. 

If the area of integration is the triangle bounded by the lines x =0, 
y =0, «+y =a, show that the double integral converges if n< 2. 

(Stolz, l.c. p. 197.) 

In the second case draw the auxiliary line z=a- ὃ, where ὃ is 
positive and arbitrarily small, so as to cut off the corner of the triangle 
at (a, 0); it is not hard to show that the integral over this small area 
tends to zero with difn< 2. By symmetry the corresponding integral 
at the corner (0, a) also tends to zero if n< 2, and therefore the double 
integral converges. 


EXERCISES XVIII. 


1 1 αἱ dx ae ee Cae ee 
1. f log (jos a ah =" sin “ad, @ = 3. 
9 π σ 
2. | log (1+tan 6 tan x)dz =6 log sec 6, -3< 0<5- 
0 
1 
3. [ Ιο εἰ teh) ὩΣ Tog =? fog (1 +a)}?,a>0. 
sin?” x dx 


4. Τί ὦ -Ξ \" ma» Where -1<a< 1 and nis a positive 
a*) 


(1 —2a cos ὦ + 
integer, prove that 


.. a du 
41 a δα 
(i) 7 (a5) =05 


1.3.5....(2n-1) 
2.4.6... 2n 
What is the value of the integral if |a| >1? (Poisson. ) 


(1) w= σὲ: 


τ 


5. Ify= =a’ cos (x*sin 6)4/(cos 0)d0, prove that ay. αν =0. 


dx 
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6. Apply Ex. 1 of § 155 to prove the following results : 


π 


(i) ( sin x log (sin x) dx =log 2 -1; 


(ii) - sin x (log sin x)* dx =(log 2 -- 1)? +1 Ξ 
0 


7. Ifu Γ (sin t)?*-1(cos t)?¥-!dt, where x > 0 and y > 0, show that the 
0 


derivatives of wu with respect to x and y may be obtained by differentiating 
under the integral sign. 
Deduce that 


(i) ᾿ log (sin δ) log (cos ἐ)α - { (log 2)2 


πὸ 
(ii) ᾿ sin ¢ log (βίῃ t) log (cos t)dt =2 -- log 2 - = 


1 
y dy σι --ἘἸ 
8. Prove that ᾿ dx (? faapise) 4 


. ytdy 
9. Prove (i) \" ae x |’ τ ΓΕ ἃ 34 
᾿ gence ΟΊ τ 
(11) \" dx \" / {(a -- “)ία —y)} 


10. Show that, if 0<n< 1, 
a) f'(w)de 


=7 tan a. 


{f(b) -- f(a)}- 


a(b-y)" Ἰαίν -α)" sinnaz 
11. Prove that 
a nmr 
=[T(4)}*{f(a) —f(0)}. 
\ (a - ἘΣ | Nate (x - a ae (y - 


12. Prove that, if n is a positive ae 
* dx, ι da, in» ἔ(σρ)άχῃ 
9 (a@—-2,) ® “9 (2%, -22) ® ο (fp-1-%n) ® 


=(r(Q)" (4-10). a 
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13. If F’(x) denote ὦ (5) 45, show that 


( di ( Τ(ἀλμὴμάμ x {F(k) — F(0)}. 


ον! - λ.. ν( -- 2?) 
1 1 x(1 —x)dx 
bey yh Ϊ aL —z)de πὸ 
re - (1 τῳ) ἄν} ta αν)» δ7δν δ᾽ 
(1 (1 dxdy 11 dxdy : 
15. If P =| | ; -| Ϊ ——_—“., prove that both integrals are 
oJo Ll -zy q oJo T+ay’ P 


convergent and then show that 
(i) P-Q=4P, or P=2Q; 
τ' 1 ι dy 
(ii) P+Q=| ax oe ΠΕ 
dy [ du 
~11+2x7u +2?’ 


(iii) Γ 


τὰς ἃ... 1. 
ors (1 +ay)? =1 τυ +23; 


. 


2 
and deduce from (ii) and (iii) that P +Q = 7 , so that 


[Archiv. der Math. und Phys., vol. 13, p. 362, Year 1908. ] 


16. One loop of the curve r? cos? 6 =a? cos 20 makes a complete 
revolution about the initial line ; prove that the volume enclosed by 
the surface generated is ἔπ(10 -- 32)a‘. 

17. The sphere z? + y? +z? =1 is pierced by the cylinder 

22x? +-y2) =3(x? -y2) ; 
show that the area of the spherical surface that lies inside the cylinder is 
27 + 8/2 log (1 ++/2) -- ἐν 6 log (3 + 2). 
18. Show that the area enclosed by the curve 


Get) o(G-t = 
[T(25) | abt 


; 1 
is --ς 
n 


Note. Further examples may be found in Exercises XVI, where, as 
in Exs. 13, 14, 15, the indices 1, m, ... may have values for which the 
integrals converge though the integrand is not bounded. 


CHAPTER XIV 
DOUBLE INTEGRALS: RANGE INFINITE 


158. Range of Integration Infinite. The discussion of the 
integrals when the range of integration is infinite is based on 
the methods of De la Vallée Poussin (see § 151), and is to a large 
extent identical with that given in Chapter XXI of the Lle- 
mentary Treatise ; it is, however, more general, as the integrand 
F(x, y) may have infinite discontinuities such as are specified 
in §§ 151, 152. 

Definition. The integral 


is said to converge uniformly for the range a’ < y <b’ if (i) the 
integral B 
| F(x, y)dx 
a 


converges uniformly for every fixed value of B, and if (ii), when 
R, =|"re, y)dz, 
b 


B can be chosen so that | R,|<e if b= B, whatever value in the 
range a’ <y<b’ is assigned to y, ε being any given arbitrarily 
small positive number. 

If conditions (i) and (1) are satisfied for every value of y 
greater than or equal to a’, the integral (4): 15 said { to converge 
uniformly for the unlimited range ψ' =a’. 

If conditions (i) and (ii) are satisfied for the range a’ Sy δ', 
where b’ is any fized number, no matter how large it may be, 
the integral (A) is said to converge uniformly in an arbitrarily 
large interval (a’, δ΄) or for an arbitrarily large range a’ Sy SO". 
(See #.7. p. 462, top of page.) 

The integral (A) is said to converge uniformly in general in an 
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interval (a’, 6’) if there is a finite number of values of y in the 
interval for which the convergence ceases to be uniform. If 
there is only one such number c’, where a’<c’<6’, and if ὃ and 6’ 
are arbitrarily small positive numbers, the convergence is 
uniform in the intervals (α΄, c’ - 6) and (c’ + 6’, δ΄). Compare 
§ 151. 

The condition that the integral (A) should converge for a 
given value y, of y is 


[Τὰν ydde 
b 


the integral converges uniformly for a given range of y if B is 
such that the inequality is satisfied for every value y, of y in 
the range. The tests for convergence, stated and illustrated 
in Chapter XII, are now to be used as tests for uniform con- 
vergence, the new element being that B must be independent 
of y. Three principal forms will now be stated, the proofs 
being left to the student, as, after what has been already done, 
they offer no difficulty ; the interval for y may be (a’, 6’) 
or (α΄, © ). 

The M-Test. The conditions are: (i) |F(x, y)|< M(2), 
if «>a, where M(x) is positive and independent of y, and 
(ii) the integral 


<eifc>biaB; 


[Γ᾿ (x)dx 
is convergent. . 


Cor. If F(x, y)=9(x) p(x, y), where | p(x, y)|< K, a con- 
stant, for every value of y in the range, and if 


[ip@)lax 


converges, then the integral (A) converges uniformly. 

Abel’s Test. F(x, y) is a product, (x, y) p(x), where (x) is 
independent of y. The conditions are: (i) g(z, y), when y is 
constant, is a positive, monotonic, decreasing function of 2 ; 
(ii) g(a, y) is less than a constant K for every value of y in the 
range ; (iii) the integral 


[° v(e)ae 
is convergent. 
For the proof compare ὃ 145, Theorem E, 
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Cor. If F(z, y)=9(2, y) p(x, y), so that y is a function of y 
as well as of x, the test will hold, provided that, in place of (iii), 
is substituted the condition that the integral 


| [ p(x, yjdx 
converges uniformly. 

Dirichlet’s Test. Here also F(x, y)= (x, y) p(x). The con- 
ditions are: (i) (x, y), when y is constant, is a positive, 
monotonic, decreasing function of 2; (ii) φία, y) tends to zero 
when x tends to infinity for every value of y in the range ; 


Ἢ) the integral 3 
(111) the integra f wae 


oscillates finitely. 

In applying any test, advantage should be taken of any 
suitable transformation of the integral ; for example, by using 
integration by parts or by expressing the integral as the sum 
of two or more integrals. 

The following examples are drawn chiefly from the Memoir 
of De la Vallée Poussin in the Ann. ... de Bruxelles. 

Ex. 1. Ν εἴα FW) ἀν and |" Sin y Sin (29) ae, 

The first integral converges uniformly for y= a’ >0 or for y=a’< 0; 
the second converges uniformly for every value of y, since 
δ sin y sin (xy) =< 2{|siny|— 2 
Ϊ; x af =5 y | δ᾽ 
Ex. 2. If F(z, y) =e cos x sin (xy)/x, c > 0, and if 

fy)=[ Fle, y)de and g(a) =|" Ῥω, v)dy 


prove that f(y) converges uniformly in general for the range y= 0 and 
g(x) converges uniformly for the range x = 0. 
ε-ον [P ses COS 2 sin (xy) ΕΞ 
b 2 
_e-Y scos(y +1)b — cos(y + 1)é 4 cosy —1)b -—cos(y -- vey 
ΜΕΡῚΣ yt+l y-1 
The convergence therefore ceases to be uniform for y =1 and for that 
value only. The convergence of g(x) is still more easily tested. 


Ex. 3. If F(x, y) =e sin x cos (zy)/z, c>0, and if Ty) and g(x) 
denote the same integrals as in Ex. 2, with the new value of F(x, y); 
prove that f(y) and g(x) converge as in Ex. 2. 


ecu (é ; 
= | cos x sin (xy) dx, ξ ὃ, 


Ex. 4. τῇ v(n) =|" = 


SORYErESS uniformly for the unlimited range ἡ =0. 


dx ." ο΄ ον sin (xy) dy, c>Q)0, prove that ve 
0 
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Here v(7) is equal to 
[3 δ ae - cemon |" sin 7% 008 x 
0 x? -ἰ οὗ 0 2 “3 -τοἷ 
and each of these integrals converges uniformly for the range ἡ = 0. 
sin x 
x 
that v(7) converges uniformly for the range ἡ = 0. 


Ez. 5. If v(y)= Ν dz ᾿ e~°Y cos (xy) dy, c > 0, show, as in Ex. 4, 
0 


Ez. 6. If v(y) = \" ettde |" ¢ e~*¥8dy, show that v(7) converges uniformly 
for the range 7 = 0. 
then, 7 being constant, 9(z, ἡ) is a positive, monotonic, decreasing 


function of x and tends to zero when x-> οὐ for every value of ἡ such that 
n=0. Now apply Dirichlet’s Test. 


Ex. 7. If f(y) =|° = I'(t){e-* — (1 --α) ἢ) , show that f(y) converges 


uniformly for the range, 1 = y = δ΄, where δ' is arbitrarily large. 

Let φία, t)=e"* ~(1+2)*, t2=1; then φία, t)/z—-(t-1) when x> 0, 
so that the integral converges at the lower limit x =0. 

Again, if 1=t=b’, where b’ is arbitrarily large, the function 
T'(t)p(x, t)/x is a continuous, bounded function of z and # and therefore, 
by the First Theorem of Mean Value, 

[τῶν 6.9 ἢ ἀε-ς’ - ἡξ O00 Ὁ). avy. 


Hence fly) =(0' -1) (Pree - τα). =. 
Now ¢’ depends on x; but Γ( ΞΞ Γ(δ΄ and 
| Ry | =(b’ -- 1) fp renfe-* -(1 +2)-#"\ 


«(᾽ -ἡΓ { [Pan + κα τω) 


so that, by choice of ὃ, [Ὁ] can be made arbitrarily small whatever 
value y may have in the range l=y=b’. (See also ὃ 160, Ex. 1.) 


ὥ 


Ex. 8. Κ(ν)- =|" x sin(x* -- xy) dz. 
The coefficient x of θὰ ὦ - xy) may be expressed in the form 


and therefore | 
[ sin (x* -- xy)dx 
=|; (3a? — y) sin (2° = 2Y) ἂς 4 ἽΝ (3573 -- ") sin(z* —*Y) a, 

b 3x 9 15 x 


ΠΝ βίῃ (x* -- ay) 2 
9 b = ao — . 
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The integral of (3x? -- y) sin(x* - zy) is —cos(x* -- xy), and therefore, by 
applying the Second Theorem of Mean Value, we see that the first two 
integrals tend to zero when b>, and obviously the third integral also 
tends to zero when b>. Hence f(y) converges uniformly in an 
arbitrarily large interval (0, δ). 

Ex. 9. The integral [e-em (log x)™da converges uniformly, if m 

.0 
is a positive integer and n=c>0. 
The result follows at once from Ex. 17 of § 146. 


159. Continuity of Integrals. The discontinuities of the 
integrand F(z, y), when the ranges of x and y are finite, are 
understood to satisfy the conditions stated in § 152. 


TurorEeM I. [If the integral f(y), where 


fy) =|"F@, yde, 


converges uniformly for the range a’ Sy SO’, tt is a continuous 
function of y for that range. 


Let R, =|"Fe, y)dx ; then 
ὃ 


fo =(_ F(a, y)dx+ R, =fi(y) + R,, say. 


It is possible, since f(y) converges uniformly, to choose ὦ so 
that, when a’ < y<b’, we shall have |R,|<e, where « has the 
usual meaning ; 6, when so chosen, is to be kept fixed. 

Next, by ὃ 152, Theorem I, the integral /,(y) is a continuous 
function of y for the range a’< yb’, and therefore, if y, and y, 
are any two values in that range, there is a number 7 such that 
πιὸ) —Ss(Y2)|<e if |y1 -Yel<n- Hence, if |y, - yel<n, 


lf(yx) -f(y2) | S | fily) —fiYe)| + 2] Bel <se, 
so that f(y) is a continuous function of y for the range 
α΄ ΞΞ ψ 335’. 
The following theorem is an extension of Theorem II of 
§ 152 and is required later ; f(y) and g(x) denote the integrals 


er) δ’. 
jy)=[ Fle, yde, σ()-- Fe, vay. 


TuroreM II (i). If the integral f(y) converges only uniformly 
in general for the range a’ yb’, while the integral g(x) converges 
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uniformly for the arbitrarily large rangeaSxb, then v(n), where 


o(n)=| dx "P(e, y)dy, 


1s a continuous function of ἡ for the range a’ Sn <b’, provided the 
untegral converges uniformly for that range. 


Let R, -[ὦ [ F(x, y)dy; 
b a’ 


then, since v(7) converges uniformly, 6 may be chosen so that, 
if a’ ΞΞ ἡ Sb’, we shall have |R,|<e. When thus chosen, ὦ is to 
be kept fixed ; thus 


b 
v(n) =| da [Fe y)dy+ By, |Byl<e, 


=w(n)+ R,, say. 
Now, by § 153, Theorem IT, 


w(n)=["dy | Fe, yan, 


and therefore w(y) is a continuous function of ἡ for the range 
α’ ΞΞηΞΞ δ΄. Hence it follows, by the same reasoning as in the 
proof of Theorem I, that v(y) is continuous for the range 
α΄ Ξ2η 33 δ΄. 

ΤΉΒΞΟΒΕΜ II (ii). If the integral f(y) converges uniformly 
for the range a’ S yb’, while the integral g(x) only converges 
uniformly in general for the arbitrarily large rangea <x <b, then 
the integral v(n) is a continuous function of ἢ for the range 
a’ ΞΞ ἡ 33 δ’, provided v(n) converges uniformly for that range. 

The proof is the same as for Theorem II (i). 

Cor. If F(z, y) does not change sign it may be shown, as in 
the proof of ὃ 152, Theorem III, that the continuity of v(7) 
follows from the existence of v(b’). 


THEOREM ΠῚ. Let ven) =|. T(x, n)dx. Given (i) that the 


integral p(n) converges uniformly for the unlimited range ἡ =a’, 
and (ii) that, when n->© , the function f(x, ἢ) converges uniformly 
to (x) for the arbitrarily large rangeasusb; then 


Α͂ [γα ἡ) = [᾿νωά-- [" | 4 se, n)| dz. 


no" 
The following proof is that given in the Elementary Treatise 
(pp. 465-6). 
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(I). y(n) tends to a limit. Let η΄ and 7” be any two values of 
ῃ ; then the difference { y(n’) — y(n")} is equal to 


fen) fe, np des [fle mde — [fen de oo) 


=A+p—y, say. 

By condition (i), ὃ may be chosen so that |u|<e, |»|<e, 
whatever values 7’ and 7” may take in the interval (a’, ©) ; 
when ὁ has been so chosen it is to be kept fixed. 

By condition (ii) there is a number Y such that 
| f(x, ἡ) -- [(, n”)| is less than e/(b — a) if n’>Y, and ἡ" Υ͂, and 
therefore |A|<e if n’>Y and 7’>Y. 

Hence |y(n’) — y(n")|< 3 if n'>Y and η" >Y, so that y(n) 
tends to a limit when n>. Let the limit be denoted by P ; 
it has next to be proved that 


P= | "e@) dx. 


(II). We have, b being for the moment undetermined, 


b b : 
[ φ(α)ας -- - (φ(α) -- [(α, 7)} dx - Fee ave 
ὺ | J (x, n)da -P| oe (2) 


=a—-B+y, say. 

P is the limit of ψ(η), and therefore Y, may be chosen so that 
ly|<e if y>Y,. By condition (i), B may be chosen so that 
|Bl<e if b= B, whatever be the value of 7; choose such a 
value of ὃ and then keep it fixed. By condition (ii), Y,may be 
chosen so that |a|<e if 7>Y.. Hence, if 7>Y3, where Y, is 
greater than either Y, or Y,, and b= B, we have 


[ φ(χ)άς -- 


but the expression on the left of this inequality is independent 
of 7, and therefore | 


b 
Ϊ φ(α)άα - P| «8ε, if b= Β; 


<3e; 


that is, - oo [ὃ ee o ; 
re £ | g(z)dx=P, or Ϊ y(x)dz =P. 
bana . cane Ya 


- The theorem is therefore proved. 
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The special use of the theorem occurs when f(z, 7) is an 
integral 


fle, n)=|' Fe, vay, 


and then 
cd ἡ 
vn) -Ἶ de [Fe y)dy, 
so that 
Ὁ μ a0 8) 
L y(n) = £ | da ᾿ F(z, y)dy =| dx | F(a, y)dy, 
n->@ n7o"a a’ a a’ 
since 
L [ae [ F(z, y) die = [dx | L [ F(a, y)dy |. 
qy7—>ova a’ a 77> oa’ 


Two useful theorems have been given by Bromwich (Infinite 
Series, 2nd Ed. p. 485 (4), and p. 490) which may be derived 
by a slight change in the proof of Theorem III. In both cases 
the upper limit of the integral y(n) is, not «, but NV, where N 
is a function of 7, N(7) say, that tends to © when 7—->o. 


THEOREM IV. Analogue of Tannery’s Theorem. Let 
y(n) =| fe, n)dx. Condition (ii) of Theorem III remains, but, 
instead of condition (i), it is given that | f(x, 7)|< M(x) if naa’, 
where [™ (x)dx is convergent. The theorem is then 


L [᾿ (x, nda =|" φ(ε)άν. 


N-—> 
THEOREM V. Let y(n) -ἰ femg(a)ae. Condition (ii) of 


Theorem III remains, but, instead of condition (1), vt 1s given (x’) 
that, when ἡ ts constant, f(x, ἢ) ἐδ a positive, monotonic, decreasing 
function of x suchthat f(a,n)\<K,a constant, for every value of n, and 


(B’) that the integral [τω dz is convergent. The theorem is then 


Α͂ [ flen)g(x)dx = [φῶ g(a) dx. 


η-- oO 

The only difference from the proof of Theorem IIT is in the 
grounds on which |p| and [ν[ in equation (1) and |f| in 
equation (2) can be made less than « by choice of ὃ. The 
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number N may always be taken larger than any chosen value 
of ὃ. Now, taking the integral yu as typical, we have for 
Theorem IV, 


Υ | = [τ n')da < | M(e)de 


and this integral may, by choice of ὁ, be made less than ε 
since the integral of M(x) converges at o. Again, for 
Theorem V, 


ju | =|[/ fee n'rate)ae| =| f0, 0) { σω)άν 


where >); as before, δ may be chosen so that |u|<e, since 


«κ΄ σ(α)αςῚ), 


[σωώ converges. 


Hu. 1. If A>O0 and if the integral \" g(x)dx converges, prove that 
/0 


οΌ ea) 
L | ee (x)de =| o(a)de. 
A—0°0 0 
Apply Abel’s Test and Theorem I ; for detailed proof sce H.T. p. 463. 


οο Η 
sin ὦ dx _% 


Ex. 2. Show that (i) 2 V(a® -αἢ 2? 


α--":0 Ὁ 


(ii) Te “Fae ( 6.4 dx =hi/n. 


a—>0-0 


Ex. 3. If f(x) is a positive, monotonic, decreasing (non-increasing ) 
function of x for the range x = 0, prove that 


7, | fe ne τοῦ de =F fle +0)+fle-0)}, 6:50, 


Ao 
=$f( +0), c=0, 


=, c<O, 
where f(c +0) and f(c — 0) are the limits of f(c + x) and f(c — x) respectively 
for x0 while f( +0) is the limit of f(x) for x0, x being in all cases 
positive. (These limits exist since f(z) is monotonic.) 


(i) Take b >|c|; then, by the Second Theorem of Mean Value, 
sindA(x —c) ( sin A(x —c) ὩΝ e)sin Ψ 
5 25:9... 700) [te =f00) |g eee AD 
where A(x -c)=y and =b. Since the integral of siny/y converges 
at οὐ, the above integral tends to zero when jA->« whether c be 
positive, zero, or negative. 
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(ii) If O0<c<b, we have | 


᾿ ᾿ - . 7 ; ᾿ 
[ f(z) ane c) dx =|’ flan) PAZ — 9) gy εἴ ΠΩ) PAE 2) dee (2) 


Ae i A(b—-c) 1 
= -¥) BY g + (c+) OY a 
| 7(. ον “Ὁ \ Ter] y 4 

by putting —y for A(z -- 6) in the first integral and +y for λί(α —c) in the 
second. 


By Theorem IV we now find that, when 4-0 , 


b ‘ oO. Ὁ. 
sind(z-c), | _ sin y sin y 
L | sa Ze dz =f(c 0)| τ dy +f(c 10}. rm dy 


λ-» 
=5{s(c -- 0) +f(c + 0)}. 


(ili) If 0 =c< ὃ the first of the two integrals in the second member of 
equation (2) disappears and the limit is ὅπ} +0). 
The results in (i), (ii) and (iii) prove the theorem when c= 0. 
(iv) The result in (i) holds if ¢< 0, say c= -- ο' where c’>0. For 
b sin A(x +c’) £ sin A(x +c’) AE+e) sin y 
| fe) RAC) a ΩΝ ὭΣ ΣΝ ee =f(0)| “yo 
by putting y for A(x+c’). Hence, since c’ >0, the integral tends to 
zero when j4-> and therefore the theorem is true when c< 0. 
Of course, if f(x) is continuous, f(c + 0) =f(c -- 0) =f(c). 


Hz. 4. The theorem of Ex. 3 holds if f(x) is bounded, but is a mono- 
tonic, increasing (non-decreasing) function for the range 0= 2 =a, and 
ὃ. monotonic, decreasing (non-increasing) function for the range 2-2 a; 
more generally if f(z) is bounded and has only a finite number of turning 
values. 

Since f(x) is bounded, the positive constant A may be chosen so that 
A +f(z) is positive for x =20. Now, when f(a) is the only turning value 
of f(x) and f(x) < f(a) for x< a, let F(x) and G(x) be functions defined 
by the equations 

F(xz)= A +f(a) <-,<,, F(x)=A+f(x) = 
G(x) =A +f(a) -f(a) } 9S PEa G(x) =A ἡ #2. 

Each of the functions F(x) and G(x) is positive, monotonic and 
non-increasing for the range «= 0, and therefore the theorem of Ex. 3 
holds for each and therefore also for the difference F(x) -- G(x), which is 
f(x). 

It is easy to adapt the proof to the more general case of a finite 
number of turning values, but the above case is sufficient for the special 
application to be made of the theorem (see § 163, Exs. 1, 2). 


160. Repeated Integrals: One Limit Infinite. In this article 
the following notations will be used : 


Fe) b’ 
7) =| B(x, y)dx, g(x) =| Fe, y)dy. | 
The discontinuities of F(x, y) satisfy the conditions of δ 154, 
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ΤΉΒΞΟΒΕΜ I. If the integral f(y) converges uniformly for the 
range a'<y<b’, and if the integral g(x) converges uniformly 
for the arbitrarily large range aS ΞΞ ὃ, then, ἡ being any fixed 
number in (α΄, b’), the integrals 


[ἂν | Fe, y)dx... (1) and [a [Τα YAY .....ὁ.{. (2) 


exist and are equal. 

By Theorem I of §159, f(y) is a continuous function 
of y for the range α' ΞΞ yb’, and therefore the integral (1) 
exists. 

Again, by Theorem I of § 154, if ἡ is any fixed number in 
(a’, δ΄) and 6 any fixed number greater than a, 


b ἢ Ἢ ὃ 
| de | Fe, y)dy =| dy Ϊ P(e, y)dx 


at dy | Fe. y)dx — [ dy [ Fe, y)dx. 
a’ a a’ b 


Now, by the uniform convergence of f(y), the number B 
can be chosen so that, if b= B and a’<Sy3sb’, « being as 
usual, 


Fee, yao [ἀν [°F (, yan 
b a’ 


and therefore this repeated integral tends to zero when b>. 
Hence 


a0 b wo 
[ dix [ F(x, y)dy= L { dx [ F(x, y)dy =I" dy | F(x, y)dz, 


b—> a 


<é, <(n -a’)es (δ’ ~-a')e, 


so that the integral (2) exists and is equal to the integral 
(1). 


Cor. The integral [az [Fe y)dy 


converges uniformly for the range a’ <7<b’ when the integrals 
f(y) and g(x) satisfy the conditions of Theorem I; because the 
integral (1) is a continuous function of 7 for that range and 
therefore also the integral (2). 

Ex. 1. Show that the integral f(y) of Ex. 7, ὃ 158, converges uni- 


formly in the interval (1, δ΄), where b’ is arbitrarily large. 
De la Vallée Poussin observes that the uniform convergence of a 
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repeated integral may often be established by applying the corollary 
just stated. In the example, the integral 


᾿ Γ()(6-5 - (1 pay Ἔ ae 


converges uniformly, as is easily proved, for the range 1 St=0’, where 
b’ is arbitrarily large, while the integral 
b’ 
[ FO ες (1 +2x)-dt 
converges uniformly in the arbitrary interval (0, ὃ). (The value of 
(6.5 -(1+2)42-1 for x=0 may be taken to be (ἐ -- 1), which is the 
limit of this expression when x->0.) Hence, by the corollary, the 
repeated integral 
2° dx [ν 
| = | T(t){e-* --  --α) σε 
0 5.1 


converges uniformly for the range 1 =y=0’. 


δ' 
Ἐχ. ἃ. If ιἱ(ξ) Ξε dy [ F(x, y)dx and if μ(ξ) converges uniformly for 
the unlimited range ἔ = a, show that 


L (ay | Fee y)dx =0. 


Now -a@’ 
The condition that μ(ξ) should tend to a limit when 00 is that there 
should be a number W such that 
[(ξ3) -- (ξ}}} « ε if &.>8,=N 
Now μ(ξ) converges uniformly through the unlimited range 2 a and 
therefore τί οὐ ) is a definite number. Hence 


ju(oo -- α(ξ,}} Se if ξ, ΞΞ Ν᾽ or de {u(o ) -u(N)} =0. 


—>@® 


But u(o)-u(N)= [ἂν fs F(x, y)dzx. 


Ez. 3. Show that u(é) is a continuous function of ξ in the arbitrarily 
large interval (a, δ). 

TuroreM IT. The integrals (1) and (2) of Theorem I exist and 
are equal when the following conditions are satisfied : 

(i) The integral f(y) 1s only uniformly convergent in general 
for the range a’ Sy’; 

(ii) The integral g(x) converges uniformly for the arbitrarily 
large rangeasax=b; 

(iii) The integral v(n,), where 


ae Ἧ 
v(m) =|_ de |” F(x, υ)άν, 


converges uniformly for the range a’ =< ἡ. 3Ξ δ΄. (The symbol n, is 
used because 7 in the integral @) is supposed ‘to be fixed.) 
G.A.C. 
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We may suppose that f(y) ceases to converge uniformly for 
only one value c’ of y, where a’< c’< 1b’; then f(y) converges 
uniformly in (a’, c’ — 6) and (c’ + 6’, 7), where 6 and 0’ have the 
usual meaning, and therefore, by Theorem I, 


[ ἂν " F(z, y)dz + [ dy [ F(x, y)dx 
a’ a δ΄ --δ' Ja 


ὉΌ oe 2 
=| dx [ F(x, y)dy 4 dx [ F(x, y)dy. 
a a’ a cf +68’ 


Now, by ὃ 159, Theorem II, v(7,) is a continuous function of 
n, and therefore the limits for ὃ and 6’ tending to zero of the 
integrals in the second member of this equation are obtained by 
making ὃ and 0’ zero. Hence 


cay ay |’ F(a, yda+ L |" ay [ Fe, y)dx 


é—>0 a 


=|" dx [Τὰ y)dy + Ν dx [ F(x, y)dy: 


that is, [ ἂν [ F(x, y)dx =|" dx I F(x, y)dy, 


by combining the respective pairs of integrals. 


Cor. If F(z, y) does not change sign, v(7,) will be a continuous 
function of 7, provided the integral (2) exists. Therefore, when 
conditions (i) and (ii) are satisfied, the integral (1) will converge and be 
equal to the integral (2), when that integral converges. 


aoe λωξ 
Be. 4. |" ay |e 6- αν ἀκ = ἄχ, 4>0,a=0. 
a 
] [ὦ 
Here Ν ες τῖν dx =~, | e~“ du, 
ὃ VY Joy 


so that the integral f(y) only converges uniformly in general in (0, 4) ; 
it converges uniformly for the range 0< d=zy= 4, 
¢ ] ὙΠ e~Az* 

Next g(x) =|" ὁ ev dy --------. 

When x0, g(x)—A and 4 will be taken as the value of g(z) when 
x=0; the integral is obviously continuous in the arbitrarily large 
interval (0, δ). 

The function e-2*y is always positive and the integral v(A) is 

© ] — eA? 
—— 
which is manifestly convergent, so that the corollary is applicable. 
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THeorEM III. Jf the integrals f(y) and g(x) are each only 
uniformly convergent in general in the respective intervals (a’, b’) 
and (a, δ), the integrals (1) and (2) of Theorem I will exist and be 
equal tf the integral u(é), where © 


u(é)=[dy [Fe vax, 


converges uniformly for the unlimited range =a. 
By the conditions u(é) converges when > ; that is, the 
integral w(o ), and therefore also the integral (1), exists. 
Again, the conditions of Theorem IV, § 154, are satisfied, 
since u(£) converges uniformly in (a, δ), however large ὃ may 
be, and therefore 


b n ἢ ὃ 
Ϊ dx | F(a, y)dy =| dy | F(x, y)dz. 


Now, by Ex. 2, 
yn b ἢ xD n Ὃ 
L [αν | Fe, νγάε-- [ἂν ("Fe yde- £ [dy [°F ee, νγάυ 
-» οὐ" a’ a a’ a ὃ --» οοὐὐ α’ ὃ 
= ("ay [ Τα, y) dz, 
b 0 
pee L | dx [ F(x, y)dy =|" dy { F(a, y)da, 
bara a’ a’ a 


and therefore the integral (2) exists and is equal to the integral 
(1). 

Of course the theorem holds if one of the integrals f(y) and 
g(x) converges uniformly and the other only converges uniformly 
in general. 


Cor. If F(x, y) does not change sign u(é) will be a continuous 
function of € and therefore, when f(y) and g(x) are only uniformly 
convergent in general, the integral (2) will exist and be equal 
to the integral (1) when that integral exists. 


a dx : 1-} md 
Ex. 5. Evaluate fi (1+ax)mrign Ι, y (] Ἔν) Y> 


when /, m, n are such that the integral converges. 

If the integrals (1) and (2) of Theorem I are denoted by J, and I, 
respectively, this intogral is J,. The integrand does not change sign, so 
that we first test the convergence of the integrals f(y) and g(x); if these 
satisfy the conditions of Theorem III we next examine whether the 
integral I, converges. If I, converges so does J,, and I,=1,. 


450 ADVANCED CALCULUS [CH. XIV. 


Suppose, to begin with, that m= 0. Then (1 +2y)/(1 +2) lies between 
l and y and [(1 +2zy)/(1 +2)]™ lies between 1 and y™, so that it is positive 
and not greater than unity. 

o/L+xcy\™ dx o dz 
a) frm {ὙΦ} cae | ee 

For convergence at 0 we must have n< 1, and for convergence at οὐ, 
n>0; if 0< nn < 1 the integral f(y) converges when y is not zero, or even 
when y=Oifl21. Thus, if 1 >0, f(y) converges uniformly in the range 
0< δξξψῳ ΞΞ 1 and converges uniformly in general in (0, 1). 


ἘΞ 1 (t ἢ 1 τευ" ] : i—1 
(2) σ(α)-- =a |, tea (Ta dy < yaya |v td 
For convergence at 0 we must have | >0 and then, since 0< n< l, 


the integral g(x) converges uniformly for the unlimited range z= ὃ > 0, 
and converges uniformly in general in any arbitrarily large interval (0, δ). 


1 
(3) I,=| yhtdy Nee dx 


l+a2/ (1l+a)a" 
1 ὃ 7] Ἐφ." dx 
= t-1 —— rs err ee 
3 dy εἰς ἐπ αγ t 3 


The repeated integral with finite limits is obviously convergent when 
L>0,mZ0,0<n< 1. Further 
1 Ὁ Χ] ταν dx dx 
(4) Bo=| yay { (ὙΠ 7} aaa < | vay aaa 
and clearly Ry 0 when b— οὐ, so that J, is convergent. 
Hence the integral J, also converges and I, =J,, so that the value of 
the repeated integral is not changed by changing the order of integration. 
In the integral I, change the variable y to v by the substitution 
y/(1+ay)=v/(1 +2); then 
Po ἣ dx ᾿ υἱπὶ ἄν 
alo 2% lo (Te av) mr 
Next change the order of integration, as we are entitled to do by 
what has been proved, and then substitute the variable u for the 
variable x, where x(1 —v)=u. We thus find that 
1 a) —n 
=B(l,n) B(l-n, l+m+n). 
(See 4.1’. p. 350, Ex. 20, for the value of the integral with « as limit). 
a rly (l+m+n) 
sinnz D(l+m+1)(l+n)° 
This result suggests that the restriction m=0 is too narrow. If 
m< 0, then 


Hence = 


1<[(1+2y)(1+2)]™<y™, 
and in (1), (2), (4) the power of y that remains after the substitution 
of y™ for [(1+2y)/(1+2)]™ is y#+™', so that m may be negative if 
l+m >0—a condition that implies J > 0. 
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161. Differentiation under the Integral Sign. Let f(y) and 
φίψ) denote the integrals 


fiy)=["Fe, vax, oy) =(" “Ear. 


If F(x, ¥), 0F (x, y)/dy and the integral y(y) satisfy conditions 
(i), (ii) and (iii) respectively of §155 when b=o—that is, 
when x2a and a’<Sy< b’—then 9(y) is the derivative of f(y). 
No change at all is needed in the proof of the theorem when 
is finite ; the change of order of integration in equation (3) of 
§ 155 is valid in the present case by Theorem I of § 160. 

It may happen that the integral g(y), obtained by differen- 
tiating under the integral sign, does not converge; see, for 
example, Ex. 4, p. 468, of the Hlementary T'rreatuse, where the 
difficulty is overcome by a special device. De la Vallée 
Poussin has given a general method of dealing with such cases 
that is frequently successful. 

Suppose that F(z, y) and 0F(z, y)/dy are continuous functions 
of x and y for the ranges a<2<b, where 6 is arbitrarily large, 
and a’<y<b’; then, taking for brevity the symbol y to denote 
both the variable of integration and the upper limit of the 
integral, we have 


F(z, 9) - F(z, a')= Ι: ὅπ τον) 9) dy, 
and therefore 


᾿ P(x, y)dx - [ F(z, αὐ 45: [4 {τ aoe δΡία, ψ) ay 


Change the order of integration in the pee integral, as it 
is legitimate to do since 0F'/dy is continuous, and let ὁ tend to 
infinity ; then 


fy) -fa’) = Lia v | AS LA 1 eee q) 


and | Hy) Al La [« ν[ 3: δ᾿ τὸ Oz, Y) gy -- ΜΝ (2) 


b> a0 “ a’ 
Now it may be aa to obtain a transformation of the 
form 
OF (x, . οἱ 
[ΞΞΞ 3 de pb, v)+[ ve wide, 


a 
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where the functions φί(δ, y) and (zx, y) are such that 


ΑΓ φί(ὸ, y)dy =0 


b—> ὦ 


and the integral ἂ y(x, y)dx converges uniformly for the range 
a 


a’<=ysb’. If these conditions are satisfied, 
y SOF (zx, ν ν ὃ 
| dy | a da =|" 90, y)dy + [ἂν [ v(x, y)dx, 


a’ a 


and therefore, when b>, equation (1) gives 


f(y) - f(a’) =|'ay [ ψία, y)da -- te fay i v(x, y)dax 


y 0 
=|"dy [ w(x, y)dz, 


since the integral of y(z, y) converges uniformly. Equation (2) 


then gives d 
wy) we -[ φία, y)dx. 
Ex. 1. Iftu =|" cos(x* —xy)dzx, prove that 
ae “+hyu= =0. 


By Ex. 8 of ὃ 158 the first derivative of wu is given by the equation 


du (* . ,ς 
a7 \, xsin(x* ~xy)dx, 
since the integral converges uniformly in an arbitrarily large interval 
(0, δ); the integral obtained by the second differentiation is, however, 


not convergent. But 
δγ 5 Βιη (“5 —xy) = —z*%cos(z* -- zy) 
and 
b ὃ ὃ 

| - «Ξοοϑ(αϑ —-xy)dxr= -}4 | (3.3 -- y)cos (x? -- xy)dx — ty ᾿ cos (x3 -- συγ)γάα;, 
“Ὁ 0 : 
sothat φίδ, ψ) -Ξ -- ἰ βίη (δ —by), ψία, y) = -- ἰν οοβίαϑβ -- ὧν). 

ν 8. ἐν 8 

νον. L [’ o(6, ν)άν-- L 9956 -ὃν) - οοϑ(δ). Ὁ, 
ὃ-»οὦ Ὁ ὃ-- ὦ 


and the integral of (x, y) converges uniformly in (0, 6’). . 
ἊΝ 08 (oY) dn, 


For vf cos(z8 -- xy)dxz= uf zi 353 4 ξοβ(ω3 -- αὐ) +4 


τ: — 2b° Pra 
so that Jy | cos(e - xy)da = ΣΈ: a5 
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d Ub ο ® : 
Hence, T= | p(x, y)da = -ty| cos (a> -- vy)dx, 
y” Jo 0 
2 
that is, S +4yu =0. 
οο 
Ez. 2. Tiu =| esau prove that (y> 0) = =U. 
0 


The integral obtained by the first different ae converges uniformly; 
for the second derivative the integrand is - x*cos(zry)/(1+ 2?) and 
[ ~x* cos xy Sie dic sin by n cos(xy)dx 
0 1- «ἢ ἥς y [, τὰ ᾿" 


Ψ .- 
lf ΞΞ 6:0, ΑΙ sin by 7, =0, 
b— a “δ y 
ο 
and the integral | sl ες 
0 1+ a? 
ἄξει - cos(zy)dx _ 
dy? 0 1+ x? Νὰ 
Deduce the results of Ex. 4, p. 468, of the Elementary Treatise. 


converges uniformly (y=c>0). Hence 


Ex. 3. Let a and ὃ be two numbers, real or complex, neither of 
them being zero; ὦ and ὃ, when real, are positive, but, when complex, 
have their real parts either positive or zero. If y= 0, show that 


00 00 
U= [ e~2V (ea _ eb) cee |, oa ~ oy) dy 
Suppose α =o. +%a’ and -- β +7’; then 
| eae _ δ. ded | <= e224 opr, 
The integrand of the integral u may be taken to be (Ὁ — a) when ὦ =0, 


and ie e-2V (eat _ ¢— bx) “5 | = ae πὰ 
B 


this integral tends to zero when B->o if y=0. [When y=0, a=0, 


ο g—ta’e Ὁ etp’x 
B=0, the integrals dz, dx both tend to zero when 
JB 
Bo.) 


Again, the integral obtained by differentiating τὸ with respect to y is 
Seen Ὁ 

b+y arty’ 

and this integral converges uniformly if y= a’>0, so that it is equal to 
du/dy. Hence 


- Ν" οτν(ο σα _ g—b%) dz -- 
0 


] I 


iv 9) 
|e (e \dee = Fy aay 


Now u->0 when y-—> ©, and therefore 


u=(° (5-4 
Ny at+y b+y, 9: 
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If y>0, we find (§ 159, Ex. 1, or H.T., p. 463, Th. IT) 


οὗ eae ες, ες ΠΩ fee) ] 1 d 
\ Ψ “εἰν (τη δε) y 


This result contains many particular cases, e.g. Ex. 26 (i) of § 146. 
Again, let a=1, ὃ -οῦ ; then 


1 1 κε 1 y-t 
[(τῖγ τε) = ls ἐν) ᾶν 
a l+y P ἘΝ 
=log {- τ 5}} τόνοι ψ, 


a0 (e~*—cosx)+7sing® » -- 


so that | ; 
0 x 2 


oe-* cosa © gin x 
and therefore | ει ar eae | —— dx = 
0 x Jo & 


rol a 


EXERCISES. XIX. 
1. If 0< a< ὃ, prove that 
9) b b ee) 
| dx | εν dy= | dy | e-*V dx, 
0 a Ja 0 
and deduce that 
| Ἢ ο.οςΣ.. ο΄ δα 
0 
2. Ifa >0, ὃ >0, prove that 


dx =log=. 


@ a a fo 6) 
| dx | εα τ ἰδ) dy =| dy \ ε΄ τ έδ)α dar, 
0 0 0° (Jo 
and deduce that ἜΝ 
- eae | ὐ Ὁ . 
(i) [ 1—e etb2 ax =4 log( 1 ss 3) “« ἰαη Σ (5) . 
0 δ δ \6 
.., (2 1 —e7~%* " α3 
(iy { :ΞΞ cos ba dz =$log(1+ mys 
— paz 
(ili) [ τ Ὲ sin ba dx =tan™ (5). 
0 μη b ; 


3. Ifa>0 and 6=0, show that 
| (" sin δα 


“ΕΠ 
9 ma? tat) = gas (1 τ 674.}.. 


4. Ifa@>0 and ὃ >1, prove that 


: © eos 2; 1 οὐ; =| = © Cos 2 sin (xy) ; ᾿ 
(i) f Ξ de e-e¥sin (zy dy =|) em dy [ οο5 εἰν (αὐ) ae 
mom. fb. b 4 
(it) [° £982 ae [P ταν sin (xy)dy =|" ταν αν [ἢ SOSPEI EY) ge, 

0 1 ἜΝ 1 0 & 


Show that each of the integrals in (i) is zero, and that each of the 
integrals in (ii) is equal to πίε — e~%>)/2a, 
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5. Let f(%) =Ae-** + Be-b@ + τ Ke“** = J Ae~*, where a, b, ... kare 
either real and positive (not zero) or else complex, with real parts that 
are positive or zero, and A, B, ... K constants. If τὸ denotes the 
integral a dx 
| 6. ον f(x) “eC » Y> 0, 


prove that the integral is convergent if >A =0, and then show that 
[ ΣΆ. ἀξ ΣΑ͂ log a. 
0 x 
6. If ΣΑ͂ =0 and =Aa=0, the notation being as in Ex. 5, prove that 
ἣ {DAe~%} a = DAaloga. 
Jo. : 
7. If ZA =0, 2Aa=0 and 2Aa* =0 (notation of Ex. 5), prove that 
[ {2Ae—%*} sa = —~} >YAa*loga. 
. 20. 3 | | 
8. If >A =0 and 2Aa*t =0, r=1, 2, ... n —1 (notation of Ex. 5), prove 
Denar, LIP 
[pe Ty 
9. In Ex. 5 suppose that a, ὦ, ... k are pure imaginary numbers, 
a=ot, b= Bi, ...k=xi,a, B, ..: x, positive, so that log a =log α. +747/2, .. 
log k=log x +in/2. Deduce from Exs. 5, 6, 7 that, if the conditions 


that connect the constants A, B, ... K in the respective examples are 
satisfied, 


LAa"™ log a. 


a0 dx 
(i) ᾿ 2(A cos ax) . -- = - YA loga; 
sie [Oy os dx 
(ii) [°3(4 sinox)S = - ΣΑαϊορα: 
/0 od 
wean [7 dx 
(iii) ᾿ 2(A cos α) πῇ το DAa? log a. 


10. Deduce from Ex. 8 the formulae corresponding to those in 
Ex. 9, the conditions that connect the constants A, B, ... K being 
satisfied. 


Tf n is odd, n=2m +1, 
dx (-1)™1 


O° | 
( 2(A cos OX) Ξ zimti~ (2m)! DAa2™ log Os 
while if n is even, n =m, | . 
= ue S 


For other ὍΝ of ἃ like kind. 906 the article by Hardy, quoted in 
§ 146 (Frullani’s Integral). 
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11. Ifa and ὃ are either real and positive or else complex, with real 
parts that are positive or zero, show that the integral 


\" (6 .45(1 + Ax) — e~9%(1 +4 Ba)} ae 
.0 τ 


is convergent if A -a=B-b=c, say; then prove that when 4 =a+e 
and B=b +c the integral is equal to 
ὃ --α --᾿ log (δία). 
Deduce, by taking a=1, b= --Φ, οτεῖ, that 
ον [Ὁ dx x De we OE. . 
(i) ᾿ {65 5(1 +2) -- (085 2) a ee a I, [ (xe~* -- gin x) ma ΝΣ L; 
and, by taking ὃ =1, c= --(Ἕα +4), that 
[se ΙΣ 1 Δ, «αι ae 
(ii) i {(a-1e *+(5-5)(e az —¢-»)\ = (a +4) loga -(a-1). 
(Bromwich, Inf. Ser. 2nd Ed. p. 488.) 
12. The integral \" (6 .ὅὉ.-- (A + Bu + Cx?) e~>*} ἐς 
0 
converges if A=1, Β --ῦ --οα, C=}(b —a)*, and its value is then 
3a? -- αὖ +46? + 4a? log Ὁ : 
13. Deduce from Ex. 6, or prove independently, that 


[ (b ~c)e? το - α)γαῦ +(a — ba? da _ oi, ~c)aloga. 


0 (log x)? a 
LyPlyP dx _ pr 
14. If 0< p< 1; | ose Lrg tlogteny. 


15. If 0< p< 1, show that 
(i) ᾿ eP-tdzx (1-p)(2-p)...(n~-p) π 


— . ee re jig ἘΈΨΙΕΣ ΞΕΣΌΨΕΡΜΌΝ e 


οἱ] +a)" n! sin pz’ 


fore) n 2. 12 2 _ m2 
ὦ (PE = ( - apa 


(2n+1)! sin px" 
(Bertrand. ) 
16. Prove that if a >0, 
δ3 
(i) [ e-atz! cosh 2ba dx = Χ.3 ea; 
0 2a 
δ 
00 ] oa 
(ii) | e~a*2* sinh 2ba2 dx = et ᾿ 62} dz. 
0 
17. Prove that 
Ν e- (x sin 2 ~sint) ΤΣ ΞΞ (1 -- 8. ve. 
0 
(Bertrand.) 


os e7+e-* 42 sin 6 = wine πὶ ἡ τὸ ὅἘ 
18. [” tog ( — ) dar = (0 6%), OS0S5. 
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19. If m is a positive integer and b >0, 
he sin2mbz dz πᾷ] -- ο΄ 35) 
9 sinbe l+a? οὗ --οὃ τ 


20. If m>0 and a >0, prove that 
© sin? mx dx τ 
\ x? (x? +a?) τε πριν - 1+ e-2ma), 


21. Τί 


u=|" dz —sin Az ας, A>0, a>0, show that 


x*(x? +a?) 


ὅτις: σηβίλα -- +e-Aa), 


and deduce that 
© o—sinz 
[arpa gpd? - a+ 1 ~~. 
22. If P -(" e-24t cos(72 —a%)dt, Q - e-24t sin (1? -- a?) df, 
“αὶ -α 
prove that P+Q is independent of a, and state its value. 


23. If a>0 and ὃ >0, prove that 


ω dx nx (a +b)o+0 
1 1 = ee ΔΡΑΒΕΝ 
- tan! (ax)tan—(bz)— = 5 log { app } : 


. If 0OXa<2, show that 


2 
(° tanladz πα 
-ὦ 23 —-2Q¢7sinea+1 2cosa’ 


25. |" (=a) de= 3 (log 8-7). 


26. Ifu = e—a*—ba* dx, where a > 0 and ὃ > 0, prove that, 
0 


074 
3ab = - — 3a τε - 205 St 
- 
_ (2 dz mE is dy 
ὅτ. ΤῈ τ τὶς (σπδύαητα ly FOP U TTY” 
where a >0 and ὃ "0, prove that 
—1 du,_ _(-1)""d*"u 
(1) τ, Ξε τ rae =r dat 
(ii) Δ =33 ..(2n-3) 1 pe Dee leer Ἵν a ( 1 ) 
~ 2. .. (2n- 2) an-4bt (n-1)!p3da""*\Va+vV7b/° 


28. Show that, if a >0 and ὃ is any real or complex number, 
δ5 
[- 6.““ααλοοῖδα Jar — - 8 oz ᾿ 
-“ὦ “ἃ 


03 
and deduoe that . \ 6΄--αα cos 2ba dz = @ a- 
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29. (i) If w=a? tan?2+b*cot?z anda>0, 6>0, 


w 


3 a+b 
| e-* seo? x cosec? «de = Ve e~tad ; 
Jo 


2 2 
(ii) If v= = pee where b >a, a >0, B>0, 
z-a b-x 


( ΒΝ. ΟῚ Ξε π ατβ .- e+e 
αὐ τ -αγῷὸ -αηὐ a Bb -αὖὦ 

162. Repeated Integrals: Infinite Limits. The theorems 
of § 160 will now be extended to the case in which the upper 
limit of both integrals is infinite; the discontinuities of the 
integrand are understood to satisfy the conditions stated 
in § 154. 

TuroreM I. If the integrals 


| Fe, y)dx...(1), [Τα σ. (2) 


converge uniformly through the arbitrary intervals (a’,b’) and 
(a, b) respectively, and if the integral v(n), where 


xD y 
vo(n)=| dx | F(a, ΟΠ (3) 
converges uniformly for the unlimited range n= a’, then 
{a [ Τα, yd = ("de [Τα, ἡ) ν)ς. 2coxaueiodes (4) 


Let the function f(x, 7) of Theorem ITI, § 159, be defined as 


n 
F(x, ἡ) =\"Fe. y) dy ; 
then the function y(n) of that theorem is the integral v(y). We 
now find 


[ἂν [Τα y) dx = va [ dy | Fe, y)da 


H—-> 0 a’ 


= -Αἴ' 4. |" F(x, y)dy (Th. I, § 160) 


τνροῶο ἃ 
- da {" F(a, y)dy. (Th. ΠῚ, § 159) 


Of course, if the integrals (1) and (2) converge uniformly for 
the unlimited ranges y= a’ and x= a respectively, the theorem 
is true; a similar observation is applicable to the other 
theorems. | | | eS 
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TuHroreM II. The equation (4) is true uf the integral (1) ἐδ 
only uniformly convergent in general, provided the other conditions 
of Theorem I are satisfied. 

This result follows from Theorem IT, § 160, in the same way 
as Theorem I follows from Theorem I, § 160. 


ΤΉΒΟΒΕΜ III. If the integrals (1) and (2) are only uniformly 
convergent in general through the arbitrary intervals (a’, ὃ") and 
(a, b) respectively, but if the integral v(n) and the integral u(), 
where 


u(é) -ἰ αν [ TG τινι ρει ον φρενῶν (3) 


converge uniformly for the unlimited ranges n2a’ and 2a 
respectively, then equation (4) 18 true, provided one of the integrals 
in (4) 1s determinate. 

Suppose it is the integral in the second member of equation (4) 
that is determinate, and denote it by A; then the condition 
that the integral should converge is 


L [ὦ [ Τα, ἡ Δ =O: φαιιξρυθονοοιο ες δὲ (5) 


bar 


Again, since the integral υ(η) is continuous, we have, by 
Theorem IT, ὃ 160, 


[ay | Fe, y) da = {ax [Fe y)dy =A — R(n), ......(6) 


where R(n) =| (ax \F (x, y)dy. 


The theorem will therefore be proved if it is shown that R(n) 
tends to zero when 7->® , since the integral in the first member 
of (6) becomes the other integral of equation (4) when n>. 

Now R(n) converges uniformly for 7 = a’ ; for 


[a | Fe, y)dy -[Ἕαὦ [Τὰ y)dy -- [ae [’ F(x, y)dy 
b ἢ ὃ a’ b a’ 


=a — B, say. 

By (5) we can choose M’ so that |a|< ε1 b>M’ and, because 
the integral v(7) converges uniformly for 7 = a’, we can choose 
M”" so that [β[-- if b> MM”. Let UW be the greater of the 
numbers M’ and M”; then |u -- £|<2e for 72a’ if b> M, so 
that R(n) converges uniformly for 72a’. 
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Next we have 


Rn) = ἀκ [Τὰ y)dy+| de [Τὰ yay 


=|"dy [ F(x, y)dx {ὦ [Ὲ (x, y)dy 
ἡ a b 7 


by Theorem III of ὃ 160, since the integral u(&) converges 
uniformly for § =a’. Hence, if y denote the first of these two 
integrals, R(n)=y +(a- B). 

If ὃ is any fixed number greater than M (as determined 
above), jxa—f\|<2e. Further, the integral u(é) converges 
uniformly for =a, and therefore we can choose N so that 
lvl<e if y>N. Hence |R(ny)|< 3 if 7 >, so that R(n) +0 
when 7-0. The theorem is thus proved. 

Cor. The theorems are considerably simplified if F(z, y) 
does not change sign, because in that case v(7) is continuous 
when 2(00 ) is determinate, and u(é) is continuous when u( ) is 
determinate. Theorems I and II are therefore true (when the 
integrals (1) and (2) converge as required), provided the integral 
v(o ) is determinate, and Theorem III, provided one of the 
integrals in (4) is determinate. 


Ex.1. Prove that, if c>0, 
Ὁ Lemar 
(ii) \"e e-V dy [ 
Let F(x, y) Ξε, ὃν cos x sin (xy)/x and 
co 9) « ἢ 
fo =[" Poe vide, σία) =| Fle, vay, υ(η)- ἀα \’ Fe vay. 


By § 158, Ex. 2, f(y) ρει: πὴ uniformly in general for y==0 and 
g(x) converges uniformly for x = 0, while, by ὃ 158, Ex. 4, v(7) converges 
uniformly for 70. Hence, by Theorem II, the order of integration of 
the repeated integral in (i) may be changed, and the new integral is 


“Ὁ cos xsin (xy) 7. 2 © cosxdz 
x ο τοιοῦ 
© gin COs (αν) 1. -- Ὁ 512 cdx 
9 ἃ φϑιοϑ᾿ 


© 605 αἱ α2 
x2 +7 © 


᾿ oe? aa |" ο΄ ὃν sin (xy) dy = \" 


By using Ex. 3 and Ex. 5 of § 158 the second of the above equations 
may be proved in the same way. 


Ex. ὃ. Deduce from Ex. 1 that, if c >0, 


(i) (* cosxdx π 


-ἶ (i (* sin ἢ dx I 
0 a? +c? ᾿ 


eee | .-. 6 ““6ὴ. 
ὁ x(x? +c?) ge2't ae 
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These results are obtained by evaluating the repeated integrals in 
Ex. 1, (i) and (ii) respectively. Note that 
cos xsin (xy) =}sin (y+1)2+4sin(y—1)2, 
and therefore 


[ cos x sin (xy) 7 = ᾿ Sn (y +1) 2+} [" sin (y -- 1)» 3 
J0 x wv 
1.2 ae aaa if OSy< il, 
=o 2 +5 πίῶ, f l<y; 
so that 
oO Ὁ cos x sin (xy) a π[1 σ [Ὁ 
cy eater hutenie eae ab om ee πον κῶς “-οὖν 
\"e dy |" SY den = π τ]. 6 dy +7 Pe dy 
_a% πΊ1-ο nm, a, 
~ 4¢ i( ὃ ἘΣ = Fe © 
The repeated integral in (ii) gives in the same way 
π 
9¢ (1 —e~*), 


οΌ οἷα Tt 
Ex. 3. Prove that | yen +i)a/(§). 
“Ὁ 


This integral has been evaluated in the Elementary Treatise (p. 471, 
(9) ; another method of evaluation will now be given as an illustration 
of Theorem ITI, and also as an example of the substitution of an integral 
for a given function (see #.7. p. 477, Ex. 2). 

Denote the integral by w, and for 1/./x substitute the integral 


2(> 
<a e~x¥* dy. 


0 
Hence ve .w= \"eran |e OY ese Setescsreg taka asses (i) 


=|" dy |" OW ὃ ἄα, «..«ννννννννννννμννννννν (ii) 


provided the change of order of integration is legitimate. This change 
will be considered later. Now 


\"e-at- inde = εἰς 1 iv +t 
0 y2—7 yf ys +1’ 
so that το = felt fer a 


Let y=, and it is easily seen that each of these integrals is equal to 


18(2, 3)(8.1. p. 350, Ex. 20, (ii)). But +B(4, 3) =3 79° and therefore 


w =(1+4) (5). 


so that, by equating real and imaginary parts, we find 


ove eal τ 
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We have now to consider the change of order of integration. The 
integral (ii) has been found to be determinate. The integrals 


| a et ρ--α,ὸ dx and Ϊ et” ταν dy 
0 


converge uniformly for the unlimited ranges y = =a’ >0 and | ca >0 
respectively. For 


ἰ e“du ΙΝ ett ρ--αγὸα lez \; 
y? Joy 1 Jb" 71 γὰ love 
by the substitutions zy? =u and yz =v, and the uniform convergence is 
obvious. 

Let v(7) and u(&) be the integrals obtained by taking ἡ as the upper 
limit of the y-integral in (i), and ξ as the upper limit of the z-integral 
in (ii). By § 158, Ex. 6, the integral v(7) converges uniformly for the 
unlimited range 7=0, and it is easily proved that the integral u(&) 
converges uniformly for the unlimited range €=0. Hence all the 
conditions of Theorem III are satisfied, so that the change of order is 
legitimate. 


e-* αν 


Ι et e—2y* dx | = 


Ex. 4. Prove that B(m, n)=I(m)I(n)/T(m+n), m>0, n> 0. 
By the definition of [(m +n) we have 
m+n) 
(1 τ α)ῦ»ῦτπ 
and therefore, multiplying by x"! and integrating with respect to x 
from 0 to ©, we find ( 145, Ex. 4, or H#.T. p. 350, Ex. 20) 


_ ["e-ateny i dy, 
0 


I'(m +n) B(m, n) = | ana dx Perareyy ymin-l dy, 
!0 J0 | 


Change the order of integration and the repeated integral is simply 
I'(m)I(n), so that the equation is proved if the change of order is 
legitimate. 

If F(x, y) τ ο τῶν γῆ ymtn-l we have 


Gi) (* Ῥω, y)de= Tn). ys 


(i) |” P(e, y)dy=Plon + myar—a/(1 tym 


The integral (1) convernes: uniformly for the range y =a’ > 0, and the 
integral (ii) for the range x2Za>0. Further, F(x, y) is positive and the 
repeated integrals exist. Hence the change of order is legitimate. 


Ex. 5. Tf F(a, y) =e-*vxsin 2axsin y, a > 0, show that 
οὗ fe 4) a0 οΌ 
[ἂν |" Τῷ, ν)άω = ("de |" Τίς, y)dy 
10 0 o ..0 
Let f(y)= " F(z, y)dx =siny [ en aly x sin 2axda; then, if y >0, 
ar) | τ 


ο᾽ δὲν sin 2ab ἃ 


|; .e-@y-cos Zax dz, 
2y ὃ 


οΌ 
|; οἷν sin Qax dx = 
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and |, Τα, y )dex | < ἽΝ 


ΕΝ re sin y | e-bty <8 ees ἢ σ᾽ δα’ 
so that the integral f(y) converges ae for y=a’> 0. | 


Again, it is easy to show that |" F(x, y) dy converges uniformly for 
c= 0. 


Now, let v(n) ={" x sin 2ax dx ᾿ enaty sin y dy ; 
! 0 
(1 —e-"% cos y)xsin Zax, © e—ne? 73 sin Qax 
then v(7)= |" = “τ a dx —sinn meee oe ae de, 


and v(7) converges uniformly for 7 = 0, as is aed easily proved. Note 
that the integral 


" xz? sin 2ax Es 


JO xt$+] 
is convergent since, when z is large, x*/(z* + 1) is a positive, monotonic, 
decreasing function which tends to zero when x tends to infinity. 
Thus, by Theorem II, the change of order is legitimate. Ex. 33, 
(i), (ii), (11) on p. 482 of the Hlementary Treatise may be taken in 
connection with this example. 


163. Double Integrals with Infinite Limits. The evaluation 
of the double integral when the limits of the integral with 
respect to the variables (one or both) are infinite is usually 
effected by means of a repeated integral. It is possible that 
the double integral may exist, and yet not be equal to either of 
the repeated integrals; further, the two repeated integrals 
may exist and be equal and yet not be equal to the corre- 
sponding double integral. A detailed investigation of the 
matter is, however, outside the limits of this book, and the 
student is referred to the investigations by De la Vallée Poussin 
and Stolz (see § 156); he should also consult an article by 
Bromwich in the Proceedings of the London Mathematical 
Society, vol. i. (2nd Series), 1904, pp. 176-201, and his textbook 
on Infinite Series (2nd Ed.), pp. 503-513. Bromwich’s defini- 
tion admits conditionally convergent double integrals; we 
have followed the more usual practice of admitting only 
absolutely convergent double integrals. 

It is hardly necessary to repeat the remarks made in § 156 
on the evaluation of the (improper) double integral; the. 
general procedure is the same in the present case as in the case 
there stated. The General Theorem quoted in § 156 also holds 
when the limits of the integral are infinite. 


‘ 
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Again, as regards the change of variables reference may be 
made to what has been stated in § 157, with the examples 
there given. 


Hz. 1. Prove that, ifa>0 and n= 1, 
\"cos cy dy |e x"! cos (xy) dx =5 ect), c= 0. 
0 0 

Let F(x, y) =e—** 2"! cos (xy) cos (cy), and consider the integral 

λ 

| dy \° F(a, y)jdx, A>O. 

Jo ~ Jo 

_ By equation (6), p. 471, of the Elementary Treatise, 
n 
fa F(x, y)dx =T'(n) cos τὸ cos cy (y? +a?) 2, 
0 


where tanO=y/a, —~42x< 6< 42; the integral converges uniformly for 
the range 0 = y = J, as may be readily verified. Next 


ἢ F(x, y)dy =} e-9% gn {Ξ (x -- ο) sind (x +c) 
0 


x-C x+e 
and this integral converges uniformly for the unlimited range x= 0, 
since a >0 andn=1. 
Hence, by Theorem I of § 160, the order of integration may be 
changed, and therefore 


λ 
[ cos (cy) dy e- 8% g—1 cos (xy) dz = (* eek onl dx Ϊ cos (cy) cos (xy) dy, 
0 0 90 0 


that is =} ("eee gna SA (% -- Ο) 9 3 ["e-e gna SIMA (7 FO) αν, 
0 w-ec 0 ΣΈΟ 


Now if e~¢%a"-1=f(x), the conditions required by the theorem of 
Ex. 4, § 159, are satisfied, since f(x) has at most only one turning value 
(given by x=(n—1)/a). Hence, when A, the last two integrals tend 


to 3 J(c) both for c >0 and forc=0. Hence 


τ᾿ (cy) dy ὁ x"—1 cos (xy) da =5 Patent ἐδ ΞΕ Ὁ, 
0 0 
Ez. ἃ. Prove that, ifa>0Oandn=1, 
[εἴη (ον) ἀν [Ὁ x"-1sin (ry) dx =5 e—2 or-1, ¢>0. 
.0 0 
The proof is practically the same as in the case of Ex. 1, and may be 
left as an exercise. 
These two examples are particular cases of Fourier’s Double Integral. 
See £.T. ὃ 194, pp. 499-501. It may be noted that the statement in that 


article (p. 501), that the absolute convergence of the integral [5 dx 


is sufficient for the validity of the transformation on p. 501, is not 
correct. See the articles by Pringsheim, Math. Ann. vol. 68 (year 1910) 
and vol. 71 (year 1912). 
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Lz. 3. The variables 21» Wgy+.., Z, are changed to y, Yo)... Y¥, by 
the equations — 
Ly +Xgt eee +X, ΞΞ 3.1) αι τα Ἢ eee +%y,_1 ΞΞ 1 Yos ie 
XL, + Xt eee Tong =Y1 Yq... Yrits ... Uy =Y) 5,4... Yn 


If the variables 2,, 72, ... , may each take every real value that is 
not negative show that ψ9» Y¥3,...,5 Y, will take every value between 0 
and 1 (0 and 1 included), while y, takes every value from 0 to οὐ. 
Further, show that the integral 


om [οὐ οΌ 
| | τὰς ( F'(x1, Xq, ... &,) dx, dxq...dz,, 


Jo Jo 
becomes 
re) 1 1 
[dyn [da | ἀν, False Yor Yat Ya? anas 
where P(Yys Μὲ»... Yn) = F(X, Loy. Ln) 
We have 


Ty =Ys(1 — Ys), Cp_a =Y1 Yall — Ys) 0s Vai =Ys Yo oe Yrga(l το ψ ει. 5}».... 
so that Yo, Y3,...»Y, lie between 0 and 1 (including Qand 1). On the 
other hand y, may vary from Ὁ to ©, since 2,=y; Ya. -Y, and 2, 
varies from 0 to 0. 

From the values Just found for z,, 2,.--1» ... it is easy tc see that 


_ (4) 22»... En) _ 
O(Yr> Yar --- Yn) 


and therefore |J|=y,""ly.""*...y,_1. The required transformation 
of the integral follows at once. 


= $y," 1 y4"3 ... Yn_ts 


EXERCISES XX. 
1. Prove that, if ς >0, 
[το στους |” sin (xy)dx (° x dx 


“gre 1 \q Gree 1)" 
2. Prove that, if a >0, 
οο i 7 d 
(° ᾿ (° x det soil See (2) 5 
α 10 (“3 +07) (e?**- 1) Jo ; 
3. Prove that, if c >0, 
— eer 

᾿ τ τὸ dee ᾿ (cos αὶ -e-&)dx [ eV dy =loge. 

0 v /0 0 
4, If m and n are positive integers and n =m, prove that 


“sin? zo. 


\"yrtdy |” e~*¥sin® «dx =(m—-1)! ᾿ ἜΤ, 
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5. If u,, -ἰ ρον sin” «dx, where 7 is ἃ positive integer and y >0, 


prove that (n? +-y")uq περ (ἢ -- 1) τος...» 
and then show that 
n!} . | | 
Mn = OR Ty at ΤΟΣ ΤΟΝ 
mn! 
" , n odd. 


6. Deduce from Ex. 4 and Ex. 5, m and n being positive integers and 

n=m, that © gin™g 1 © 
\ am (im = ἢ)! ἰς 

If m =2, n=3, the integral is equal to ὃ log 38. Verify independently 

for these and other small numbers. (Bertrand.) 


y™1 u,, dy. 


ἡ. If a>0, b>0, m1, n= 1, 0=tan“(y/a), p=tan“(y/b), prove, 
by applying equation (6) (.7΄. p. 471) and § 163, Ex. 1, that 


τ cos mé cos (xy) 
a | ae dy Ἐ: 7% e-tyml x >; 


m 21 (γι) 
go (ty?) 
Ὁ 
᾿ cos m6 cos np he 7 T'(m+n-—1) 
” m αν = Haq bya Tim) T(n) ἡ 
υ (αὐ Ἐν) (b? +y*)2 


8. Show that equations (i) and (ii) of Ex. 7 hold when the sine is 
substituted in place of the cosine, and deduce that 


ss cos(m§—ny)dy _ π Γι Ἐπ -- 1) 
m n (a+b)m™tnr-l Tim) T(n) © 
9 (at τυ)" (65 +y*)? 


9. By taking a =b =1 in Ex. 7 and Ex. 8, show that 


T 


.) (2 ἘΣ π LT(m+n-1 
(1) \" cos m6 cos n8§ cos™t"—-2 6 dé = amen tay : 


τ 


(ii) [° sin m0 sin n@ cos™*"-* 600 = π I(m+n-1), 
0 


gmin T(m)T(n) ’ 


π 


(iii) (" cos (m—n)0 cos ™t"-2 6 dé =a EY ; 
10. Show that, if m>1 and 0<n< Il, 
Py dy " e~% 2™—1 cos (xy) dx = i: et aml da Wass cos (xy) dy. 
Deduce that 


I(n)T(m —n) ain πὶ 


(ii) [" ain m0 cos™—*-1 9 sin"! 6d@ =“ 
0 (m) 


XIv.] EXERCISES XX 467 
Il. Ifa, ὃ, a, β are all positive, then 


© e~ ft yb-l dy [ © etd γα-ὶ dx 


ὦ era TO 


12. If 0Sa=5, show that 


" ᾿ πος, A. SNE aN 
Jo Jo (τῷ Ἐπ αῶν cosa +y?+a*)?” 363 sin a.’ 
and that, if w =z? + 2ry cosa +y?, 
(i) (" ("ew dedy =z: (il) ᾿ ᾿ξ αν στ dedy =i 
13. If U =52? -— ay + 2y?+2274+2y+1, 
V = 62? + 3y? + 4a τάν +2, 
and if €=x+y4+1, τῶν — 2a, 
show that U= &+7%, V = 262 +72, 


lee) iv 8) - 
and then prove that | | Ve-Ude dy ==. 
ry ἣν 5 


[Change the variables to § and 7. For the general transformation 
when U and V are real quadratic forms (positive and definite) see 
Hilton’s Linear Substitutions, Ὁ. 75.] 


μ. {ἢ dx dy _ 8n  a>0 
ἡ πῶ ἡ -ὦ (x2 + y? αϑγλ(ω +y? δε) α(α +b)’ b>0. 


15. If lm’ +1’m is not zero, show that, the integral being assumed to 
converge, 


i [ P(le + my, Var -- m’y)d ἂν το (την + ¥my|(" lg F(a, y)de dy. 
ἡπῷ J~a J-a J-—aw 
16. If a>0 and ὃ >0, show that 
(* ("plates + d%y2) de dy= ἐδ. ("payday 
'o 10 4ab !o 
the integral being assumed to be convergent. 
17. If a>0, b>0, m>0, n>O0, show that 


Oe axe D(m)T(n) 
‘tr? 4-8 2m—1 ,,2n-1 7 τ-- ῥ ΠΡ ἡ 
\ [re eee ee ee δὴ 4a™ >" ’ 


and then deduce that 


( (cos@)?™-1(sin8)2"-1d9 1 T(m)F(n)_ 
ο (ὦ σο859 +bsin® 6) π΄ απ» δὴ Tim+n) 


oe 


CHAPTER XV 
INTEGRATION OF SERIES. GAMMA FUNCTIONS 


164. Integration of Series. When the terms of a series Lu,,(x) 
are not bounded, or when the range of integration is not finite, 
the integration of the series falls within the region of the 
improper integral. The methods of dealing with the improper 
integral that have been explained in previous chapters are 
applicable also to such series, but in many cases of practical 
importance it is possible to integrate the series by applying 
elementary theorems, as in the following examples. 


1 2 
Hz, 1. Show that | Be de = τοὶ 
0 —2 6 
Here we may write 
N-1 
Pew .. oN 
l-zx εἶ Τα’ 
n= 
and therefore 1 loga dz Ny ΠΝ log x 
᾿Ξ. -- » J+ | 28 αν. 
n=1 
Now a log a/(1 -- “) is bounded, for, if =e", 
BlOg 2 οὐδ. τῷ ΟΣ ας 
l-x l-e¥ δ᾽-1 l+hytty?+...’ 
so that \wloga/(l-x)|S1lifOSe=:1. Hence 
1 gN logx |= l ow-lae a 
i, l-2 sa =|) saa ἢ 
and therefore llogxdx > 1 πϑ 
᾿ Ι- 5 an ὁ | 
© sincx dx 1 
Ex. 2. ᾿ τῷ ΞἸ =1(ncoth πὸ - τ), 


if c is real and not zero, or, if c is complex, c =a "ἰδ, δ] « 1. 


If x >0, we have " 


1 δ . πα, Nt 
ἘΞ ὦ eee be τ 4° pee eeeeeererereesnese (1) 
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Now the function sin cz/(e* -- 1) is bounded for the unlimited range 
x = 0 when ὁ satisfies the conditions stated. 

(1) sin cz/(e* -1)->c when x-> 0, and therefore, when zx is small, say 
when 0 = [ἡ] =k, |sin ου (65 -- 1)} « ο΄, where c’ differs little from |e]. 

(11) If >k and ὁ real, |sin cx/(e* — 1)| < 1/(e* -- 1), while if c is com- 
plex, c=a+ib, |sin cx| cosh bx+sinh bx Ze>’*, where b’=|b|, and 
therefore, if 6’ < 1, 

sin cx eb’ l 1 
e—1|~e—-1~ εἴ -δγ _ | ~ ρ(1Ξ 7} -΄ 

There is thus a constant K such that |sin cz/(e*~1)|< Καὶ if 2 =0, 
and therefore, multiplying equation (1) by sin cx and integrating, 
we find 


, Ν 
© gin cx dx Cc 


where [Εν] ΚΊ ἐτναάω-Ν, 


and therefore Ry->0 when No. Hence (§ 94, (1) ), 
esincedr τι ὁ ] 
\ geal Dy στη =H [ποῦν πο -‘). 
Cor.1. Let x2=2ny, 2nc=a, then 
(" sinaydy 1/1 Λ 1 *) 
9 e=¥—-) 2\e*-1 α᾽ 277 
where 0.20 if o is real, or, when « is complex (a = β +7), |y| « 2x. 
i Θ | 1 2 
a δ: ΞἼ 288 ΞΤ’ 


ἣΝ since de} (t π 


© 
0 


Cor. 2. Since 


— οοθο.. 


c sinhzc 


— 


0 e~+1 2 
Cor. 8. The above formulae are valid for ὁ =0 in the sense that the 
limits of the integral and of its value tend to 0 when c-> 0. 


165. General Theorems. In the following theorems it is 
assumed that each term u,(x) of a series Lu,(x) is integrable 
over the range a<2x<b or over the unlimited range x>a 
according as the range of integration is finite or infinite. 
Further, w,(x) will be taken as a product, f(x) v,(x), where f(z) 
is independent of n and f(x) and v,(z) are integrable. 

THEeorEM I. [If (i) the series Xv,(x) converges uniformly for 


b 
the range αΞ 33, and (ii) the integral | | {(x)|dx converges, then 
a 


bt ὦ a ὃ ͵ 
J [Steves Jae=35[ { sereterae. 
The upper limit b may be finite or infinite; if τε the series 
Συ,(“) 18 to converge uniformly for the unlimited range x = a. 
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Let Balt) = 3) 04(2), A= [μα 


By condition (i) N may be chosen so that, ifa<2=6 and 
m= N, we shall have |R,,(z)|<e/A, where ¢ is arbitrarily small, 
and therefore 


[Ὁ R,(e)de 


so that the integral of Xf(x)v,(x) over (a, δ) converges. 
Next, 


Σ i f(x) v,(x) dz | _ [ 9 [S f(x) vn(c) | da 
=|. [DS (2) v9(a) | de - [fe R,,() de. 


Let m—>o and the result το ον: The proof is the same 
1 b=o. : 
Ex. 1. (" log x log (1+2)dx =2 -- 2 log 2 ee 
0 


«ε, LY f(x) R,,(x)dz =0, 


m—> © 


12 
The series for log (1+) converges uniformly for the range 0=2 = 1 


and ‘i [log x|da = 1. Hence the integral is equal to 
a oO 
~ (-1)" oe A i 
ΣΝ ΕἸΣ a>), τ e-ssa- we |= 2 - 2log 2 ~ γα π᾿. 
ΤΉΒΟΒΕΜ II. If f(x) and v,(x)(n=0, 1, 2...) are positive (or 
_ zero) forthe range ax<x<b, and if the series Xv,(x) is only unt- 
formly convergent in general for that range, then the integral 


[ [> f(z) va(2) | OE cha ξεν ξεν δῶν ας (a) 
and the series > Lf 4 f(%) Un(2) ) dz | er iG oditasae ἐρῶν ὡς ἀνθοῦν (βῚ 


are equal, provided that either the integral (a) or the series (β) 
1s determinate. 


- Case 1. The series Xv,(x) ceases to converge uniformly at ὃ 

and only at ὃ ; it may or may not converge when α τεῦ. 
Suppose first that the integral («) is determinate and equal, 

say, to A; it is therefore possible to choose A (<b) so that we 


as ne R - | Jem (¢) ἄχ < é, de: ΤΣ =90, 


since f(z) and v,(x) are positive and ¢ is 6: arbitrarily small 
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positive number. Now, if a<A<b, Theorem I is applicable ; 


hence 

οο λ λζγο 

Sf terenterdx |=["| ference) [az 

0 "a a0 

ΞΞ Α ἱρῷ R,. 
Let λ-» ὃ: then R,-—0 while the series on the left of the 
equation tends to the series (β), so that the series () is equal to 
the integral (a). 3 
Next, suppose that the series (f) is determinate and i 

say, to B. By Theorem I, ifa<A<b, τοῖν ey 


[ [df v(t) | dx = Lf, ΓΕ ἄχ \< Β. 


since f(x) and v,(x) are positive (when not zero) ; ; thus the 


integral ona: 
J [Sterne Jax 


is a positive, monotonic, increasing function of λ which is less 

than B and therefore, when A—>5, tends to a limit which is not 

greater than B. In other words the integral (~) converges. 
Again, since the series (β) converges, 


L> tf Fleyen(e)de | = 


m—>on=m+1 


Hence, since the functions f(x) ee are ΤΡ ΗΝ 
J [Sterne ]ae=S[ J sereatarae 
=B- Ss) Lf fiz)o,(z)de |. 


n=m+1 
Now let m— οὐ, and it follows that the integral (x) is equal 
to B; that is, the integral (x) and the series (β) are equal. 


Case 2. If the series Συ, (2) ceases to converge uniformly at a 
and only ata, a very slight modification of the above proof shows 
that the theorem is true in this case; it follows then in the 
usual way that the theorem is true when Συ, (2) is only uniformly 
convergent in general. 


Cor. For brevity, omit the letter x in ‘ie εὐἰιοοσεῖ ἘΣ βοῖα 
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f(x), v,(z). Then, if f(x) and »,(x) are not always positive, the 
product f(x)v,(x) may be expressed as the sum 


(FIFI) (Ont Leal) — [[1.-,. Ὁ onl) - Ὁ}. lend +1 FT [end 
and each of the four functions in this sum is of the form 
g(x)w,(x), where g(x) and w,(x) are positive (or zero). Hence 
Theorem II is true if either the integral 


[ ὃΣ | f(%)| . ιν, (6) 
. or [ὃ 
or the series 2 " [1(.}]}. aCe) 


is determinate. 


Turorem III. 1} f(x) and v,(x) (n=0, 1, 2, ...) are positive 
(or zero) for the unlimited range x= a, and if the series Συ, (1) ts 
uniformly convergent in general for the arbitrarily large range 
asa<), then the integral 


[> f(a) val) | Teese (cx) 


and the serves > By f(x) v9(a) de | grates spataueeeuntennts (B) 


are equal, provided that either the integral (x) or the series (β) 
is determinate. 

The proof of this theorem when Xv,(x) converges uniformly 
in the arbitrarily large interval (a, b) follows so closely the lines 
of the proof of Case 1 of Theorem II that its detailed statement 
may be left to the student. The modifications required when 
the series only converges uniformly in general in (a, ὃ) have 
been dealt with in the proof of Theorem IJ. Thus, if a is the 
only point of non-uniform convergence of the series Xv,(x), take 
c>a; then Theorem II applies when the interval of integration 
is (a, c), and the proof of Theorem III applies when the con- 
vergence of the series Dv,(x) is uniform in (ὁ, 6), so that 
Theorem III holds when a is the only point of non-uniform 
convergence of 2v,(2). 


Cor. The Corollary of Theorem II is also true for Theorem 
III ; in the integrals of the Corollary of Theorem II we merely 
put b=0. 
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Theorems IT and III are due to Hardy, Messenger of Mathe- 
matics, Vol. 35 (year 1905), pp. 126-130. See also Bromwich, 
Infinite Series (2nd Ed.), pp. 495-502. 


Examples 1 and 2 of ὃ 164 illustrate these theorems. Thus in Ex. 1 
the series for (1 -- x)~1 consists of positive terms and converges uniformly 
for 0==2=.4< 1, and the series (if log (1/x) instead of log x is taken) 
ge Si Similarly in Example 2 the series 2e~-"* converges uniformly 
if «= A> 0, and the Corollary of Theorem III applies. 


Another theorem due to Dini (Fondamenti, p. 391) may be 
given. If the series is Lu,(x) and if w,(&) denote the integral 


[ U,(x) dx 


the theorem may be stated as follows: 


ΤΉΒΟΒΕΝ IV. [If (i) the series Xu,(x) converges uniformly for 
the arbitrarily large range α ΞΞ α ΞΞ ὁ, and (ii) the series Xw,(é) 
converges uniformly for the unlimited range =a, then the 


integral Ι΄ [> tn(2) | Oe ikesaNieea sees tamssn eats (x) 


and the series | DLJ eaterae | ΝΎ (B) 


are each determinate, and the integral (x) is equal to the series ( B). 
By condition (i) 


= τ 
[ [> wz) | d= 3 wal) 


Again, by condition (ii), Xw,(£) is a continuous function of é 
for =a, and therefore 


Als l-d| LZ we]: 
that is [ ΙΣ ὡ, (4) ἄς = > ἷ [ὦ de: | : 
a9 0 ‘4a 


The following additional examples illustrate the theorems. 
t lia\dx 7 
Ex. 2. | log ({Ξ2)Ξ Ξ 


l-x/ au 4° 
2n—1 
Here log {(1+ 2)/(1- x)} =2 SES = 
and the series converges uniformly for the range O=2=A<1. By 
Th. II, since 
2 gtn-t = 1 72 
[ [2 [2> Qn -1 22? Gast 


the result follows. 
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at. eo τον Co aioe’ ῶο xdx 
| ae a: ᾿" b> φηξσταῖ |e =|" (a2 +22) (e#*@—1)’ 
if α. is real and Ἀς εῸΝῸ or,  αΞεβ-τὺὴὶγ and B>O0. 

Here υ,(α) =(4n?x?+27)! and  v,(z) converges uniformly for the 
unlimited range 2x0, since Συ, (5) = 2(4n?n?)1=1/24. The given 
integral is therefore (by Theorem I) equal to 


» [ "or χοᾶ da a | > [ |" ye 2nway dy 
a 4n*2? + 2? ΓΤ ||; 
by putting x = 2nzy. 

Now the series }|e~-n7ay| or De~2n*éy, when a is complex, converges 
uniformly in general in an arbitrarily large interval (0, 6), and by 
Theorem III or Theorem III Cor., the summation and integration 


may be interchanged, if the integral thus obtained is convergent. 
Hence the given integral is equal to 


οΌ 
lo LS Ley? Jo (1+y*)(e2"an -- 1) 
and if now the variable of integration is changed to x, where x=ay, 
the integral is that stated above, since the integral converges. 


io 9) 
Wee en 1 ie ee 
Be a at Anta? + a? =Har ~l 2 +3)¢ ; 
by 8 94, when $x is put in place of x in equation (1). 
eo © tan—!(2/a)dx 
Ex, 4. i: ΠΣ ΠΝ | dx =|" aC as ’ 
where « is the same as in Ex. 3. | 
As in Ex. 3 the given integral is equal to 


= [ OD gat Ja E ev2nnaydy 
2 ᾿ ἀγι3πι3 iret as [Ξ; 27 > es (sty 
Again, as in Ex. 3, the order of summation and integration may be 


interchanged, providing the integral thus obtained converges. The 
change of order gives 


on ἫΝ ΓΣΣ == e-tnnay | 5 fo -ἰ |" ss log ( 1 ΞΞ e~2way) 5 


and, after integration by parts and the substitution of x ns ay, the 
integral becomes . tan“ (x/a)dx 
λας cece 
e2rz — 1 
where. tan~ (x/a.) =0 when x =0, the integral being convergent. Hence 
the given equation. 
From the value of the series stated at the end of Ex. 3 we have 


a dr ae tl © tanl(xr/a) - 
᾿ (-:---τ- -Σ 12) x dx = 2(" e2mx —] da. 
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Ez. 5. If B,, is Bernoulli’s Number, show that 
Β, =| yen - y2n-1dy 


a 0 e2ry —] 1° 
Let M=4—-5+: t real; 
then, by § 94, (5), . τ τς 
j= —])r-1 aT yen Patter κοι οἰβλιι ον αὐϑηνοὶς i 
f(t) 2 | 9 i . (1) 
and, by § 164, Ex. 2, 
in ty ἃ 
Ce ΞΟ ee (2) 
sinty = =y sin ty 
oN e2ry—] e2my_l° y ” 
: ἐε5π-- ἐπε τ δ 
— 1)5- 
and the series > (- 1) (an -ἪΓ 


converges uniformly with εὐ δα, to y in an arbitrarily large interval 
(0, 6). Hence, expressing sin ty by a power series in (ty), and inter- 
changing the order of summation and integration, we find 


οΌ 
ἔζη -- Ὁ y2r-1dy 
pane ὌΝ π A nox ee 
He) =2 Di ( ne Ga |, ny]? 


and therefore, by equating the coefficients of #2"-1 in (1) and (2), the 
stated value of B,, is obtained. 


EXERCISES Χ ΧΙ. 


Many of the series required in this set will be found in or may be 
derived from the Examples and Exercises in Chapter VIII. 


I (log) 5 bed - 
1, | SBS) a “= -(2r-1 B, 2" .* 
Jo 1-2 "| Daa 
1 (log aera (= 1)" o¢r-1 1 
Ξ | hae (ore ΣΙ wer |= Bea 
1 wPlogxdx 1 2 
\ (+2? ~"Li+ip prop *@+ap | P th? 
xlogzdz 1 1- ὦ ς ἡ 
᾿ |; ΡΤ vlog (775) de = 8° 
5. If [ἰα[ «1 and n a positive integer, 
(i) [* cosnzdx — 2na™ 
9 1-2acosx+a?™ 1 ~a?’ 
(1+ 2cosz)"cosnadx 22 ; 
(ii) ie 1 -- 2acosx+a? ΞΡ; 
ἐν (°7(b+2ccosx)"cosnxdx ὃπ ἌΣ 
mn) ( 1 Sree ~T-a ker ea'poa")”: 


*For the value of B, see § 94. 
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sin®*x cos 7 dx - ες: : 
ss ἰ π ἘΣ Στοῦ (1 - — 2a cos x +a*)? Τ.--α3’ a<l. 


2 
and show that the result holds if a =0, b40, or if a0, b=0. 
Deduce that 


bdx A ~» v tan (5) dx 
( tog (1+) ξεν τε = log (1+ 5) ταν τὸ" παπὰς 


7. ἔ log (a? sin*z + δ5 cos*z) dz = x log (+) ,a>0, d>0, 


2 1-acos2x _%, 1: ας 
8. tae σα cos Ba αϑ 108 (cos) du = 7 Ἰορ --χ--, a< lI, 


σπ α 
ΝΣ όχι . 2 
oe Tea’ Gras 


τ 


9. (i) i (log tan 2)? de =[’ (log cot x)? dx ="; 


τ 


(ii) [" (log sin x)? dz = e (log cos x)*da = ae 5 { (log 2)2 + =} : 


(111) ᾿ (log sin 2) (log cos 2)da = Ὁ 5 { (log yee =). 


10. 6 2) 9282 —Hos 2 

20 1+ 2asin x +a*\ dx - - 
11. \"log i= ΟΝ a, <i. 

ω 1 -- 2acosbx+a*\dx παίο --ὃἢ , 
12. \" log ee) a ica τ <1,b>0,c>0. 
13. |" (28 = dx = - (log 2)* 7 — Fg dn -- π᾿." 

.. [Ὁ ada πϑὃ , [Ὁ σὰ mn 

14. (i) | ες“ δ᾽’ (1) | ofa] 12° 

0. (© cde πϑ 

(iit) | sinha 4 

ὦ [Ὁ sin ax π πα, “xcosax, πϑ 4 πὰ 
15. (i) ᾿ sinh x?” Ὁ ἴθ δ᾽’ (1) ᾿ Te dx= 4 sech δ" 

., [Ὁ cos ax a cosh ax a 
16. (i) \ ae dx = coch π΄; (ii) |" = 5.890 “5 » |jal<l 
17. (i) \* surge ey =2tan-!(tanh 56}; 

9 coshz x 
(ii) ᾿ sinh σα & = Io cot ἘΠ π, Ια} «1 


* Examples 9-13 are taken from Wolstenholme’s Mathematical Problems, 
where many examples of a similar type are to be found. 
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0<a<n. 


“coshaz . sinhe 
; sin cz dx = 4 —___—______, 
o sinh zx cosh ὁ +-cos a 


19. If f(x) πον i -i+ 5 e~”, prove that 


00 dx [x d 
᾿Ξ εἰ gem, 
and deduce that " 


00 x dx 
[ ( - se) ΣῈ Slog 2. 
1] le-*-e-2 |] x 1 
| Note that [ f(x) -- 7(24)1 2 -- ἜΒΞΕΝ --Ξ na) as |: 


20. Ifa>0, b>0, deduce from Ex. 19 that 


od a b dx 
[ (ankas~amnos) Ὁ = (ὃ -- α) log 2. 
21. Ifat#<1, δὲ «1, 
Γ sin? x dx ms σ 
Jo (1 -2a cos 2 +a*)(1 -- 2ὃ cos 2 -"δ5) 2(1 -- αδ)" 
22. If -l<p<1 and -π-λεπ, 
(" x? dx - (w?+az-?)\dz π sinpa 
o l+2xrcosA+a? Jo 1+ 22cosA+a? sinpa sind’ 
and, if 0<_m< 2n, show that 


a0 x™-ldz = nm sin {(n —m)A/n} 
Jo 9% + 22%cosA+1 > nsin(majn) ° sin A : 
23. If a?< 1 and ¢ >0, prove that 


a 1" 1 ἄχ x 1 Il1+ae-¢ 
ο 1+271 -2acosex+a* 21 —a?l—-ae-<’ 


= mlog (1 — ae); 


(ii) [ log (1 -- 2a cos ca +a?) 
0 


(iii) Ν 2 sin cx dx _% 1 
1-— 2acosca2+a*l+a2~ 2e¢ -a’ 
: 1 dxd 3 
24. (i |. ἘΞ: γ᾿ - τ; 
Gi) (; ( da dy 
o (1 --ἀξ xt γὴ (1 -- αν ( -- ἢ) 


πίὶ dz 
τῶν ya=ayva= many πα 


25. Ifa>0, y-a >0, |x|< 1, show that 


Γ(γ) Ξ καπι, 9} 
F(a, β, ΡΟΝ ἐπ 1(1 --ἣν ~" wae? 


and deduce that, if also y ~a — 8 >0, 


_T(y)T(y --οΟπἯ - B) 
ὡς a av et) ye B)* 
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26. By changing the variable of integration in the integral in Ex. 25, 

prove that, 
F(a, B, γ, “ets “7. F(a, y~-B; γι: 1) 
=(1-2)P F(f, Yah Ys =.) 

= (Lay 8-8 Fly - β,γ τα, γ,5) 

5Ξ(1 -αν- -β P(y-a, γ -- β, γ, 4}. 


166. Integrals for Euler’s Constant. The following Lemma 
is useful. 
1 ] 


Lemma. If f(t) =a ΤῈΣ, , then 
(i) «ἢ τς! when ¢>0; 
(ii) f(t) > 0 and mi ἐ)-- τ΄ as , when ἐ- 0. 
By § 94, equation (2), if t> 0, 
o 1 δὲ 21 1 
f(t) = 2t 2) 4γι27ι2.- 3 473 23 ne τὸ» 
and the statements in (i) and (ii) follow at once. 


Ex. 1. Tf y,=1 ptgtents —logn, prove that 


2 1 I 74 1 
(1) Ya | ‘aa Pe € τ) και; 


(ii) ae L Yn = (" (pagan gota 


where y is Euler’s pn (ξ ae Ex. 7). 


n n . 
ἱ τ Δ Peat = e-tdt. 
= ΡΣ Ὁ περί 
—t ent 
Also logn=(" 2——5— δ 
Wore 


These values give the equation (i). | 
(ii) By the Lemma 


᾽ is } es 1 —nt mh —nt 
0«[΄ (χεξιττ' +3)e “<a te-"tdet ; 


; 0 ἘΣ ᾿Ξ ] ε-πὶ ae. 
11 —nt Jt — 
so that Lk ; a =4 ἣν" et dt =0, 


from which the stated value of γ follows. 
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Ex. 2. Show that y= \° eae ot) S 
0 


Express the integrand in Ex. 1, (ii), in the form 


1 i 
(an oe ε{γξς.- {(1 ἃ 
et 1 _d se )(1 + f) 
ee τη δ] Ὁ... 0} 
and log [(1 -- e~*)(1+ ¢)/t] tends to zero both ΕΝ t+ Ὁ and when t>o, 
so that the integral for y takes the form stated. 


© 1 dt 
= —e-t\= 
Ex. 3. Show that y=" Gj Re ) ra 


τ τ) ἐπ“ τσὴ E+ - τ} 
ΑΙ t \1l+# ¢°\i+t I+8/?’ 
ae 1 ital t 1 
end | (ages) ετ (reer) 459, 
of } dt " 1 γῇ. 
SR ee Ὁ — 
Bore ἢ Cex : ᾿, Ἰὸ (ise oo) t 


Ex. 4. The two integrals 


o/e-t ext oa /e-t ] 
| (F- ef — ΖΞ η)άι ane \ (Ga cana 
are convergent and equal if R(x+1) >0. 

When ¢-> 0 the first integrand tends to x -- and the second to x, so 
that the integrals converge at the lower limit. So far as convergence 
at οὐ is concerned the first integrand may be taken to be e—(*+)¢ and 
the second 1/é(1+¢)*+1 or simply t+), and therefore both integrals 
converge at infinity if R(x +1) >0. 

Now the first integral may be considered as 


y Aa ae = s—) at, A>0. 


A—>O0O-A t ἐΐ --Ἰ 
But, if οἱ -1=s, we have 
wo eitd¢ [Ὁ ds 26 ds eA—1 ds 
[ ot = lant κατ γεαξί, arrera~ |, s(l+a)*t1" 
Let x+1=£+in, where §>0; then 
‘A-1 ds 
|, sray 


lies between (1+ 4)-flog [(e\ —1)/A] and e-Mlog [fe —1)/A], and 
log [(e4 ~1)/A]-> 0 when A+ 0, so that 


Ἰὼω ds 0 
56k 8(1- 8). ὁὋῸθϑΡΓ “" 
re) re 
/ ent κε-τἰ ΑΙ ε-ἰ 1 ) 
Hence AY ; "3-1 pa | (τ τέξει dt, 


so that the two given integrals are equal. 
G.A.0, R 
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Ez. 5. |" {(a - ert +(+ 5) eno -e~*)} ἐς =(a-4) loga-(a-1), 


where a > 0, or, if α is complex, R(a) >0. 


This integral is required in the next article. It may be derived from — 


Ex. 11 in Exercises XIX by taking for the case (ii) b=1, c= -- Ἕα -- ἐ), 
but may easily be proved independently. Denote the integrand by 


F(x); then, if A>0, 
᾿ F(2)dz = L ᾿ F(x)da. 
0 A—o-A 


Integrate (e-%* —e-*)/x? by parts (the other terms of the integrand 
contain only the first power of x in the denominator) ; thus 


- |" (ae αν... ἜΣ : 


ἢ “3 ᾿Ξ λ 
es) e~dA — eA 0 ek — eau 
and ᾿ F(a)dx SS (a -- δ} a case dz. 


The given value follows at once since (e~% —e~\)/A—> -- ἃ -- 1) when 
λ-» 0. 
In the same way it may be proved that 
Cie Her —22 -- dx -- - 
Ἧ Ξ +$e se } τ Ξ 1 +4 log 2. 
This integral is also required in the next article. 


167. Integral for log P(x). The integral will be derived from 
the expression for log I(x) as an infinite product; as in the 
preceding article the logarithms will be expressed by definite 
integrals all of which converge when R(2) is positive. 


_ n! n*-} ee r 
Let Pal) =F τ ἡ (ὦ +2)... (@+n-1) nis - i) 
then 
ω xt+r—l 
log P,,(x) =(x% — 1) logn =D) log —;_ 
Ὁ e-t _ e-"! n xO οί -- e-(@+r-l)t 
πα" anges a-dJ ΞΡ τ πὴ - 
n Ρ ae et — ο- (1 — e-nt 


r=1 
and therefore, taking together the terms that contain the factor 
e-"* we find 
--ἰ —xt 
ΓΙ. les γεις 
log P(e) =| [ω 1)6 1 —e- f i ΓΝ 


n e-* ὌΝ ο-ϑὶ e-" 
where R, =| {(w-1) - FS} Ga. 
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Now the coefficient of e-"* in the integrand of R,, tends to 
$x(x -- 1) when ¢ tends to zero, and is finite when t>0, so that 
there is a finite number, K say, such that the integrand of R, 
is, in absolute value, less than Ke-™ forti=0. Hence 

Ral<K [em dra, 
ὃ n 
and therefore R,—0 when n>. 

Again, the integrand of the other integral tends to 
ξ(α -- Ἰ)(α -- 2) when t-0, so that the integral converges at its 
lower limit ; it is obviously convergent at © if R(x)>0. Hence, 
if we let n tend to infinity, we find 

_1_e*-e-”) dt 
log T(z) = Ν [ὠ- Net πες oer} 4 ee (1) 

This integral may be expressed as the sum of two integrals, 
one of which can be evaluated in finite terms, while the 
other tends to zero when R(x) tends to infinity. These 
integrals are 


P(e) =("{@ ~ 1e-t - ae +(F4 se} a 5 ees (2) 
u(x) =|" fers -Σ = 5} = ΕΝ pata sepst (3)* 


Consider u(x). The coefficient of e-* in the integrand is the 
function f(t)/é of ὃ 166, and therefore lies between 0 and 1/12; 
hence, if x =&+%n, (£>0), 


15 1 
ἱμ(α)} “τα I, e-* dit Toe αὶ Me edserecenssvvecsees (4) 


and therefore u(x) 0 when R(x)—> o. 

We give two methods of evaluating P(x), the first of which 
holds whether ἃ is real or complex, while the second assumes x 
to be real ; both methods are somewhat artificial. 

First Method; x complex. In (2) let x=1 and subtract 
P(1) from P(x), thus eliminating the term e-‘/(1 -- e-*) ; then 

P(x) -- P(1) =| [ω - 1l)e-* +(5 + 3) (e-** — 63} a 


=(% —4) ] -(x-1 
by Ex. 5, § 166. δ la aa 


* u(x) is Binet’s notation for this function ; Cauchy uses the notation ὦ (5). 


482 ADVANCED CALCULUS [CH. XV. 
We have next to find P(1), where 


2(/1 ἡ, 1 )\dé 
Pa) ={ {(5+5)¢ πα! τ sac soe vesosores (a) 
Change the variable from ¢ to 2¢; then 
πο pat te 
pay=[{sG+4)e ist’ ὌΠ (δ) 


Next multiply equation (6) throughout by 2, and from the 
value 2P(1) given by (b) subtract the value P(1) given by (a) ; 
we then find, after a slight reduction, 


wrett_et os , 1 γώ 


oe ]j dt {”%(e-*-e—? dt 
= — pe-2t} .,,--2ὲ:σ ᾿ 1,-ὶἰ σ" 
|. ἘΞΞ Le ᾿ {Ὁ ; + $e ze \ - 


The second of these integrals is, by Ex. 5 of § 166, equal to 
(-1+44 log 2). 

To find the other integral put =4 in equation (1); then, 
since I'(4) = 1/2, we see that 


_(fet—-et* νος; ἘΝ 1 _ot\ at 
log x=("{ 7 - ἢ \o- as )F rl 


by changing the variable from ¢ to 2. Thus 
P(1)=4 log m-1+4 log 2= —1+ log (2x), 


and P(x) = (2 — 4) log αὶ -- ι΄ἡὦ + log ν (2π).  seeeseeseereees (5) 
Hence 
log Γ(α) =(a — 4) log αὶ -- a+ log (2m) + U(X)...---- ee (6) 
and, since 
log Γ(α +1) = log Γ(“) + log x, 
log T'(2+1)=(%+4) log x-—a+log (2%) + U(X). -.---eee (7) 


Second Method; x real and positive. In equation (1) put y 
in place of x. The integral converges uniformly if 


O0<2e¢sysr tl, 


and therefore we may integrate with respect to y under the 
integral sign. Hence 


11 Ὁ οἱ e-**) dt 
Ξ: SRY gat tod στον 
᾿ log ['(y)dy =| {( 2)6 ia ai mike 
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—t --αἱ 
Also } log «= ἫΝ ie δὲ Ὁ 


so that P(x) a log I'(y)dy — 4 log x 


= (a -4) log x-a+log ν (2π) 
by Ex. 12 of §146. (In this method x must be real since 
integration with respect to a complex variable is not at our 
disposal.) 


Ex. 1. Prove that, ifa>0, b>0, (ὃ —a)P(1) is equal to 


δ᾽ e~bt - ο-αὲγ ἀξ 
—bt _ ge—at ic ne ow aed Ne 
Vr i oe i accra a 


and deduce that 


i ea ὃ -αἰ, μα-γὶ “δ 0... 
" {π|ῖ-τ- οὐ τι ξίαο at — be )} pb a) log /(22). 
(Schlémilch.) 
In the integral (a) for P(1) change the variable to αὐ then to δέ and 
form the difference bP(1) —aP(1), the factors a and ὃ being taken with 


the transformed integrals in a and ὃ respectively. 
If a=1, ὃ =2, the useful integral 


Lada I + 4(e-* - 2e-st) Ὁ “ =log V/ (22) 


is obtained. 


Ex. 2. Prove Gauss’s Formula 7 


P(e)T(#+2)\T(e+5)...T(2+%—)= (an) Dine) 


In the equation (1) take the n values 2, x εξ, x +2, νον ἘΞ: , and 


add the integrals; the logarithm of the product of the n functions is 


[{{πὦ- 5.23} ent τ’ τ dt 
Ἰο 2 l-et'JT—-e tf ὁ 


a) —net —nit , dt : 
=|" {(na -"F*) οι. Mt ΓΝ γὼ δος ον φῦ, τς te aleceteus (1) 
by changing the variable to nt. 
Now put nz for ὦ in equation (1), and subtract the integral for 
log I'(nzx) from the integral (i) ; if P denote the product of the n functions 
T(z), P(x+1/n), ... we find, after a little reduction, 


log (rina) =a)" [(ςξτ- πε ἢ τ ἐϑίοτε nes} τ 


et Ὡς ent 


τᾷ τ-πῦ) |e αἱ 
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In Ex. 1 let a=1, b=n, and we obtain 


log {P/T'(nx)} =log {(2ny = / nnn iy P 
n-1 
and therefore P= oS 
This proof of Gauss’s formula is given by Schlémilch, Compendium, 


vol. IT, p. 255. 


Ex. 3. Stirling’s Approximation for n!. Let n be a positive integer, 
and in equation (7) put n for x; then 
log (n!) =log {n"e—-"4/(2an)e*(}, 
ni =n"e—"4/(2an)e"™), n(n) < Tan* 
The expression (n/e)"4/(22n) is called Stirling’s Approximation for n! 
when n is large, the relative error being less than e'/!2" ; the absolute 
error may be “ large”? when the relative error is ‘‘ small.” 


and therefore 


168. Asymptotic Expansion of logI'(x). In equation (6) of 
the preceding article let « be real and positive; the term (2) 
may be expanded in powers of x7! as follows: 


of 1] 1 1\e* 
we)=("(sy-7+5) τ αι 


By § 94, equations (5) and (5a), 
611 _ yr Pr μβμγῶι pe 
(πξι - 5) => ε (2r ΕΝ τον 


Bast 
"(Qn + 2)! 

Therefore, when the integrals are evaluated and expressions 
reduced, 


where Ri, =(-1)°6,5—" 5 "7, 0< <1. 


n , B, ] 
BO) Σ 5 ~ r= ἡδρ geri t Hal), seeeeeees (1) 

any ear n+1 ».--ἰ 42n 
where Κ᾿, (α) =(- 1)» ΤῊΝ θ᾽, 6 {3 dt 

= Basi ] 

Ξε( -- 1)" on mt Τηζϑη Ὡ 2) ee? », διδοδ 044406 600% (2) 
since 0 «[ θ᾽, εὐ i" dt «[ e- 7 gan dt = ΔΕ συ ; 
so that R,,(x) has the form stated, where 0 < 6, <1. 

B, ] a 
Let (2) = ( _ Ly (ar -- 1)2r 2 ’ S,,(2) ge u,(x). 


From the value of B, in equation (6) of § 94 it is plain that 
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the infinite se1ies Xw,(z) is not convergent. On the other hand, 
if n and x are both fixed, the error F&,(x) in taking S,(z) as 
the value of p(x) is numerically less than [u,,,(x)|, while, if ἢ 
is fixed and x tends to infinity, R,(x) tends to zero. A non- 
convergent series of this type is called an Asymptotic Series, so 
that the function p(x) is given by an Asymptotic Series or 
Asymptotic Expansion. For purposes of numerical calculation 
asymptotic expansions are very -useful. See Bromwich, 
Inf. Ser. (2nd Ed.), Chapter XII. 

Since log I'(x)=P(x)+ p(x), the asymptotic expansion of 
log I'(2) is 


(2 - Hlogs ~2-+1ogV(2n)+ 3) (= 1 hype oar 
ἘΠῚ UG) acest νους oeoviwassend aise (3) 


where f,,(x) is given by (2). 
Integral for u(x). By Ex. 4 of ὃ 165 the integral for u(x) is 
00 -Δ 
Ἢ; tan (t/x) di. 
6 


Bx. [ἢ Ἐπ" ται. log γ(2π}. 


In the equation log I'(x)=P(x)+mu(z) let “-Ξ]. 
Ex. 2. Ifa>0 and 6>0 and a/b=z, 
log {a(a +b)(a+ 2b)... (a+nb)} 
=loga+nlogb+log T'(x+n+1) —log P(x +1). 
When 2 or a/b is large the factorial a(a +b) ... (a +nb) may be calcu- 
lated by using the asymptotic expansion of log I(x). 


169. Gauss’s Function y(x). This function is (§ 97) the 
derivative with respect to x of log I'(x+1). Now, x being 
real and positive, 


, n! n* 
ret N=9@)= L epiyeray era 
and therefore y(x) = L {log ῃ -- Σ ἘΣ τε εἰ. Ὧι φιδοδο τολονδα (Α) 
Further, log n =|" ls el dt, al εν) dt, 
0 t ΦΈΥ 


and, when these values are inserted in the expression for ψίσ) 
and the terms that contain e~”’ ἀὐοΣ eer me rest, we find 


wa)=[°(F 5 —) ) at - PANG 


-)em dt. 
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The coefficient of e-"* in the integrand of the second integral 
tends to (% +4) when ¢ tends to zero, and is finite if ¢ is positive ; 
thus the coefficient of e-"‘ is bounded, say less than K, if ¢= 0, 
and therefore the integral is less than K/n, an expression which 
tends to zero when n>. | 

Again, the integrand of the first integral tends to (xz — $) when 
ἐ tends to zero, so that the integral converges at the lower limit ; 
also it manifestly converges at infinity since x is positive. 


Ponce ψία) = ' Ν᾿ οἱ (1) 
=|" (Ὁ - παηεα) αι ἐδινα ϑλεφ δναοτῖ (2) 


by Ex. 4 of § 166. 

The expression (1) may also be obtained by using Weier- 
strass’s form of Γίω +1) and using the value of y given by 
Ex. 1 of § 166. 

Another expression may be found by differentiating the 
equation (7) of § 167; thus 


d.log P(x+1) _ 1 ἀ. μ(α) 
oe a slog z+o + Ag 


y(x) = 


where ate) =| (a4 ἘΞ τ +5) oe dt. 


This integral may be differentiated with respect to x under 
the integral sign, since the integral obtained by differentiation 
converges uniformly in an arbitrarily large range O0<aSv<b. 


Hence w(x) =log «+ : - MG “3 = ; + τ 6: di 


=log x +5 -2 τ att ΒΝ tact (3) 
by Ex. 3 of § 165. 

These expressions (1), (2) and (3) for y(z) are valid if R(x)>0, 
but the proof given above does not show this, since differentia- 
tion with respect to a complex variable x lies outside our limits. 
If, however, (zx) is taken to be defined by the limit (A), the 
values (1) and (2) hold for a complex z, since the various trans- 
formations depend only on a complex function of a real variable. 
dlog I'(a) _ ale et — ett 

dx 


Hx. 1. If R(x)>0, et 
ὃς A 


stant). 


dt-y (y=Euler’s Con- 
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Differentiate equation (1) of § 167; thus 


ΘΈΤΟ) _(°( _,_ tet \e 
ὠς οἱ 1 -e-t 


t 


= οὐ /e—t — e—at 0 ] ] τ 
- (aa) a-ha otae 
and the last integral is equal to y (Ex. 1, § 166). 
1 -- )ἕ[.αυεΊ 
Βα. 2. v(x) +7=| — 
/0 “τ 
To the integral (1) for y(x) add the integral for y in Ex. 1 of § 166; 


this gives 
0/1 -- ο΄ τὲ 11 -- 8 
= τέ dt— ----- 
OTe (roe o ᾿ Ι - 8 os 


by changing the variable of integration to 8, where 9 =e-t. 

When z is a (positive) rational number the above integral for p(x) Ὁ γ 
can be expressed in terms of logarithms and circular functions; for 
example 


dt, x> 0. 


. 


στ 


-Ξ3 -.8 
ψ()Ὲ} 2 plog3+5 73> 


and the value of y(n+4%)+ +, where n is a positive integer, can be 
expressed in terms of ψ(ξ) Ὁ γ and rational fractions by formula (3) of 
§ 97. - 


lp et] 
Ex. 3. ψ(α)-- -ἰ (q+ tees) 


Change the variable in the integral (1) from ὃ to 8, where s =e-". 

170. Another Proof of the Integral for log F(x). The follow- 
ing proof, which is of frequent occurrence in the older text- 
books, is merely sketched ; it gives a good example of the 


tests for change of order in integration. The starting point 
is the integral for I(x), where z is real and positive, 


D(z) =|" e-*¢*-1 dt. 
0 


The derivative I(x) may be obtained by differentiating 

under the integral sign (§ 158, Ex. 9), so that 
Γ΄ () =[Pete log ¢ dt =|" t*—1 di [ τε ds, 
0 0 0 δ 

by expressing log ¢ as an integral. It may now be shown by 
Theorem III of § 162 that the order of integration may be 
changed ; when the change has been made the integration with 
respect to ¢ can be effected. Hence | 


Γ΄ (α) -Ρῷ [Ὁ -Ἕ- 8)- “ a eee (1) 
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Now put y in place of x, and integrate I’(y) ΙΓ() from 
y=1 to y=x; the integration under the integral sign is 
legitimate (§ 158, Ex. 7). Hence 

Ὁ —1 _z 
log Me) =f foe - ay he 
In order to eliminate the term δ᾿, put x=2; thus 
o=[ fen ee aC +s" 
* Nek log (l+s)) s— 
Now multiply this equation by (x - 1) and subtract; therefore 


οὐ [ἄΞ 1 Gee] (rs) ds 
ostea=[ ap egy "ὦ 
and, if 1 - 8 - οὗ, this becomes 
Ὁ Τὰ: τς εἰ og 
log re) = (a = Wert — FE Fy vscceeeeeneeerne (3) 


the same integral as (1) of § 167. 
In equation (1) put x+1 in place of ὦ ; then 
_M(e+)) =("{ ἘΝ 1 γα 
VO) Tey 1) }0 ι΄ (+s)? 

and this is the integral (2) of § 169. 

Another method, due to Schaar and given by Hermite (Cours litho 
graphié, 4th Ed. p. 128), may be sketched. 

T(x) ΓΟ). _ (2 tldt 

Tern) 72 =|, rape 0 
T(iv+h)-I(x) 1 Bz, h) Th) - B(x, h) 


Now 


ee ee .. ---πισπτ-- πο 


ὩΓσ τ Ὁ ὼς ΓΠΤᾺ) ” 
and T(h)= |" e-t ἐλ Δ dt, 
-0 
T(e+h)-T(e) 1 (pd) αἱ 
Botner hT(@ +h) =r |, (ot aah π᾿ 


The limit for 4 tending to zero of the left-hand member of this equation 
is I’(x)/T'(x), and it has to be proved that the limit of the right-hand 
member is the integral 

᾿ {ε! . 1. γώ 
(1+2)*s τ 

The proof will form a good exercise. 

171. Minimum Value of F(x). The derivative of I(x) (x real 
and positive) is given by the integral 


re) 0) 1 
r"(a)=| e~t#?1 log tdt = [ ett? Hog tde -ἶ e-tttlog (2) αἱ 
0 i | 0 t 
= 9(x) — (2%), say. 
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g(x) is a monotonic increasing function of x while y(z) is 
a monotonic decreasing function of xz, and therefore Γ' (2) 
increases monotonically from -- οο to οὐ as x increases from 
Oto. Hence I"(x) vanishes once and only once as x increases 
from 0 to οὐ, and changes from negative values when 2 is 
small to positive values when ~ is large, so that I(x) has one 
minimum value. 

Now [(1)=I(2), and therefore the minimum value lies 
between I'(1) and ['(2). Calculation shows that the minimum 
occurs when z lies between 1:46 and 1°47, and I'(z) is just a little 
less than 4+/z ; more accurately 

= 1'4616321... Γ(α) 08856024... , 
when I(x) is a minimum. | 

When negative values of x are admitted, as is the case when 
I(x) is defined by the infinite product formula, there is an 
infinite number of negative values of ᾧ which make I(x) a 
maximum or minimum, one and only one value of x lying in 
the interval (—n, -- ἢ -- 1), where n is zero or a positive integer. 
The maxima are negative, and lie in the intervals (0, -- 1), 
(—2, -- 3), (-- 4, —5),...; the minima are positive, and lie in the 
intervals (—1, -- 2), (—3, -- 4), (-5, -6), ... If ἢ is large 
the value of z in the interval (—n, —n+1) is very nearly 
x= —n+ (log n)-! when I(x) is a maximum or minimum. 

See Godefroy, Théorie des Séries, pp. 248-250, and the 
references there given. A graph of I(x) will be found on p. 250 
of Godefroy’s book. 


172. Integrals reducible to Gamma Functions. In this article 
a few examples will be given of integrals reducible to Gamma 
Functions; for an exhaustive treatment of the Gamma 
Function, with detailed indication of the sources of the various 
formulae, the student is referred to Nielsen’s Handbuch der 
Theorie der Gammafunktion. 

Many examples of integrals that are evaluated in terms of 
Gamma Functions have been already given in the text or 
among the Exercises.* The range of application is greatly 
extended by the use of the complex variable, but, even when 
the variable of integration is real, the Gamma Function 


' * See for example, Exercises XVI, XX. 
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provides for the evaluation of integrals of somewhat compli- 
cated character. For definiteness all constants are supposed 
to be real, unless they are expressly stated to be complex; in 
many cases, however, the student will have little difficulty in 
interpreting results for complex constants. 

Type A. [ sie ΞΘ ΤΣ α,α- ὃ, m,n, positive. 

Let “[(α -- bx) =t/(a+6), and the integral becomes 

1 
aE Tb ! για --ἢρ(α +b -- bt)? αἱ. 

If p is zero or a positive integer the integral is a sum of 
integrals each of which is a Beta Function and therefore 
expressible in terms of Gamma Functions; for other values 
of » the integral may be dealt with by use of a series. 

If x =sin?0 the integral becomes 


2 (sin )2"-1(cos 6)2"-1d0 
[ {a,cos?6 + (a -- δ) sin2gy"+"+? ? 

which therefore falls within the range of the above integral. 

Another method is to express the given integral as a repeated 
integral by the substitution 

For examples see the Exercises on p. 456 of the Elementary 
Treatise. 

Type B. Integrals derived from B(m, n) by differentiating 
with respect to m or n, where m>0, n> 0. 

Here [ aml] -- ant dea ay 


and therefore, if the integral is differentiated with respect to m, 


[ 2™-1(1 -- Δ) log xda “Tea (m -- 1) -y(m+n — 1)}, (1) 
since a Ξ- Γ() thee) =T(x) p(x — 1). 


If the values of y(m-—1) and y(m+n -- 1) are expressed by 
means of the integral for p(x) in § 169, Ex. 3, we may write 


the last equation in the form 
} ἐπε -- {".-1 


: | 
{ am-1(1 — 2)"-1 log ὦ ἐκ = [ ie ἦς -aytde | ies WS aa dt, 
0 τ My Ἄδα Pa 
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Again, differentiation with respect to n gives the integral 
1 
| x™-1(1 — x)" log (1 —2) da, oo... cece cence (i1) 
0 


and repeated differentiations with respect to m and n give 
integrals with integrands of the form 


αὐ (1 — x)" (log x)? (log (1 -- x))*, 
when p and g are positive integers. 


The change of variable from x to θ where x =cos?6 gives the 
equation 


2 ἘΣ on — (mT (Ὁ) 
᾿ (cos θ)35 1 (sin θ)35-40 =4 Taney 
and this form has been noticed in ὃ 155, Ex. 1; simple examples 
are to be found in Exercises XVIII. Of course, for the 
evaluation of the integral (i) when m is a given number (such 
as #) the general formula is first calculated and then, when the 
differentiations have been effected, the particular value (such 
as ψ(ΐ -- 1)) is taken. 
In (ii) let n=1; then 
Ty ἱψί0) - v(m} = - PAB), 
a formula given by Abel. 


Type C. In the Integral (1) of § 167 for log I(x) put in 
succession in place of x the numbers a+6+1, a+1 and 6+1, 
where a, ὃ, (a+6) are each greater than -—1, and express the 
sum 


1 
Ϊ z™—-l log (1 —2)dx= 
0 


log [(a+6+1) -log Γία +1) —logT'(6+ 1) 
as a singie integral; the result is 


Tia+b+1) [{5(1 --οη( —e-%*) e# 
og πα ΓΤ] eg 


ὃ 1] —e* t 
-ἰ (l-2*)\(l-2’) dz 
TI Se - lone (1) 


where z Ξε τ΄. 

In the same way it is proved that 
[P(a+ 1 P(at+b+e+1) f'a%(1-2*)(l-2°) dz (ii) 
P(a+6+1)P(a+ce+1) J, l-2x log (1/2) ’ 


where the argument of each Gamma Function is positive. 


log 
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Since the logarithm on the left of (ii) is equal to 
log T(ia+e+6+1) ἰοὺ Γ(α--δ- 1) 
Vat+e+1)0(6+1) Vat ΠΓ(δ +1)’ 
the integral in (ii) may be obtained by putting a+c in place of 
a in the integral (i) and then subtracting the integral (i) from 
the transformed integral. 
Similarly in (i) put c for a, and take the difference of corre- 
sponding sides of (ii) and of the transformed (i) ; then 
baie T(a+64+1)r(6+c+1)P(e+a+1) 
(at ἡΓ( +1)(e+ 1)P(a+b64+e4+1) 
(1 —x*)(1 -- x”)(1 -- “ἡ a sen x’) dx οἷ 
- ΩΝ ... (11) 
Type D. Dirichlet’s and παι τς s Integral. In §§ 133, 
157, integrals of the form 


[ ὮΝ “ἃ {ἃ Cty ATG Ue) de .....Ψ.... (a) 


have been reduced by the change of variables 


EHYPZ=U, LEY HUW, LHUVW  vreseereseeeeee (i) 
to the expression 
Tm) ΓΟ) ΓΦ) (ἢ ymaneo—a 
Γζη ἘΠ 2) FPL F(U)AU oo .ccccecevenee (b) 


(It is, of course, understood that in this and the other examples 
the integrals are convergent.) 

The field of integration may be defined as follows: the 
variables x, y, z are (i) never negative, and (ii) such that they 
satisfy the relation OSaet+yt+esk. 

The theorem expressed in the above transformation is quite 


general, as may be proved in the following way : 
Let there be variables 41, %2,..., %,, and let 


= un={f.. fay Lats layin f(t + Let... +Xy) dx, dx, ...d%,y, (C) 
where the variables are (i) never negative, and (ii) such that 
they satisfy the relation 

OS ας, 4+%g+...4%,5k; 
then the integral u,, may be reduced to the form 


D(a4) P(g) ...ὄ Γ(α,) [ἢ 


Ul. ΞΞ 
™ Tay τα, Ἐ... + On) Jo 


Untiat..+¢n-1 f(y) du, ......(d) 
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The theorem is true for n=2, n=3, the change of variables 
being of the type denoted by equations (i). Now apply the 
method of mathematical induction. Suppose the theorem to 
be true for the integral u,_,, where 


Un_y ={j.. ἀλλ ἄς. eee OE ie 


x (αι, + Wy +... -Ὁ χρ) AX, ἄς ... αἶα»... ννννννννον (e) 
the variables x,, 3, ... ,Z, being never negative and satisfying 
the relation ON x, +Wg+...+2, ΞΞ ἢ -- αι. 


By hypothesis u,_, can be es so as to become 
I'(2) D'(as) .- - D(a) [ Pia an ae -1 

Un = Meee) I f(t t+y2)dy2 (ἢ 
by the change of variables given by the equations 

Lat Xt ... ἘΣ, ΞΕ ψ 2, Ve t%3t.-. +Ly_y =Yos, 

Let 4... Ὁ Lp_2 = YoY sas +++ » Mz =YoYs +++ Yn- 

If the coefficient of the integral in (f) is denoted by A, and 

if H+ 3+... +a, =f, the integral u, will therefore be 


k im Wy 
Un=A [ αχατὶ ἄχ) [ yo?! f(x, + νο)άυς. 
Now let 2, +4,=2,, %=2,2,, and we find 
wand PEED tet ft 
If A is given its value this equation is simply equation (d), 
with z, instead of u as the variable of integration. 
The change of variables in passing from the form (c) to the 
form (d) is, if 2,=1 -- 2s, 
ας Ἔα, Ἐν... Ἔα, tL =Zy, Let 5. ... Ὁ Ly =2y2o, 
Vat yt ooo Ἔ Lng = 212gYoy ++ 5 Lye = 2yZoYg +++ Yo 
and these are of the type (1). 
If, in the case of three variables, the function f is not 


f(za+y+z) but 
H(i) +) +} 


and the field of integration is the region bounded by the 
ellipsoid 

x2 /a? + y?/b? + 22/c?=1, 220, y20, 220, 
let (x/a)?=&, (y/b)?=n, (z/c)?=, and change the variables to 
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é,7,¢. The new field is given by the relation 0S §+7+¢S1, 
so that the integral falls under the type just discussed. Ob- 
viously a similar change of variables is effective if the index 
of a/a,... is m instead of 2, and in many other cases. See, for 
example, Exercises XVI, 15, 24. 
k k—& gy dy 
Tes. | al rary 
where a, k, m, n are positive and a, ὃ positive or zero. 
First change the variables to u, v, where r+y=uU, x=uv; 
the integral becomes 
eee eee ι o™lL—v)*1dv 
[ ΧΩ abi! (a ya 
Next let a+bu=A, (a—b)u=B, so that A+ B=a+au>0, 
and apply the substitution (Type A above), namely 
v/(A + Bv)=&/(A + B) ; 
the integral with respect to v is equal to 
D(m)T(n) ] 
T(m+n) A"(A + 8)" 
so that the given integral becomes 
T(m)T(n) [ἢ umtr—l du 
(m+n) Jo (x +au)™(a+ bu)” 
If the index of (a+axz+by) is m+n+p the integral with 
respect to v will be 
1 
AA + BY 
Hence the given repeated integral may be expressed when 
p is a positive integer (or zero) as a sum of simple integrals with 
respect to wu. . 
A repeated integral in three or more variables may be reduced 
in the same way ; thus the integral for three variables is 
k Κι --ὦ κ--αὧ-ν gmt yt gP-l dz 
\ da |. ὯΝ (α +ax+ by +cz)™t"t?? 
where a, k, m, n, p are positive and a, ὃ, c positive or zero. 
First apply the transformation z+y+z=u, x+y=w, 
2x=uvw, and the integral becomes 


[ ymen+P-l dy [ [ ὑπ Ὑ 51 - ὁ)  ὠπ —w)** ον aw 
ὃ odo [α τ οὐ - (ὃ —c)uv + (a -- b)uvw)] Mt"? — 


[ E™-1(] — €)"-1(4 + 8Β -- BE)? dé. 
0 
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Next take the integral with respect to v (which contains all 
the indices m, n, p) and let 
a+t+cu=A, (b-c)u+(a—bjuw=B; 
then A+ B=a+bu+(a—b)uw>0. 
The substitution v/(A + Bv) = &/(A + B) gives as the value of 
the integral with respect to v, 
Dim +n)U(p) ] | 1 
T(m+n+p) (a+ceu)? [a+bu+(a—b)uw)]™*"" | 
The integral with respect to w is now of the Type A, and 
finally the given integral is seen to be equal to 
P(m)T(n)T(p) (ἢ ymentP-l dy, 
Vim+n+p) [ (a+ αὐὐ)ὃἅὍἘῳα + bu)"(a + cu)?” 
In the same way it may be proved that when the integrand 


contains the factor f(a + y +z) the transformed integral contains 
the factor f(x). 


EXERCISES XAT. 


The examples in this set of Exercises are well-known theorems or 
very obvious deductions from such theorems ; for information on the 
sources of these theorems the student is referred to Nielsen’s Handbuch. 


11 -¢1 dt 


2 


1 4x—1 _ 
τα τεῖος ΓΘ) _{ Oat, Ε(ω):» 0. 


dx !0 ἐ--Ἰ 
d.log V(x) [(*/e*t et ) 
3. pe’ (ἡ - τ σι dt, R(x)> 0 


1 
=log x — | (τ εξ) i! dt. 


log t 
4, If «- R(x)< 1, 


. ἘΠῚ r 1 n ἐξ ἃ 
(1) ἘΣ, v(e+5)=|, (rte ram) t; 
ws es r ᾿ n ) n—l 
— ~_ a ee ν ονς ν me ft. 
(ii) y+, Σ, γί ἘΠ) .( το τ eer, ἐπ 1 α 


5. If m and n are positive integers with no common factor and m less 
than n, show from Ex. 2 that 


vo itr=| aaa 
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m ee ῆε ΣΞΞΣ Qrmn "7% 
ν( ἢ -ἰ)ὲεγα —logn— Foot == + D7 cos( log (2sin =). 


[This method of proving Gauss’s Formula (Gauss’s Werke, III, 
p. 157) is laborious ; for other methods see Nielsen, p. 20, or Bromwich, 
Inf. Series (2nd Ed.), p. 522, Ex. 43.] 


and, by integrating the fraction, prove that 


sin πὰ 


6. 2 log I(a) +log (= 


ek-xjt -- οσ (ἢ -- α)ὲ 
-(" ic en ae 
ο > 


) =leg T(x) -log ΓΑ ~x) 


eit — eit 
7. L£0<2< 1, 
es—a)t -- ο΄ (ἢ - at ϑῃπ sin ϑηυπα 
(i) τ οἰ «(ὃ =. > 4ntnt+e ’ 


sin se 
(ii) 1-22 τά > an ; 
" Onn dt_y+log 2x +logn 
(il) 1 \dnint ma t τ πιο ’ 


where γ is Euler’s Constant. 


8. Deduce from Examples ὁ and 7 that, if O0< «<1, 


(i) 2 log I(x) +1og( 
(i) log P(e) =(4 ~2)(7 Hog 2) + (1 ~2) log 2 --ξ log sin πα 


log n 

+ sin. 2n7x 
pews ὠμὰ 

=(4 —x)y +(1 --οἡ log x —} log sin ax 


@ 
sin 7) 4 δ) 7 +log 2a +log ἡ κα onne: 
ἘΞ 2n7 


9. If 0<x< 1, show that 


οῦ 
log sin 7a = -log 2- >) τ πὶ 
n=l 


and deduce that 
1 
(i) | log (sin πα) . sin 2nnxdx =0; 
0 


.. (1 . _f -—1]n, neven 
(ii) i log (sin πα) . cos nx dz = 0, n odd. 
10. Prove the following relations : 
4 {i ἢ _ytlog 2ηπὶ 
(i) | log I(x) . sin ὥηπα dz = "aes Te 
1 
(ii) [log T(z) . cos 2nzwede =p. 
/0 n 


For developments where y(xz) takes the place of log I(x) see Nielsen, 
Handbuch, pp. 202-204. For example, if 0<2< 1, 
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11. ψί(α -- 1) sin πα ἐξ cos 2% +(y+log 27° sin πα 


< n\. 
oe log (5 τ i) sin (2n +1)xz. 


St (= 1)" 
12. If B(x)= 24, ‘cin’ 7 > prove that 


, 11 (~e~tdt 
(1) B(x) = ees 1+t  \ol+e-?? 


x 1 
(ii) Bla) = -Ζ log B(5, 2)- - ὦ 5) (3) 
67 )=at | ΣῪ aot: 


13. Prove the following properties of B(x) : 
(i) Bla) +P. +2)=2; (ii) βίῳ) + 6-2) =—*—; 
(ii) βία) =4 { v(75-) - ν(ξ 53}} wre) - v(G) +2 τος 2; 
(iv) B(1)=log 2; (v) B(4)=5. 
14. Deduce from Ex. 12 that 


ἃ (Pet et dt 1 
(i) i [ace yi - 95 στ -- Ιορ Β(ξ, 5)» 


1 
(4) i (:- Fel) 7 Δ Ξε log §. 
1 ] 
15. If v(x) =>) { con log (1 + στη} , R(x) >0, prove that 


v(ar) εἰ" ( : -ῷ Ἐ1) σττέαι 
Jo ef -- Ἰ t 


ΕΝ i: tdt 
25 “Ἰρ (x? +4?) (e?** -- 1) 


(iii) 3 


Deduce the relations : 
= 1, d. pt) 
(i) o(2) + yla)=log x +25 (ii) ν(α) +). 


(iii) 2 HO) — ye) -toge- 2; (iv) o(1)=73 
(v) »(4)=y +log 2. 
16. Verify that 


μία) δὴ ) {ἐπ +B) log (1 +o75)-1}. 
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17. Prove that 
: 1 ἄψίι -} 
(i) w(x) =4 \, (¢ -- 3) ἀν τ τὸ as; 


(ii) v0) τεῦς ae ( (t ~ 2) PVE τς "ἢ as, 


18. Prove that 
i) p(w) -- μ(βα) =2 


«᾽ 


aee i wdt 
(iii) = Plw +4) =2 8 (x? +t?) (e7! + e-*#) 
oo T(z) % > 0, 
—yt ¢r—1 =e κα τ᾿ 
19. \"e t*-1 log {αὐ y? { v(x 1) logy } , y >0. 


αι ΤΏΓῳ), 1 ντι ᾧ-ὴν - 3), ᾧ τὴ -3)ὼ -8). ,2:»0, 
᾿ΤΓ(ατ) « x+1 2! (ας +2) 3! (2 +3) "2a >0. 


22. By using the expression for F(a, B, γ, 1) in terms of Gamma 
Functions, prove that, if « > 0, 


{ ΤᾺ) χ".1, sp 12.8? 58... (ὅν = 1 I ; 
re@ip} “Σ᾿ £4 4.8.12.... 47 x(x +1)(@+2)...(@+7r)° 


23. If n and } are positive integers and x > 0, show that 


n-1 
24 108 (pe 2) 2("fo 5 =|" dt 


where f(t) is the function 


τί —prt —pt 
: ἀν ρίξω ἠδ τις ἰδ ΡῈ Σς 
[n( px 1) τ $p(n 1)]e i-e —e*)(] — @— Pin)? 
so that f(nt) may be expressed in the form 


np-n-P πῆι ἢ, ee) 
2 2 ent_} (1 —e-")(1 — 7 Pt)” 
24. In Ex. 23 interchange and 7, and take the difference of the two 
sums ; then 


ii eee Sere 
D> og (po + )- og (πῶ +=) 


ies —nt _ e~Pt 
mr nae δὰ 
ου n dt 
Soe See ΒΥ mene aes —Pt _ ment pnd 
εἰ (sta any tH Pe as )} $ 


=(npa {5} - -ΡῚ log +(n —p) log /(22). 
(See § 167, Ex. 1.) 
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25. oe from Ex. 24 that 


U1 τύρα εἰ) ρα) egy 


This generalisation of Gauss’s Multiplication Formula is due to 
Schobloch (Nielsen, J.c. p. 198); p=1 gives Gauss’s Formula. 


np - ἊΞ ppw-l 


i Tne +3). 


ies XXIII. 


(" a (l—x)Pda 1 
0 ~ (l+2) = aR: 
αἰ ψ1 a8) αάφ.. 
| Meany de = pe τ αν (TDP + ALT). 


lLede O(n +: 1) T(r +1) 
Ivan =—sz'(2n +1) 
(1+2 ) 
0 


4. A (1+ sin 2)™(1— sin x)"dx =2™+" B(m +}, n +4). 


5. \ cos 2-1 x log (cos x)dzx -Υ ΟΝ {y(m -- 1) -- y(m -- $)}. 
2 4 6(1 -- αὐ) ] -- ἢ ἀξ 
1--α log (1/x)’ 
let a2 =2? and prove that, ifa+1>0,a+6+1>0, 
᾿ {ΞαὙ1(1 -- 2) }8ϑὅύΘι59Ό; Τί(α- ἢ) Γ(α -Ἐδ- 1) 


ἘΠΕ Ne ee 


\, (+b logt “8 Tia +1)T(a+6+8)° 
7. Deduce from Ex. 6 that, if «>0, B>0, 


6. In the integral , 


gen) — aA = log (4) r(5) 
\o (1 +2) log x r($)\r(F5*) 


and that, if c >0, 
("e e-*t tanh τ =log § + 2 log {r($)/r(=)} : 


8. If the argument of each Gamma Function is positive, show that 
( (1 ~2)(1-2°)(1-24) ἀν 
ncaa 7 fog (Π|5} 


1 Tia +1)Tia+b+c+1)P(a+b+d+1)T(at+e+d +1) 
ΟΡ Tia+b+l)liate+l)lria+dt+llia+b+e+d+1)- 
Deduce that 
( pati (] -- ἐδ); “isp τα et et ἸΓΓία τὸ 1} 
ΠΡ ας “© Tas a 
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9. From Ex. 8, or otherwise, show that if c >0, 
00 dt δ c+3 c+] 
ποῖ] — yor =. loo sia τόνος Ree 
\"e (1 —sech ἢ) oF log 4 +2 log {τ ri \/r( 4 )}- 


10. If a+1 is positive, show that 
Γ φϑί(ο -- 1)? 
Jo loge 
and, generally, if n is a positive integer, 


dx =log (a+ 3) —2 log (a +2) +log (a +1), 


tat (a-1y", 7 _ 1(°,-(a+nt/] — 4-ἰγη δ 
Ι. lee fe =(- 1) χω μα ent 


vi) 
=>) (-1)'nC, log (n +a +1 -71). 
r=0 


(oa (252) -o(252)}. 00 


[See Exercises XXII, 12, 13.] 


Deduce that 
De—FX ἦς; a-l α -- 83 
Ϊ cosh x =3(v( 4 )-¥( 4 \}. 


12. Prove that, if -l<a<1l, 
is 
᾿Ξ ΞΕ ἐ Σ᾽ (1-2) ἢ 
ἷο cosha x τ γος τ) “ἢ 


and apply Ex. 6 to prove that the integral is equal to 
1 -- α. 9 τα. 

ΝΠ se) 

1τὰ πα. 

τ 

Deduce by differentiation of the above integral that 


© cosh ax 
\ ee da = sec“, O<a<l. 


, that is, log cot ( ‘on » 


13. If a and ὃ are positive and the integral 


οΌ 6\2 
ν᾿ το} 
convergent, prove that the integral .5 equal to 
| Ufa 
= \ F'(x?)dx 
If a, ὃ, (a+b-—c) are all positive and n+4>0, show, after changing 
the variable from zx to ἐ, where ὦ =#7/(1+#*), that 
Ἶ an+h(L—2x)»~bda_ o/2aT(n +4) 
0 (a@+ba—cat)yt+l ~ Biot(a+t Pyyrtilin+])’ 


where a=|a?|, B=|(a+b -c)?|. 
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14. Prove that 


ty) [py BE, 
oV(1l-x*) 4,/(27)” 
--, (1 da [Π(}}}} 
π [ Ὁ ταῦ βδ,π΄ 
15. If a, a, ὃ, m, n, p are all positive, show that 
εἶ l—z Frida Yj | “- -τκκἽο)ὦὔὄδττ 
ἐπὶ i; (a tan τ δρ)τπερετ. αν 
- ΤΟ  ) (_m πη +2) ἜΠΗ Θ᾿ ὉθΝ 
~D(m+n4+p4+1)\ata ατ-τδ᾽ a] (a+a)™(a+b)*a? * 
16. If the constants are all positive, prove that 


© fo g—(ar+by) gm—1yn—-1 
----- - ὦ da d 
Io fo (a+ Baryyye O° 


ΤῊΝ " le e~Gax+bue—(e+ Bary )zym—lyn-12P-1 dar dy dz 
_T(m)I'(n) [ Ee-227ZP-idz 
~~ Γ() Jo (a + Bz)™(b + yz) * 

Extend the theorem to the case of n variables. 

17. The density at the point (zx, y, 2) of the solid bounded by the 
ellipsoid 2?/a? + y?/b? + z?/c? = 1 is 


.. fl wide = [T(2)}*. 
i) |r) Vay 


where yu is constant and n is positive. Prove that the mean density of 
the solid is 3u22"-? {T'(n)}*/(2n +1) Γ (2n). 
18. If the variables z,, 23, ... x, are such that 
OSat+ag+...ta2sl, 
prove that the variables z,, x, ... x, may be changed to new variables 
E1, bo, «-- ξ,, (see ὃ 134, Ex. δ) so that the integral] 


{f | Flat, βαχος Ἔνι + Ogit) dt, dt, ... dtp 


shall become Π is | F (kE,) dé, ἀξ, ... dE, 


where k=|(a?+a2+... +a02)$| and 0S 2+82+...+& <1 (&, positive), 
and then show that the integral is equal to 


m—1 n—1 
EU pasa) F ἀξ, 
rr +1) "ἢ 


19. If in Ex. 18 the integrand is 
FP (αι, τάχος Ἔ... + Oy ΓΜ] - 2} -29 -... — 74), 
prove that the integral becomes 
n 
3 1 
ΣΟ α΄ ries - ΌΣ dy 


r(5) J. 
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20. If in Ex. 18 and Ex. 19 the function F(ké,) is unity, show that 
the values of the integrals are respectively 


(ra og que. 
ΧΕ + 1) τί 51) 
2. J \ 2 
21. If the region of integration is the octant of the ellipsoid 
xv? Ja? + y?/b? +22/c? = 1, 
for which «= 0, y = 0, z= 0 and if a, a,, ὃ.» c, are positive, prove that 
[ Ϊ ( dx dy dz σ abe 


(a τ-αιαξ +b,y? +¢,2*)9? 6 ar/{(a +0,0%) (a +6,b%) (a +0,0%)} * 
22. If the variables are never negative and are such that the sum 
of their squares lies between 0 and 1 (0 and 1 included), prove that 
2 2 
(i) Cees wv ja _(@G@)] Tf (27) 


1+ 2? 4,/(2x) [1] 


ee (TH? 


ss 1 -- αΞ -- λξ = 2 es 


ci {Π ΠῚ τε τ τ τσ ΜΕ (ft τα} 


: [71 -- a? —y? —2% --ὐὖλὲ _ 7 1) 
GY) \\\ Gare) σα aca 50 - 1} 


23. Prove that 
ote te . αϑγπ ᾿ : 
| (Ξε πε τα dx dy ὈΞΈΣΙ 75 {(T()] + 12[P(%)] \ , 
where the region of integration is bounded by tho sphere 2? + y? +z? =a? 
(not merely that octant for which the coordinates are positive or zero). 


94. τεῦ =|" [6 “ὦ 1yi-lgedy, a>0, 
0 JO 


prove that 


dU _ = sq 9π 
dq ὅσ Ὁ ΞΡ ἢ eM =F 


In the integral obtained by differentiation let §=a*/zy and change 
from x to €; the integral when thus transformed is U. 


e~ 34, 


5. IfU=| |... |\"e-F Gda, de, sos Og as 
Ὁ 0 0 


αὖ 

where ταὶ +g t+... τα, re Sa ΞΕΡῚ a>0, 
gees Uy_y 

1 n—-1 
age ~-1l --1 : 1. 
and G=o)2 Lo se Uno n ; 
rove that dU 
P Tq = "Ὁ, U=Cem, 


and σετ( τί 2) ae τί“ --- LY <(2n) Bar wel. 
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26. If n>0, the volume within that part of the surface 
(x/a)” +(y/b)" + (z/c)" =1 
abe [T'(1/n)# 


which lies in the first octant is 32° T (3/n) " 
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Abel, 491. 
Abel’s, inequality, 157. 

test, 157, 159. 

theorem, 162, 187. 

theorem for integrals, 385, 437. 
Addition, 10. 
Admissible values of variable, 40. 
Aggregate, 25. 
Analytical continuation, 133. 
Andoyer, 201. 
Angle, solid, 366. 
Approximations to numbers, 15. 
Arc to chord, ratio of, 295. 
Archimedes, 9. 
Area, element of, 312, 314, 326, 329, 

352. 

measure of, 298. 

of closed curve, 299. 

of curved surface, 325. 

sign of, 358. 
Argand diagram, 173. 
Asymptotic expansion for log I(z), 

484. 

Axes, change of, 329. 


Base e, 45. 

Bateman, 143. 
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Bécher, 212. 
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Borchardt, 50. 
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165, 169, 187, 201, 213, 226, 238, 
395, 443, 456, 463, 473, 485, 496. 


Cantor, 2. 
Cauchy, 39, 196, 201, 377, 481. 


Cauchy’s, condensation test, 155. 
first and second theorems, 39. 
integral test, 403. 
test for sequences, 36. 
test for series, 157. 
Cesaro, 53, 165. 
Ceséro’s theorem, 164, 251. 
Change of axes, 329. 
Change of parameters, 330. 
Change of variables in partial deriva- 
tives, 112. 

Chord to arc, ratio of, 295. 

Chrystal, 2, 3, 12, 15, 19, 155, 180, 
209, 217, 235, 238, 241, 244. 

Clausen, 172. 

Closed interval, 17. 

Closed region, 95, 96. 

Columns, 324. 

Complex functions of a real variable, 

181, 397. 

Complex numbers, 173. 

Condensation, point of, 32, 95. 

Continuity, 2, 13, 17, 41, 58-62, 97, 

100-102. 
of integral with respect to a para- 
meter, 304, 415-418, 440. 
uniform, 61, 100. 
Continuum, 17. 
Convergence of integrals, 376-386, 
408-414. 
absolute, 378, 411. 
tests for, 381, 382, 385, 386, 391. 
uniform, 411. 
uniform in general, 413. 

Convergence of products, 224-236. 

absolute, 227. 

Tannery’s theorem for, 234. 

tests for, 226. 

uniform, 232. 

Convergence of series, 151-164, 173- 

175, 403. - 

Abel’s theorem for, 162, 187. 

absolute, 174. 

conditional, 153. 
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Convergence of series : 
of complex terms, 173. 
Tannery’s theorem for, 161, 175. 
tests for, 153-158, 403. 
uniform, 158-163, 187. 
Correspondenco of number and point, 
1, 16, 25. 
Curve, auxiliary, 409. 
composite, 293, 299. 
of infinite discontinuity, 408. 
on a surface, 327. | 
quadrable, 300. 
rectifiable, 291, 300. 
tangent to, 295, 328. 
Curvilinear integral, 296. 


D’ Alombert’s test, 157. 
Darboux, 235, 237. 
Darboux’s theorem, 261, 311. 
Decimal representation, 14. 
Dedekind, 22. 
Dedekind’s axiom, 2. 
Dependence of functions, 142-146. 
linear, 90-92. 
Derangement, of a product, 230. 
of a series, 151, 166, 175. ᾿ 
Derivatives, 63, 64, 66. 
change of variables in, 112-120. 
higher, 78-84. 
of complex functions, 181-183. 
of determinants, 88. 
of implicit functions, 134. 
of inverse functions, 68. 
of x”, 46. 
partial, 103-120. 
Determinant, derivative of, 88. 
Hadamard’s, 219. 
Differential equations, 120-122. 
Differentials, 75-77, 105-112. 
higher, 76, 109. 
total, 107. 
Differentiation, of Lagrange’s ex- 
pansion, 204. 
of products, 233. 
under the integral sign, 307, 426, 
451. 
Digamma function, 248. 
Dini, 473. 
Dirichlet, 492. 
Dirichlet’s, formulae, 334. 
test, 158, 160, 187. | 
test for integrals, 386, 438. 
theorem on derangement of series, 
151. 
Discontinuity, 62. 
admissible, 273, 317. 
curve of infinite, 408, 412. 
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Discontinuity, line of, 303. 
normal, 304. 
of integrand, 273, 303, 315. 
of the first or second kind, 63. 
planes of, 344. 
point of, 273. 
point of infinite, 408, 412. 
removable, 62. 

Division, 11. 
by a series, 192. 
consecutivo, 257. 
of area of integration, 312. 
of interval, 257. 


Element, of sequence, 25. 
of set, 25. 

Element, of surface, 329. 
of volume, 343, 353. 

Elimination of functions, 120-122. 

Elliptic coordinates, 371. 

Equality, 7. 

Ermakoft’s tests, 406. 

Euclid, 9. 

Eudoxus, 9. 

Euler, 177, 235, 242. 

Euler’s, constant, 51, 246, 404, 478. 
numbers, 244. 

Existence theorems, 131, 134, 139, 

191, 192, 207. 

Exponent of a power, 18. 

Exponential function, 42, 46, 175, 182. 
periodicity of, 177. 

Extension of range of definition of 

function, 49, 400. 


Factorisation of function of two 
variables, 209. 
Fluctuation of function, 263. 
Forms, algebraic, 209-213. 
Forsyth, 119, 122. 
Fourier’s double integral, 464. 
Frobenius, 165. 
Frullani’s integral, 395. 
Functions : 
arbitrary, 121. 
bounded, 29 (see also under bounds). 
complex, 181-186, 397. 
continuous, 56, 268 (see also under 
continuity). : 
dependent, 90-92, 142-146. 
differentiable, 63, 64. 
discontinuous, 62, 63 (see also 
- under discontinuity). : | 
expansion in series of, 190. . 
extension of range of definition of, 
49. 
factorisation of implicit, 209. 
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Functions ; | 

implicit, 130-142, 206-209, 219, 353. 

independent, 90, 142. 

integrable, 265-276, 314-317, 344, 
378, 379, 382-386. 

inverse, 44, 67, 142. 

limits of, 40. 

monotonic, 28, 263, 269. 

of functions, 66, 102. 

ofseveral variables, 94-122, 130-147. 

oscillation of, 56. 

region of definition of, 94, 95. 

strictly decreasing, 29. 

strictly increasing, 29. 

values of, 41, 97. 

with limited variation, 263, 269. 
(See also under Exponential, 
Beta, Gamma, Logarithmic, Hy- 
perbolic, Hypergeometric, and 
Trigonometric functions. ) 


Gamma function, 245-254, 398. 
as an integral, 398. | 
asymptotic expansion for log- 
arithm of, 484. 
Gauss’s multiplication formula for, 
252, 483, 499. 


integral for logarithm of, 480, 
487. 

integrals expressible in terms of, 
489-495. 


minimum value of, 488. 
product formula for, 246. 
Gauss, 31. 


Gauss’s, multiplication formula for . 


I'(ma), 252, 483, 499. 
II-function, 247. 
y-function, 248, 249, 485, 496. 
test, 154. 
Godefroy, 489. 
Goursat, 87, 131, 143, 201, 263, 264. 
Green’s theorem, 335. 
general theorem, 360. 


Hadamard’s determinant, 219. 
Halphen, 86. 

Hardy, 2, 171, 394, 395, 397, 455, 473. 
Heath, 9. 

Hermite, 72, 201, 203, 488. 

Hessian, 147. 

Hilton, 213, 467. 


Hobson, 2, 6, 9, 12, 64, 180, 217, 238, | 


323, 408, 411. 


Hyperbolic functions, 178, 236, 237, 


239. 
Hypergeometric function, 156, 251, 
477, 478. 
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Index of a power, 18. 
Inequalities, 19, 47. 
Inequality, 8. 
Infinitesimals, 75, 105. 
Integrability of a function, condition 
of, 265, 314. 
Integrable functions, 265-276, 314- 
317. 
Integral : 
as function of a parameter, 302- 
309, 411-415, 426, 436-444, 451. 
as measure of an area, 298. 
curvilinear, 296, 308, 335, 359. 
differentiation of, 279, 307,426,451. 
finite, 375. 
Fourier’s double, 464. 
generalised, 375. 
indefinite, 280. 
infinite, 375. 
integration of, 308. 
of complex function, 
397. 
proper, 375. 
proper double, 408. 
quadruple, 345. 
surfece, 355, 358, 360. 
triple, 343. 
volume, 343, 353, 360. 
Integral, definite, 264, 265, 267. 
as a function of its limits, 279. 
change of variable in (see under 
transformation of integral). 
continuity of, 279. 
continuity with respect to a para- 
meter of, 304. 
properties of, 276. 
Integral, double, 310-323. 
change of variables in, 332, 345. 
reduction to repeated integrals of, 
317. 
Integral, improper, 375-391. 
Abel’s theorem for, 385. 
absolute convergence of, 378. 
as function of its limits, 384. 
as limit of a sum, 401. 
change of values of integrand in, 
380. 
change of variable in, 380, 388, 
428. 
comparison test for, 391. | 
continuity with respect to a para- 
meter of, 415, 440. 
convergence at ἃ singular point of, 
381. 
convergence at infinity of, 381. 
convergence of, 376. | 
differentiation of, 426, 451. 


181, 183, 
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Integral, improper : 
Dirichlet’s theorem for, 386. 
limit with respect to a parameter 
of, 441, 443, 444. 
mean value theorems for, 387. 
oscillating, 378. 
principal values of, 377, 378. 
singular integrals at singular points 
of, 380. 
singular points of, 375. 
tests for convergence of, 381, 382. 
transformation to proper integral 
of, 380. 
uniform convergence in general of, 
413, 436. 
uniform convergence of, 411, 436. 
with range finite, 376. 
with range infinite, 378, 436. 
Integral, improper double, 408-430, 
440, 445, 463. 
absolute convergence of, 411. 
change of variables in, 430. 
continuity of, 416, 440. 
evaluation of, 429. 
with infinite limits, 445, 463. 
Integral, multiple, 342. 
improper, 430. 
standard form for, 349. 
Integral, repeated, 317-323, 344, 416- 
426, 445-449, 458-463. 
with one limit infinite, 445. 
with two limits infinite, 458. 
Integrals, upper and lower, 265, 312, 
343. 
Integration by parts, 284. 
Integration, change of order of, 308, 
318, 418-426. 
Integration of series, 468-475. 
Integration, Riemann’s theory of, 264. 
Interval, 17. 
closed, 17. 
division of, 257. 
method of the decreasing, 32. 
open, 17. 
Inversion, 44, 142, 179. 


Jacobi, 81. 
Jacobian, 108, 136-147, 350-354. 
Jordan, 217, 291, 292. 


Kelvin, 128. 

Kepler’s equation, 201, 203. 
Knopp, 173. 

Kummer’s test, 153. 


Lagrange’s, expansion, 198-206. 
identity, 23. 
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Laisant, 242. 

Lambert’s series, 172, 173. 

Lampe, 223. 

Laws of operation, 9-12. 

Lebesgue, 264. 

Legendro, 247. 

Legondre’s, coefficients, 84, 170, 189, 

205, 288. 

transformation, 119. 

Length of curve, 291, 292. 

Limiting points, 32, 95, 273. 

Limits, 28, 32-42, 47, 96. 
existence of, 36, 39, 99. 
maximum and minimum, 34, 35. 
of indetermination, 35, 36, 99, 100. 
theorems in, 45. 

Liouville, 492. 

Lipschitz’s condition, 72. 

Logarithmic, function, 44, 46, 178, 

183. : 

series, 184. 


Maclaurin, 403. 
MacRobert, 170, 201, 289. 
Maxima and Minima, 211, 216. 
absolute, 218. 
of implicit functions, 219. 
Mean, arithmetico-geometric, 31. 
arithmetico-harmonic, 31. 
Mean value, theorem of, 70, 105. 
integral theorems of, 277, 316, 387. 
Mellin, 255. 
Méray, 2. 
Meshes, 310. 
Molk, 235, 237, 244. 
Monotonic, function, 28. 
sequence, 29. 
M-test, 159, 187. 
for integrals, 437. 
for products, 232. 
Multiplication, 11. 
of series, 169. 
Multipliers, undetermined, 193. 


Neighbourhood, 58, 94. 
Nielsen, 78, 241, 275, 489, 495, 496, 
499. 
Normal, 328. 
positivo and negative directions 
of, 357. 
Null sequence, 28. 
Number, 1, 3. 
absolute value of, 11. 
approximations to, 15, 
correspondence of, to point, 1, 16. 
decimal representation of, 14. 
irrational, 1, 3, 6, 8, 15. 
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Number, natural, 3, 14. 
negative, 7.. 
positive, 7. 
rational, 1, 3, 6, 8, 15. 
real, 6-17. 
zero, 7. 

Numbers, sections of, 12. 


Open interval, 17. 

Open region, 95, 96. 

Oscillation of a function, 56, 266, 
267. 

Ostrogradsky, 361. 


Parameter, integral as function of, 
302-309, 411-415, 426, 436-444, 
451. 

Parameters, change of, 330. 

Partial fractions, expansion of func- 
tion in terms of, 236, 239. 

Peano, 211, 217. 

[]-function, Gauss’s, 247. 

Point, 94. 

admissible, 99. 

correspondence of number and, 
1, 16, 25. 

limiting, 32, 95, 273. 

of condensation, 32, 95. 

of discontinuity, 273. 

of infinite discontinuity, 408, 412. 

singular (see under singularity). 

Poisson, 433. 

Pélya, 406. 

Poussin, 291, 411, 430, 436, 438, 446, 
451, 463. | 

Power, 18. 

generalised, 180, 183. 
Power series, 190-206. 
substitution of a power series in 
a, 190. 
Pringsheim, 464. 
Products, infinite, 224-236. 
convergence of (see under conver- 
gence of products). 
derangement of factors in, 230. 
differentiation of, 233. 
for Gamma function, 246. 
for hyperbolic functions, 236. 
for trigonometric functions, 235. 

y-function, Gauss’s, 248, 249, 485, 

496. 


Quantic, 210. 
Raabe’s test, 154. 


Rectification of curves, 291, 300. 
Regions, sequence of decreasing, 97. 
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Reversion of series, 194. 
Riemann’s theory of integration, 
264. 
Rodrigues, 81. 
Rodrigues’ formula, 84. 
formula for P,,(x), 205. 
Rolle’s theorem, 68. 
Roots, 17. 
Rouché, 201. 


Schaar, 488. 
Schlémilch, 78, 86, 222, 301, 339, 
483, 484. 
Schobloch, 499. 
Schwarz’s inequality, 23, 289. 
Section, 2-9, 12. 
Sequence, 25, 34. 
limit of, 28, 36. 
monotonic, 29. 
notation for, 26. 
null, 28. 
of decreasing regions, 97. 
of intervals, 31. 
Series (see under convergence of 
series). 
binomial, 185. 
Cesdro’s theorem for divergent, 
164, 251. 
derangement of terms of a, 151, 
166, 175. 
division by a, 192. 
integration of, 468-475. 
logarithmic, 184. 
multiplication of, 169. 
power (see under power series). 
reversion of, 194. 
Serret, 201, 202, 205. 
Set, 25. 
bounded, 26, 32, 99. 
finite, 25. 
infinite, 25, 258. 
limiting point of, 32-34, 95. 
point of condensation of, 32, 95. 
Singularity, 375, 376, 381. 
removable, 389. 
Stirling’s approximation, 55, 484. 
Stokes’s theorem, 358. 
Stolz, 217, 430, 433, 463. 
Subtraction, 10. 
Sums, upper and lower, 259, 310, 
342. 
Superposition of divisions, 257. 
Surface, area of a curved, 325. 
curves on a, 327. 
element of a, 329. 
integrals, 355, 358, 360. 
normal to a, 328, 357. 
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Surface, positive and negative side 
of a, 357. ᾿ 
Szegd, 406. 


Tait, 434. 
_ Tannery, 235, 237, 244. 
Tannery’s theorem, 161, 175. 
for integrals, 443. 
for products, 234. 
Taylor’s theorem, 110. 
remainder in, 209, 213. 
Tisserand, 74, 75, 78. 

Todhunter, 221, 334. 
Transformation of integral, 284, 332, 
345-355, 380, 388, 428, 430. 
Transformation of Laplace’s equa- 

tion, 362. 
Transformation, orthogonal, 354. 
Trigamma function, 248. 
Trigonometric functions, 176, 182. 
infinite products for, 235. 


Trigonometric functions, inverse, 179, 
183. 
series of partial fractions for, 236- 
238. 
Tweedio, 55. . 


Variable, continuous, 1, 17. 

Variation, limited, 263, 269. 
total, 263, 264. | | 

Volume, element of, 343, 353. 
measure of, 324. 


Wallis, 54. 

Watson, 201, 399. 

Weierstrass, 2, 32, 159, 209, 247. 
Whittaker, 201, 399. 
Wolstenholme, 476. 


1 Wronskians, 91-93. 


Zero, 7. 


PRINTED IN GREAT BRITAIN BY ROBERT MACLEHOSE AND CO. LTD. 
THE UNIVERSITY PRESS, GLASGOW 


G. A. Gibson 
ADVANCED CALCULUS 


Students’ Edition 


Publication in soft cover form will 

: enable a wider circle of students to 

: own their own copy of a work 

which was the mature fruit of a 

lifetime's teaching and which sets 

out elegantly a great wealth of 
argument and example. 


Advanced Calculus provides all 
that is required in applications of 
the Calculus to physical problems 
and undoubtedly owes its long 
popularity to the fact that it has 
sufficient rigour for the needs of the 
serious student without going too 
deeply into abstract theory. The 
first eight chapters are devoted 
mainly to the Differential Calculus 
and the remaining seven to Rie- 
mann’s theory of integration. 


ee μ-" 
i " 
i” 


oo 


ΝΥΤΊΠΝΟΥΙΝ 


